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Whatis a Setin Mathematics?

A set is a well-defined collection of distinct objects. If you've ever grouped items together and referred

to them as one thing, you already understand the basic idea behind a set.

Two sets in a universe U: the shaded overlap is A N B, the region belonging to both.
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George Cantor

The theory of Set (now called Set Theory), as a mathematical discipline, rose up with George Cantor, a
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German mathematician, when he was working on some problems in Trigonometric series and series of

real numbers after he recognized the importance of some distinct collections and intervals.

Cantor defined the set asa "plurality conceived as aunity’ (many in one; in other words, mentally putting

together a number of things and assigning them into one box).

Mathematically, a Set S is "any collection’ of definite, distinguishable objects of our universe, conceived
as a whole. The objects (or things) are called the elements or members of the set S . Some sets which are
often pronounced in real life are, words like "bunch”, herd”, "flock” etc. The setis a different entity from

any of its members.

For example, a flock of birds (set) is not just only a single bird (member of the set). 'Flock’ is just a math-

ematical concept with no material existence but ’bird’ or ’birds’ are real.

How to Write and Represent Sets

Before you can work with sets in any meaningful way, you need to know how to write them down. There

are two standard methods for representing a set, and you’ll use both of them regularly.

Standard Method

In this method we use to write all elements of a set in a curly bracket ({}).
For example:

Flock of Birds : = {Bird-1, Bird-2..., Bird-100...}

OI‘,F = BI’B25 ees ’BIOO’ “es isaset.

Here I have used first capital letter of each term to notate the example mathematically. We read this set

as, A set F is defined by a collection of objects By, B,, ... etc..

Characteristic Method or Formula Method

In this method, we write a representative element and define that by a characteristic property. A char-

acteristic property of a setis a property which is satisfied by each member of that set and by nothing else.

For example, above set of Flock of birds can also be written as:

F := B : Bisabird which has the same meaning at a wider extent.

We read it as: ”A set F is defined by element B such that B is a bird.”
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TIP

When defining a set using the characteristic method, make sure your defining property is unambiguous.
The property must clearly determine whether any given object belongs to the set or not. Vague descrip-

tions like "the set of tall people” don’t qualify because "tall” isn’t well-defined.

Examples of Useful Standard Sets

Certain sets show up so often in mathematics that they’ve earned their own dedicated symbols. You’'ll

encounter these constantly, so it’s worth getting familiar with each one.

Set of Natural Numbers

It includes of the numbers, which we can count, viz. 0,1, 2, 3,4, 5,6, 7, ... . The set of natural numbers is
denoted by N. Natural numbersbuild on the concept of whole numbers, which you should be comfortable

with before going further.

Set of Integers

Integers includes of negatives of natural numbers and natural numbers itself. It is denoted by Z .
—5,—4,1,2,0 ...all are integers. The rigorous definition of integers be discussed in fourth part of the

series.

Set of Rational Numbers

Rational numbers are numbers which might be represented as S, where p and q both are integers and
relatively prime to each other and g not being zero. The set of rational numbers is represented by Q and
may include elements like 2 _75 8 . The characteristic notation of the set of rational numbersis Q :=
B; /p,q € Z, (p,q) =1q # 0. The rigorous discussion about rational numbers will be provided in fourth

part of the series.
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Empty Set

It is possible to conceive a set with no elements at all. Such a set is variously known as an empty set or a

void set or a vacuous set or a null set.

An example of emptyset is the set {x : xisaninteger and x?> = 2}, since there exists no integer which

square is 2 —the set is empty. The unique empty set is denoted by & .

Unit Set

A set with only one element is called the unit set. {x} is a unit set or a singleton set.

Universal Set

A set which contains every possible element in the universe, is a universal set. It is denoted by U .

The Subset of a Set

Once you understand what a set is, the next question is: what happens when one set lives entirely inside
another? That’s exactly what a subset captures. Think of it as a smaller collection that’s fully contained

within a larger one.

Let A and B be two sets. We say that A is a subset of B (or B is superset of A or A is contained in B (or B

contains A ) if every element of A is also an element of set B.

In this case we write, A C Bor B D Arespectively, having the same meaning. If every element of the set A
isan element of the set Band B contains at-least one element which does not belong to A, then the set A is
called a 'proper subset’ of B (conversely, B is called the proper superset of A), otherwise A is an improper
subset of B.

