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Supremum and infimum are two of the most fundamental concepts you will encounter in real analysis.
They generalize the familiar ideas of maximum and minimum to situations where a set may not actually
contain its largest or smallest element. Without these concepts, you cannot state the Completeness Ax-
iom, and without the Completeness Axiom, most of the theorems in analysis (convergence of sequences,
existence of limits, the Intermediate Value Theorem) simply fall apart. If you want to understand why the

real numbers behave differently from the rationals, this is where it starts.

Upper and Lower Bounds

Before we can define supremum and infimum, we need to understand what it means for a set to be

bounded. The idea is straightforward: you are looking for numbers that "fence in” a set from above or

below.

the set (0,1) upper bounds
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sup =1, not in the set

v

A

The interval (O, 1) on the number line: 1 bounds the set, every number past it also does, and the LEAST of those bounds is the

supremum.
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Upper Bound

A set A C R ofreal numbers is bounded from above if there exists a real number a € R, called an upper

bound of A, such that x < a for every x € A.

Notice that an upper bound does not need to belong to the set A itself. It just needs to be greater than or
equal to every element of A. Also notice that upper bounds are never unique. If a is an upper bound of A,

thensoisa+ 1, a + 100, and every real number greater than a.

Example: Consider the set A = {1, 2, 3,4, 5}. The number 5 is an upper bound, and so is 6, 10, or 1000.
The number 4 is not an upper bound because 5 € Aand 5 > 4.

Lower Bound

Similarly, A is bounded from below if there exists b € R, called alower bound of A, such that x > b for
every x € A.

Again, the lower bound does not need to be in the set. And just like upper bounds, lower bounds are not

unique. If b is alower bound, then sois b — 1, b — 50, and every real number less than b.

Example: For the open interval A = (0, 1), the number O is a lower bound even though 0 ¢ A. Sois —5 or

—100. Any non-positive real number works as a lower bound for this set.

Supremum (Least Upper Bound)

Among all the upper bounds of a set, there is a natural question: is there a smallest one? That smallest

upper bound, if it exists, is called the supremum.

Formal Definition

Let A C Rbe anon-empty set that is bounded above. A real number s is called the supremum (or least

upper bound) of A, written s = sup(A), if:

1 sisan upper bound of A: for every x € A, we have x < s.

2 sisthe least such upper bound: if t is any upper bound of A4, then s < ¢.

An equivalent and extremely useful characterization of the supremum is this: s = sup(A) if and only if s
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is an upper bound of A and for every € > 0, there exists some x € A such that x > s —¢. In plain language,

you can always find elements of A arbitrarily close to s from below.

TIP

The epsilon characterization is the workhorse of supremum proofs. Whenever you need to show s =
sup(A), don’t just say "it’s the least upper bound.” Instead, prove that for every ¢ > 0, you can produce an
element of A in the interval (s — ¢, s]. This two-step technique works in virtually every real analysis proof

involving the supremum.

This e-characterization is the version you will use most often in proofs. It captures the idea that the supre-
mum is "tight” against the set: you cannot push it down, not even by the tiniest amount, without some

element of the set poking above.

Example: Consider A = (0,1). Every number greater than or equal to 1is an upper bound. The smallest
such number is 1itself. So sup(A) = 1, even though 1 ¢ A. For any ¢ > 0, the number 1 — /2 belongs to A
(assuming ¢ < 2) and satisfies1 —¢/2 > 1 —ce.

Infimum (Greatest Lower Bound)

The infimum is the mirror image of the supremum. Among all the lower bounds of a set, we ask: is there

a greatest one?

Formal Definition

Let A C Rbe a non-empty set that is bounded below. A real number [ is called the infimum (or greatest
lower bound) of A, written | = inf(A), if:

1 lisalower bound of A: for every x € A, we have x > I.

2 listhe greatest such lower bound: if ¢ is any lower bound of A, then [ > ¢.

The e-characterization for the infimum is: [ = inf(A) if and only if l is a lower bound of A and for every
€ > 0, there exists some x € A such that x < I + €. You can always find elements of A arbitrarily close to

from above.

Example: For the set A = (0, 1), the infimum is O. The number O is a lower bound (every element of A is

positive), and no larger number can serve as a lower bound (for any ¢ > 0, the element ¢/2 € A satisfies
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€/2 <0+ ¢). Note that 0 & A, so the set has no minimum, but it still has an infimum.

The supremum of a set is its least upper bound, and the infimum is its greatest lower bound. Both are

unique when they exist, and neither needs to belong to the set.

Bounded Sets

AsetA C Rissaid tobe bounded ifitisboth bounded above and bounded below. When a set is bounded,
there exist real numbers m and M such that m < x < M forall x € A. In this case, both sup(A) and inf(A)

exist, and we have:

inf(A) < x <sup(A) forallx € A

A set that is bounded above but not below (like (— o0, 5]) has a supremum but no infimum in R. We some-
times write inf(A) = —oo in such cases, though this is a notational convention rather than claiming —co is

areal number.

Similarly, a set bounded below but not above (like [3, 00)) has an infimum but no finite supremum. We

write sup(A) = +oo0.

The empty set is a special case. By convention, sup(@) = —oo and inf(@) = +o0, since every real number

is vacuously an upper bound and a lower bound of the empty set.

Worked Examples

Let us work through several concrete examples. Finding the supremum and infimum of specific sets is
one of the best ways to build intuition for these definitions. If you're building your foundation in this

area, a solid real analysis textbook will give you dozens more practice problems like these.

Example 1: The Half-Open Interval (O, 1]

LetA = (0,1].
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Finding sup(A): The number 1belongsto A, and every element of A satisfies x < 1. Solisan upperbound.
Is there a smaller upper bound? No, because 1 € A, and any number less than 1 would fail to be an upper

bound. Therefore sup(A) = 1. Since 1 actually belongs to A, this set also has a maximum: max(A4) = 1.

Finding inf(A): Every element of A satisfies x > 0, so O is a lower bound. Is there a larger lower bound?
Suppose b > 0. Then min(b/2,1) € A (since b/2 > 0) and b/2 < b, so b is not a lower bound. Therefore

inf(A) = 0. Since 0 ¢ A, this set has no minimum.

Example2: TheSet {1/n: nin N}

LetA={1/n:neN}={1,1/2,1/3,1/4,...}.

Finding sup(A): The largest element is 1/1 = 1, and every element satisfies 1/n < 1. So1is an upper
bound, and since 1 € A, no smaller upper bound exists. Therefore sup(4) = 1 = max(A).

Finding inf(A): Every element is positive, so O is a lower bound. Is O the greatest lower bound? Yes: for
any € > 0, by the Archimedean Property, there exists n € N with 1/n < ¢, which means 1/n € A and
1/n < 0 + €. Therefore inf(A) = 0. Since 0 ¢ A (there is no natural number n with 1/n = 0), this set has no

minimum.

Example 3: The Closed Interval[-3, 5]

LetA = [-3,5].

This is the simplest case. Both endpoints belong to the set. Every x € A satisfies —3 < x < 5. The number
5is the least upper bound, and —3 is the greatest lower bound. So:
sup(A) = 5 = max(A), inf(A) =-3 = min(A)

When a set is a closed and bounded interval, the supremum equals the right endpoint and the infimum

equals the left endpoint, and both are attained as maximum and minimum.

Example 4: The Set {xinR:x"2 <2}

LetA={x € R : x2 <2} = (—/2,1/2).

Finding sup(A): Since x? < 2 implies |x| < /2, we have x < y/2 forall x € A. So+/2 is an upper bound.
For any € > 0, the number V2 —¢/2has square 2 — e\/2 + €2/4 < 2 (for small enough €), so it belongs to A.
Therefore sup(A) = \/5

Finding inf(A): By symmetry, inf(4) = —/2.
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This example is historically important. In the rational numbers Q, the set {x € Q : x? < 2}hasno
supremum within @, because y/2isirrational. This failure is precisely what the Completeness Axiom fixes

inR.

Important Properties

Here are the key properties of supremum and infimum that you should know for any real analysis course.

Unigueness

If the supremum of a set exists, it is unique. The proof is a one-liner: suppose s; and s, are both suprema
of A. Since s, is a least upper bound and s, is an upper bound, s; < s,. By the same reasoning with roles

reversed, s, < s;. Therefore s; = s,. The same argument applies to the infimum.

Relationship to Maximum and Minimum

If Ahas amaximum (alargest element thatbelongsto A), then sup(A) = max(A). But the converse is false:

the supremum can exist even when the maximum does not. The set (0, 1) has sup = 1 but no maximum.

Similarly, if A has a minimum, then inf(A) = min(A), but the infimum can exist without a minimum. In
short, every maximum is a supremum, but not every supremum is a maximum. This distinction is the

entire reason the supremum concept exists.

The Completeness Axiom

The Completeness Axiom (also called the Least Upper Bound Property) states: every non-empty subset
of R that is bounded above has a supremum in R. This is not a theorem you prove; it is an axiom that

defines the real numbers and distinguishes them from the rationals.