The proper subset notion is denoted by A C B while the latter is represented by A C B . Subset word
might be understood using ’sub-collection’ or ’sub-family’ as its synonyms. Two sets are equal to each

other if and only if each is a subset of the other.
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Types of Sets (Based on Number of Elements)

Sets can be classified by how many elements they contain. This distinction between finite and infinite
sets is more important than it might seem at first, because it shapes how you reason about cardinality

later on.

Finite Set

A set is said to be finite, if it has finite number of elements. For example: A:= {a,b,c,d} is a finite set with

four elements. The number of elements in a set is called the cardinality of the set.

Infinite Set

A setisinfinite, if containsinfinitely many elements. The set of naturalnumbers,N := 0,1, 2, 3,4,5,6,7, ...

is an infinite set. The cardinality of an infinite set is infinite.

An empty set is a finite set with zero elements (i.e., zero cardinality).

Power Set of a Set

The power set is one of those ideas that sounds abstract until you see it in action. It’s simply the set of all

possible subsets of a given set, and it grows surprisingly fast as the original set gets larger.

Power set of a set A is defined as the family consisting of all subsets of A, but the subset itself. The power-
setis denoted by P(A) := X : X C A. Understanding power sets is essential when you move on to func-

tion notations and rules, since functions map elements between sets.
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Operations on Sets

Just as you can add, subtract, and multiply numbers, you can perform operations on sets. These oper-
ations let you combine sets, find what they share, and determine what sets them apart. Understanding

these is essential for everything that follows.

Union of Two Sets

If Aand B are two sets, then their union (or join) is the set, defined by another set SUT such that it consists

of elements from either A or B or both. If we write the sets A and B using Characteristic Method as
A :=x: xisanelement of set A.

and, B := x : xisan element of set B

then the union set of A and B is defined by set J such that

J :=x: xisanelement of set A or set Bor both .

For practical example, let we have two sets:

A:=1,23,rtyandB :=3,6,9,r,, g kbeany two sets; then theirunionisAUB :=1,2,3,6,9,r,t,y,8,k

Note that it behaves like writing all the elements of each set, just caring that you are not allowed to write

one element twice.

Intersection of Two Sets

Intersection or meet of two sets A and Bis similarly defined by 'and’ connective. The set {x: xisan element

of Aand x is an element of B} or briefly x : x € AAx € B. Itisdenotedby AnBorby A - Borby AB.
For example, and by definition, if A and B be two sets defined as

A :=1,2,3,r,t,y

B :=3,6,9,1,8k

then their intersection set, definedbyAnB :=3,r.

In simple words, the set formed with all common elements of two or more sets is called the intersection

set of those sets.
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If, again, A and B are two sets, we say that A is disjoint from B or B is disjoint from A or both A and B
are mutually disjoint, if they have no common elements. Mathematically, two sets A and B are said to be
disjointiffANB := @ .

If two sets are not disjoint, they are said to intersect each other.

For example, if g, w, e, 7, t, y, uis a set of keyboard letters, then q, w, e, 7, t, y, u is a partition of the set and
each element of the set belongs to exactly one member (subset) of partition set. Note that there are many

partition sets possible for a set. For example, q, w, e, 1, t, y, uis also a partition set of set q, w, e, r, t, y,u .

The complement set A° or A of a set A is a collection of objects which do not belong to A . Mathematically,
A :=x . x€A.

Therelative complement of set A with respect to another set X is X n A° ; i.e., intersection of set X
and the complement set of A . This is usually shortened by X — A, read X minus A. Thus, X — A :=

x :x € X AX & A, thatis, the set of members of X which are not members of A .

The complement set is considered as a relative complement set with respect to (w.r.t) the universal set,

and is called the Absolute Complement Set.

Symmetric Difference of Two Sets

The symmetric difference is another difference of sets A and B, symbolized AAB, is defined by the union
of mutual complements of sets A and B, i.e., AAB := (A—B)U(B—A) = BAA.

Cartesian Product of Sets

Let A and B be two sets. Then their cartesian product is defined to be the set of an ordered pair, (a, b),
where a and b are the elements of set A and set B, respectively. Mathematically; the product of two sets
AandB:AXB :=(a,b):a€A, beB.

Notethat AXB# B X A.

If A has m elements, B has n elements then A x Bindeed has mn elements.

We see that if we product two sets, we get an ordered pair of two objects (now we’ll say them, variables).

Similarly if we product more than two sets we get ordered pair of same number of variables. For example:
XXY :=(xy;xeX,yeyY.

XXYXZ:=(xy,z;xeX,yeY,ze Z.etc.
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The sets, which are being product are called the factor sets of the ordered pair obtained. When we form
products, it is not necessary the factor sets to be distinct. The product of the same set A taken n times is
called the n -th power of A and is denoted by A . Thus, A%?isA X A.A>isA X A X A. And soon.

Important Theorems on Sets

These are the foundational properties that govern how sets behave under union, intersection, and com-
plementation. You'll rely on these theorems repeatedly when working through proofs, so take the time

to understand why each one holds.

" AUBUC)=AUB)UC
"ANBNC)=ANB)NC

" AUB=BUA
"ANnB=BnA

" AUBNC)=AUBNAUC)

"ANBUC)=ANBUMANC)

"AUQ=A
"ANG=0Q
"AUU=U
"ANU=A
"AUA=U
"ANA=Q

IfVALAUB=A=>B=@

IfVA,ANB=A=>B=U

Self-dual Property: fAUB=UandANB=g =>B=A

Self Dual: A = A
n 6 =U

Iﬁ:@

Idempotent Law: AUA = A

Idempotent Law: ANA =A

AbsorptionLaw: AU(ANB)=A
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= AbsorptionLaw: AN(AUB) = A

* de MorgenLaw: AUB=ANB
* de MorgenLaw: ANB=AUB

= Another Theorem

The following statements about set A and set B are equivalent to one another
ACB
ANnB=A

AUB=B

Set Relations

Relations are where sets become truly powerful. Instead of just grouping objects, you can now describe
how objects from different sets connect to each other. If you've ever said "X isrelated to Y,” you've already

been thinking in terms of set relations.

A relation from set X to set Y is a subset of cartesian product X x Y . Similarly, a relation from set B to set
AisasubsetofBx A.

Read these statements carefully:

= ’Michelle is the wife of Barak Obama.
= ‘John is the brother of Nick.

= ’Robert is the father of Marry’

® ’Ram is older than Laxman.

® ’Mac is the product of Apple Inc’
After reading these statements, you will realize that the first 'Noun’ of each sentence is related to the
other.
We say that each noun isin a RELATIONSHIP to the other.
Michelle is related to Barak Obama as a wife.

John is related to Nick, as a brother. Robert is related to Marry as the father.
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Ram is related to Laxman in terms of age(seniority).
Mac is related to Apple Inc. as a product.

Suchrelationsarealso used in Mathematics, butalittle variations; like ‘alphabets’ or 'numbers’ are used at
place of some noun and mathematical relations are used between them. Some good examples of relations

are:

is less than

is greater than
is equal to

is an element of
belongs to
divides

etc. etc.

Some examples of regular mathematical statements which we encounter daily are:

4<6:4isless than6.
5=5:5isequal to 5.
6/3: 3 divides 6.

For a general use, we can represent a statement as:
”some x is related to y”

Here ’is related to’ phrase is nothing but a particular mathematical relation. For mathematical conve-

nience, we write "x is related to y” as xpy.
x and y are two objects in a certain order and they can also be used as ordered pairs (x,y).

(x,y) € pand xpy are the same and will be treated as the same term in further readings. If p represents

the relation motherhood, then (Jane, John) € p means that Jane is the mother of John.

All the relations we discussed above, were in between two objects (x,y), thus they are called Binary Rela-
tions. (x,y) € p = pisabinary relation between a and b. Similarly, (x, y,z) € p = pisaternary (3-nary)

relation on ordered pair (X,y,z).
In general a relation working on an n-tuple (x;, x,, ... X,,) € p = pisann-ary relation working on n-tuple.

Binary relations are really important to understand for further understanding. In a binary relation,
(x,y) € p, the first object of the ordered pair is called the the domain of relation p and is defined by

D

, .= x|for somey, (x,y) € Band the second object is called the range of the relation p and is defined
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by R, := y|for somey, (x,y) €@.