A consequence of the Completeness Axiom is that every non-empty subset of R that is bounded below
has an infimum in R. You can prove this by considering the set —A = {—x : x € A} and applying the

axiom to —A.

Almost every major theorem in real analysis depends on this axiom, either directly or indirectly. The
Monotone Convergence Theorem, the Bolzano-Weierstrass Theorem, the Nested Intervals Theorem,
and the existence of limits for Cauchy sequences all trace back to the Completeness Axiom. This is why

understanding real sequences and their convergence behavior requires a solid grasp of the supremum
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and infimum first.

INFO

The Completeness Axiom is the single property that separates R from Q. The rationals satisfy every other
ordered field axiom, but they fail the Least Upper Bound Property. That one gap is why calculus doesn’t
work over @, andit’s why supremum and infimum aren’t just abstract definitions. They’re the foundation

that makes limits, continuity, and integration possible.

Supremum and Infimum of Subsets

If B C A and both sets are non-empty and bounded, then:

inf(A) < inf(B) < sup(B) < sup(A)

This makes intuitive sense: a smaller set is “squeezed” within the bounds of the larger set, so its supre-

mum cannot exceed that of the larger set, and its infimum cannot be smaller.

Common Mistakes to Avoid

Students frequently make the following errors when working with supremum and infimum. Being aware
of them will save you marks on exams and confusion in proofs.
Confusing Supremum with Maximum

The supremum does not need to belong to the set. If someone asks you for sup(0, 1), the answeris 1, even
though 1 is not in the open interval (0,1). The maximum of a set, by definition, must belong to the set.
The set (0, 1) has a supremum but no maximum.

Assuming "Bounded" Means the Set s Finite

The set{1/n : n € N}isinfinite but bounded (it sits inside [0, 1]). Boundedness is about the values of the

elements, not the number of elements.
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Forgetting the Epsilon Characterization

Many students can state the definition of supremum as ”least upper bound” but struggle with proofs be-
cause they don’t use the e-characterization. In practice, showing s = sup(A) almost always comes down
to two steps: (1) show s is an upper bound, and (2) show that for every ¢ > 0, there exists x € A with

X > s — €. Master this technique early.

Applying Sup to Unbounded Sets

The supremum only exists (as a real number) for sets that are bounded above. The setN = {1,2,3, ...} has
no supremum in R. Writing sup(N) = oo is a notational shorthand, not a claim that the supremum is a

real number.

Mixing Up Infand Sup in Proofs

The infimum is the greatest lower bound, and the supremum is the least upper bound. Students some-
times write the inequalities backwards. A helpful mnemonic: the supremum is “small for an upper
bound” (least), and the infimum is ”"big for a lower bound” (greatest). They are extreme in opposite

directions from what the words "upper” and "lower” might suggest.

Further Reading

Supremum and infimum connect directly to nearly every topic you’ll encounter next in real analysis. The
behavior of real sequences depends on these concepts, since the limit of a bounded monotone sequence
equals its supremum or infimum. Understanding function notation and rules becomes important when
you start working with suprema of function values over intervals, which is how Riemann integration gets
defined.

For a deeper dive into measure-theoretic extensions where supremum and infimum appear in even more

abstract settings, see our guide to the best measure theory books.
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Practice Questions

Work each question before reading its solution. The set runs from direct recall and substitution to the

applied questions that exams actually use to separate grades.

Q1. Define supremum and infimum, and contrast them with maximum and minimum.

SOLUTION

The supremum is the least upper bound: the smallest number that is > every element of the set. The
infimum is the greatest lower bound. A maximum must belong to the set; a supremum need not. Every

maximum is a supremum, but (0, 1) has supremum 1 with no maximum at all.

Q2. Find sup and inf of the open interval (0, 1), and state whether each is attained.

SOLUTION

sup = 1, inf = 0, neither attained: the interval approaches both endpoints without containing them.
Any candidate smaller than 1is beaten by a point of the set closer to 1, so nothing smaller can be an upper

bound. That argument, always available, is what "least upper bound” means in practice.

Q3. Find sup andinfof{% tn=1,2, 3}

SOLUTION

. 11 . o . . . .
The setis 1, 5230 SUP = 1, attained at n = 1, so it is also the maximum. inf = 0: the terms sink toward
. .. . 1 . .
O but never reach it, and no positive number can be a lower bound since - eventually dives below it. No
n

minimum exists.

Q4. State the completeness axiom, and exhibit the failure that separates Q from R.