Equivalence Relations on Set

Not all relations are created equal. Some relations have a special combination of properties that makes
them behave like a notion of "sameness.” These are called equivalence relations, and they’re central to

how mathematicians classify and group objects.

A relation is equivalence if it satisfies three properties, Symmetric, Reflexive and Transitive.

KEY CONCEPT

Equivalence relations are the backbone of classification in mathematics. Whenever you group objects
into categories (even numbers vs. odd numbers, for instance), you're implicitly using an equivalence
relation. The three properties (reflexive, symmetric, transitive) guarantee that your grouping is consis-

tent and complete.

A relation is symmetric: Consider three sentences:

1 "Jenis the mother of John.”;
2 "Johnisbrother of Nick.” and

3 "Jen, John and Nick live in a room altogether.”
In the first sentence, Jen has a relationship of motherhood with John. But can John have the same rela-
tion to Jen?
Can John be mother of Jen?
The answer is obviously NO!
This type of relations are not symmetric.
Now consider the second statement.

John has a brotherhood relationship with Nick. But can Nick have the same relation to John? Can Nick be

brother of John? The answer is simply YES!
Thus, both the sentences “John is the brother of Nick.” and ”Nick is the brother of John.” are the same.

We may say that both are symmetric sentences.
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And here the relation of 'brotherhood’ is symmetric in nature.
Again LIVING WITH is also symmetric (it’s your time to understand it how?).
Now try to write the above short discussion in general and mathematical forms.

Let X and Y be two objects (numbers or people or any living or non-living thing) and have a relation p

between them.

Then we write that X is related by a relation p, to Y.

orXpY.

And if p is a symmetric relation, we might say that Y is (also) related by a relation p to X. Or Y p X.
So,inoneline, XpY < YpXistrue.

A relation is reflexive if X is related to itself by a relation. i.e., XpX

Consider the statement "Jen, John and Nick live in a house altogether.” once again. Is the relation of living

reflexive?
How to check? Ask like, Jen lives with Jen, true?
Yes! Jen lives there.

If a relation is a transitive relation, means that some objects X, Y, Z are such that if X is related to Y by

the relation, Y is related to Z by the relation, then X is also related to Z by the same relation.
i.e., XpY A YpZ = XpZ . For example, the relationship of brotherhood is transitive. (Why?)
Now we will define a combined relation, called equivalence relation, on sets.

We say that a relation p is an equivalence relation if the following properties are satisfied:

" () XpY < YpX
= (i) XpX

* (i) XpY YpZ = XpZ .

If a set X has n elements and set Y has m elements, then the total number of relations from set A to B (or
setBto A)is2"™ .
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Relations on a Single Set

When you restrict a relation to a single set, some interesting special cases emerge. Here you're looking

at how elements within the same set relate to each other.

A relation on a set A is a subset of A X A . There are 2™ relations on set with n elements out of which

following are notable:

= Empty Relation: @ C A X Aisan empty relation on set A.
® Improper Relation: A X A is an improper or trivial relation on set A.

® Diagonal Relation: A :={(a,a) : a € A}isadiagonal relation on A.

Composition of Two Relations

You can chain relations together, much like composing functions. If one relation connects elementatoc

and another connects c to b, their composition connects a directly to b.

Let R and S be two relations on setA. Then, RU S, RN SandR \ S are all subsets of A X A and hence they

are also relations on A.

The relation, RpS := (a;,a,) C A X A such that (a;,a;) € Sand (as,a,) € R, Va,, a,,a; is called the

composition of Rand S on set A.

Properties of Composite Relations

Let R, Sand T be relations on set A. Then

(RpS)pT = Rp(SpT)

" RoA =R = ApR

Rp(SUT) = (RpS) U (ReT)

Rp(SNT) C (RpS) N (ReT)
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Inverse Relation

Every relation has an inverse, and understanding it is simpler than you might expect. You just swap the

order of elements in each ordered pair.

Let Rbe arelation on a set defined by ordered pair (x, y), then the inverse of the relation R, R, is defined

by ordered pair, (y, x) . R! is called the inverse relation of R on the set.
Remarks

Let R and S be the relations on A, then

= (R)1=R

" (RpS) ' = S~1pR"1

Partition of a Set

Partitioning a set means dividing it into non-overlapping groups that together cover the entire set. Every

element ends up in exactly one group, with nothing left out and no overlaps.