SOLUTION

Every nonempty set of reals bounded above has a supremum in R. In the rationals this fails: {qg € Q :
q* < 2}isbounded above but its natural supremum, \/5, is missing from Q. Completeness is precisely the

property that the real line has no holes, and all of calculus stands on it.

Q5. Find sup andinfof{ 'n=1,2,3, }

n
n+l
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SOLUTION

The terms

b ki

W N

. . 1 . .. .
, ... increase toward 1. inf = > attained (a minimum). sup = 1, not attained: % <1
n

N
Hlw

always, yet any bound below 1 fails against large n. Increasing sequences hand their supremum to the
limit.
Q6. Prove that a set can have at most 1 supremum.

SOLUTION

Suppose sand t are both suprema. Each is an upper bound, and each is < every upper bound, so s < t and

t < s, forcing s = t. Uniqueness is why “the” supremum is legitimate grammar.

Q7. Give the epsilon characterization of s = sup A and useiton A = (0,1) with s = 1.

SOLUTION

sis an upper bound, and for every ¢ > 0 some element of A exceeds s — ¢. For (0, 1): 1 bounds the set, and
for any ¢, the point 1 — g lies in the set beyond 1 — ¢. The characterization turns ”least” into something
checkable.

Q8. Find sup and infof{(—l)” (1 — %) n> 1}.

SOLUTION
The terms: 0, % —g, %, —g, .... Even terms climb toward 1, odd terms sink toward —1; neither limit is
reached. sup = 1, inf = —1, both unattained. Oscillating sets ask for both bounds at once, and the two

subsequences answer separately.

Q9. For nonempty sets A C B (both bounded), how do their suprema and infima compare?

SOLUTION

supA < supBandinfA > infB: a subset cannot spread wider than its parent. Proof in one line: every
upper bound of B also bounds A, so the least bound for A sits no higher than the least for B. Monotonicity

of sup and inf under inclusion is a workhorse lemma.

Q10. Why does the definition of the Riemann integral need infima and suprema rather than minima and

maxima?

SOLUTION

Upper sums take, on each subinterval, the supremum of f; lower sums the infimum. A bounded function
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need not attain extreme values on a subinterval (a function with a jump, say), so maxima and minima may
fail to exist while sup and infalways do, thanks to completeness. Analysis prefers sup and infbecause they

never abandon you.
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Answer Key

QUICK ANSWERS

Q1 leastupper bound / greatest lower bound; membership optional Q2 land O, neitherattained Q3

sup = 1 (max); inf = 0 (nomin) Q4 bounded above = sup exists;y/2holein@ Q5 inf = %, sup =1

Q6 two suprema bound each other, so they are equal

Q7 upper bound + elements within every ¢ of s

Q8 sup = 1,inf = —1, unattained Q9 supA < supB;infA > infB Q10 sup and infalways exist for

bounded sets; max/min may not

Revision Sheet

Definitions

Sup = least upper bound. Inf = greatest lower

bound. Unique when they exist.

vs max and min

Max,/min must live in the set. (0,1): sup 1, inf O,

neither a member.

Completeness

Every nonempty bounded-above set of reals hasa

real sup. @ lacks this (v/2).

gauravtiwari.org

Epsilontest

s = sup A iff sbounds A and every s — ¢ is beaten

by some element.

Standard examples

{1/n}: sup 1 (max), inf O (no min). {n/(n + 1)}: sup 1

unattained.

Monotonicity

A C B:supA < supB,infA > infB.
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About These Notes

This note is part of a free study-notes series on gauravtiwari.org covering mathematics, physics,
chemistry, and biology: the concepts that keep deciding grades in high school, board, and entrance

€exams.

2008 2,000+ 125+ M.Sc.

Writing and teaching online Articles published on Free study notes in this Mathematics, with physics

since gauravtiwari.org series and chemistry training

Gaurav Tiwari is a developer, educator, and founder of Gatilab. The study-notes series exists because
most exam prep material is either a full textbook or a thin definition page, and revision needs something

in between: one concept, complete, with the traps named and the practice attached.

GET THE FULL SERIES

Every note in the series is free to read online and free to download as a PDF like this one. Browse the
complete collection at gauravtiwari.org/free-study-notes-exam-prep and pick the topics your next

exam actually covers.

USE IT FREELY

This PDF is free for personal study, classrooms, and study groups. Share the file or the link with anyone

it can help. The one thing not allowed is reselling it or republishing it as your own work.

Gaurav Tiwari gauravtiwari.org
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