A partition set of a set X is a disjoint collection of non-empty and distinct subsets of X such that each

member of X is a member of exactly one member (subset) of the collection.

Let A be a set. A subset P of the power-set of A is called partition of A, if

® Union of members of Pis A.i.e., UxcpX = A

"X, YEP,X#Y=>XNY=0.

Cardinally Equivalent Sets

When can you say two sets are the "same size”? For finite sets, you just count the elements. But for infinite
sets, counting doesn’t work. Instead, you check whether a one-to-one correspondence exists between

them.
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A set Ais said to be cardinally equivalent or just ‘equivalent’ to another set B if there exists one-one map-
ping (function) fromA to B. This relation is denoted by the symbol ~. Therefore A~B means that set A and
B are equivalent to each other. Cardinal equivalence plays a key role when studying bounded sets and the

concepts of supremum and infimum.

Denumerable, Countable and Uncountable Sets

This is where set theory gets genuinely surprising. You might assume all infinite sets are the same ”size,”
but Cantor showed that’s not the case. Some infinities are larger than others, and the distinction between
countable and uncountable sets is one of the most important ideas in all of mathematics. These concepts

connect directly to real sequences and convergence.

A set A is called a denumerable (or countably infinite) set if there exists a one-one mapping from the set
N of natural numbers onto the set 4,i.e., Ais denumerable, if it’s equivalent to the set of natural numbers
N.

A set Ais said to be countable set if either Ais denumerable or A is finite.

A setis uncountable, if it’s infinite and not equivalent to N .

Examples of Denumerable, Countable and Uncountable
Sets

Here are some key examples that illustrate the distinction. Pay close attention to the last two, because

they reveal just how different "sizes” of infinity can be.

The set of all natural numbers N is countable.

The set of all rational numbers Q is countable.

The set of all real numbers R is uncountable.

The set of all irrational numbers is uncountable.

= The set N x N is uncountable.
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Important Theorems on Countability

These theorems give you the essential rules for reasoning about finite, countable, and uncountable sets.
They’re the toolkit you’ll use whenever you need to determine the cardinality of a new set. If you want to

see how these ideas extend into deeper territory, check out this introduction to functional analysis.

1 Every subset of a finite set is finite.
2 Every superset of an infinite set is infinite.
3 If AandB are finite sets, then A N B and A U B are also finite sets.
4 Every subset of a countable set is countable.
5 Every infinite subset of a denumerable set is denumerable.
6 For countable sets, A & B, A N Bis also countable.
7 Every superset of an uncountable set is uncountable.
8 Every infinite set has a denumerable subset.
9 Countably infinite sets are smallest infinite sets.
10 The countable (finite) union of countable sets is countable.

11 Every infinite set is equivalent to one of its proper subsets.

Practice Questions

Work each question before reading its solution. The set runs from direct recall and substitution to the
applied questions that exams actually use to separate grades. All 10 also appear in the downloadable PDF

with a separate answer key.

Question 1. List the elements of A = {x : xisanevenprime}and B = {x € Z : x? = 9}, and classify each

set.

Solution. A = {2}, a singleton, since 2 is the only even prime. B = {-3, 3}, a 2-element finite set. Set-

builder notation describes; listing exhibits. Both sets here are finite and nonempty.
Question 2. For A = {1, 2, 3}, list the power set and count it.

Solution. P(A) = {@,{1},{2},{3},{1,2},{1, 3},{2,3},{1, 2, 3}}: 8 subsets. Each element is either in or out, 2
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choices each, so |P(A)| = 23 = 8. The empty set and A itself always count.
Question 3. WithU ={1, ...,10},A ={1,2,3,4,5}, B ={4,5,6,7},compute AU B, AN B, A — B, and A°.

Solution. AUB = {1,2,3,4,5,6,7};; ANB = {4,5}; A—B = {1,2,3} (in 4, notin B); A° = {6, 7,8,9,10}. Union

gathers, intersection filters, difference subtracts, complement flips against the universe.
Question 4. State both De Morgan laws and verify one of them on the sets of Question 3.

Solution. (AUB)¢ = A°NB¢and (ANB)° = A°UB°. Checkthefirst: AUB = {1..7}, so (AUB)¢ = {8, 9, 10}. And
A°nNB°=1{6,7,8,9,10} n {1,2,3,8,9,10} = {8,9,10}. Equal. Complement swaps union with intersection,
the same duality that governs logical NOT over AND/OR.

Question 5. In a class 0f 40, 25 play cricket, 18 play football, and 10 play both. How many play neither?

Solution. Inclusion-exclusion: [CUF| = 25+ 18 —10 = 33, the subtraction removing the double-counted

both-players. Neither: 40 — 33 = 7. Every survey-overlap problem is this one formula.
Question 6. [s @ a subset of every set? Is it an element of every set? Distinguish.

Solution. @ C A always: the requirement “every element of @ is in A” is vacuously met, there being
nothing to check. But @ € A only when A explicitly listsit, asin A = {@&, 1}. Subset is about containment
of contents; element is about membership on the roster. {¢} is not empty: it holds 1 item.

Question 7. Compute A x Bfor A = {1, 2}, B = {x, y, z}, and state |A X B|.

Solution. All ordered pairs: {(1, x), (1,y), (1, 2), (2, x), (2,¥),(2,2)}, s0 |JA X B| = 2 X 3 = 6. Order matters:
(1,x) # (x,1), and B x A is a different set. Cartesian products build coordinate planes, databases’ joined

tables, and relations.

Question 8. Three sets now: of 100 students, 50 take math, 40 physics, 30 chemistry; 20 take math and
physics, 15 math and chemistry, 10 physics and chemistry; 5 take all 3. How many take at least 1?

Solution. MUPUC| =50+40+30—-20—15—10+ 5 = 80. Singles added, pairwise overlaps subtracted,
the triple overlap added back because the subtractions removed it 3 times after the additions counted it

3 times. 20 students take none.
Question 9. Classify these sets by cardinality: N, the primes, R, the set of subsets of N.

Solution. N and the primes are countably infinite, the same size, since the primeslistas p;, p,, ... in order.
R is uncountable: Cantor’s diagonal argument shows no list can contain every real. P(N) is also uncount-
able, matching R in size, by Cantor’s theorem that every set is strictly smaller than its power set. Infinity

comes in sizes.

Question 10. Russell’s paradox: consider R = {X : X & X}, the set of all sets that do not contain them-
selves. What goes wrong?

Solution. Ask whether R € R. If yes, then by its own defining condition R ¢ R; if no, then R satisfies the
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conditionand R € R. Both answers contradict themselves, sono such set can exist, and unrestricted “any
property defines a set” collapses. Modern ZFC set theory restricts set formation to avoid this, allowing

only subsets carved from existing sets.
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Practice Questions

Work each question before reading its solution. The set runs from direct recall and substitution to the

applied questions that exams actually use to separate grades.

Q1. Listthe elements of A = {x : xisaneven prime}and B = {x € Z : x? = 9}, and classify each set.

SOLUTION

A = {2}, asingleton, since 2 isthe only even prime. B = {—3, 3}, a 2-element finite set. Set-builder notation

describes; listing exhibits. Both sets here are finite and nonempty.

Q2. For A = {1, 2,3}, list the power set and count it.

SOLUTION

PA) = {@,{1},{2},{3},{1,2},{1,3},{2,3},{1, 2, 3}}: 8 subsets. Each element is either in or out, 2 choices
each, so |P(A)| = 23 = 8. The empty set and A itself always count.

Q3. WithU ={1,...,10},A ={1,2,3,4,5},B={4,5,6,7},compute AU B, AN B,A — B,and A°.

SOLUTION
AUB=1{1,2,3,4,5,6,7}; AnB ={4,5}; A— B =1{1,2,3}(in A, notin B); A° = {6, 7, 8,9, 10}. Union gathers,

intersection filters, difference subtracts, complement flips against the universe.

Q4. State both De Morgan laws and verify one of them on the sets of Question 3.

SOLUTION

(AUB)® = AN B°and (A N B)° = A° U B°. Check the first: AU B = {1..7}, so (A U B)° = {8,9,10}. And
A°nNB°=1{6,7,8,9,10} n {1,2,3,8,9,10} = {8,9,10}. Equal. Complement swaps union with intersection,
the same duality that governs logical NOT over AND/OR.

Q5. Inaclass of 40, 25 play cricket, 18 play football, and 10 play both. How many play neither?

SOLUTION

Inclusion-exclusion: |C U F| = 25 + 18 — 10 = 33, the subtraction removing the double-counted both-

players. Neither: 40 — 33 = 7. Every survey-overlap problem is this one formula.
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Q6. Is @ asubset of every set? Is it an element of every set? Distinguish.

SOLUTION

@ C A always: the requirement “every element of @ is in A” is vacuously met, there being nothing to
check. But @ € A only when A explicitly listsit,asin A = {@, 1}. Subset is about containment of contents;

element is about membership on the roster. {&} is not empty: it holds 1 item.

Q7. Compute A x Bfor A ={1,2}, B = {x,y, z}, and state |A X B.

SOLUTION

All ordered pairs: {(1, x), (1,y),(1,2),(2,x),(2,¥),(2,2)},s0 |A X B| = 2 X 3 = 6. Order matters: (1,x) #
(x,1), and B x A is a different set. Cartesian products build coordinate planes, databases’ joined tables,

and relations.

Q8. Three setsnow: of 100 students, 50 take math, 40 physics, 30 chemistry; 20 take math and physics,
15 math and chemistry, 10 physics and chemistry; 5 take all 3. How many take at least 1?

SOLUTION

IMUPUC| =50+40+30—20—15—-10+ 5 = 80. Singles added, pairwise overlaps subtracted, the triple
overlap added back because the subtractions removed it 3 times after the additions counted it 3 times.

20 students take none.

Q9. Classify these sets by cardinality: N, the primes, R, the set of subsets of N.

SOLUTION

N and the primes are countably infinite, the same size, since the primes list as p;, p,, ... in order. R is
uncountable: Cantor’s diagonal argument shows no list can contain every real. P(N) is also uncountable,
matching R in size, by Cantor’s theorem that every set is strictly smaller than its power set. Infinity comes

in sizes.

Q10. Russell’s paradox: consider R = {X : X ¢ X}, the set of all sets that do not contain themselves.

What goes wrong?

SOLUTION

Ask whether R € R. If yes, then by its own defining condition R ¢ R; if no, then R satisfies the condition
and R € R. Both answers contradict themselves, so no such set can exist, and unrestricted "any property
definesaset” collapses. Modern ZFC set theory restricts set formation to avoid this, allowing only subsets

carved from existing sets.
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Answer Key

QUICK ANSWERS
Q1 A={2};B={-3,3} Q2 8subsets: 2> Q3 {1..7},{4,5},{1,2,3},{6..10} Q4 complement swaps U
and n; both give {8,9,10} Q5 7

Q6 alwaysasubset; anelementonlyiflisted Q7 6orderedpairs Q8 80 Q9 countable, countable,

uncountable, uncountable Q10 both R € RandR ¢ R fail; naive comprehension dies

Revision Sheet
Notation Inclusion-exclusion
€ element, C subset, @ empty set, |A]| size, P(A) |A UB| = |A| + |B| — |A n BJ; 3 sets: add singles,
power set with 214l members. subtract pairs, add the triple.
The operations Empty-set facts
AU Bunion, A N Bintersection, A — B difference, @ C Aalways (vacuously); {@} # @.

A€ complement, A X B ordered pairs.

Infinities
DeMorgan N, Z, Q countable; R and P(N) uncountable (Can-
(AUB)Y =A°NB%(ANB)* = A° U B-. tor).
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About These Notes

This note is part of a free study-notes series on gauravtiwari.org covering mathematics, physics,
chemistry, and biology: the concepts that keep deciding grades in high school, board, and entrance

€exams.
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Gaurav Tiwari is a developer, educator, and founder of Gatilab. The study-notes series exists because
most exam prep material is either a full textbook or a thin definition page, and revision needs something

in between: one concept, complete, with the traps named and the practice attached.

GET THE FULL SERIES

Every note in the series is free to read online and free to download as a PDF like this one. Browse the
complete collection at gauravtiwari.org/free-study-notes-exam-prep and pick the topics your next

exam actually covers.

USE IT FREELY

This PDF is free for personal study, classrooms, and study groups. Share the file or the link with anyone

it can help. The one thing not allowed is reselling it or republishing it as your own work.
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