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The quadratic formula solves every equation of the form ax? + bx + ¢ = 0, no matter how messy the co-

efficients. It’s the closed-form solution to the second most important polynomial equation type in math-

ematics, and it’s the first formula most students memorize because it actually works on every problem in

its class.

The formula is short, x =

—b+Vb2—-4ac

2a

, but encodes a complete recipe for finding roots. The expression

under the square root, b?> —4ac, is the discriminant, and just by checking its sign you know how many real

roots exist before computing anything else. Once you understand the discriminant, you stop solving by

trial and start solving by structure.

THE QUADRATIC FORMULA

The solutions to the quadratic equation ax®+ bx+c =0 (where a#0) are

given by the Quadratic Formula:

— b

+

N b% -4ac

X

2a

Consider the quadratic function:
b

y=ax®+bx+c, where a#0.
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X, and X, are the roots
(or solutions) of
ax*+bx+c=0.

The nature of the roots depends on the discriminant D = b* - 4ac.

)

r N o
(D) D> 0 (PosiTve DiscRIMINANT) | | (2) D =0 (ZERO DISCRIMINANT)
TWO DISTINCT REAL ROOTS ONE REAL ROOT (REPEATED)
\ y[ / |
# % x
xl xl Xy =Xy X
[ Two real solutions: x; # x, ] [One real solution (double root): x, = xl]
o J \

J

(3) D <O (NEGATIVE DISCRIMINANT)
NO REAL ROOTS
Y

X

[ No real solutions (complex roots)

\

~

Quadratic formula equation parabola and discriminant cases modern textbook illustration

Discriminant Decision Table

Calculate D = b? —4ac first. Its sign tells you the root type; substitution into the original equation verifies

the final values.
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EQUATION DISCRIMINANT ROOT TYPE ROOTS RESIDUAL CHECK

x?-5x+6=0 1 Two real 3,2 0,0
x?-6x+9=0 0 One repeated real 3,3 0,0
root
x> +4x+13=0 -36 Complex conju- -2+ 3i 0,0
gates
2x2 +5x-3=0 49 Two real 1/2,-3 0,0

D > 0: two distinct real roots.
® D = 0: one repeated real root, x = —b/(2a).
= D < 0: two complex conjugate roots when a, b, and c are real.

= Verification: substitute each root into ax? + bx + c; the residual should be zero, subject to rounding.

For hand calculations, the standard formula is reliable when arithmetic is kept exact. In software, very
large or very small coefficients can cause cancellation in —b =+ y/D. The numerical-stability section below

shows the safer alternative for floating-point work.

The Formula

Any equation in the standard form ax? + bx + ¢ = 0 (with a # 0) has solutions:

—b+vb2—4ac

2a

X =
The + sign produces two solutions in general, one taking the positive square root, one taking the negative.
These are the roots of the quadratic, the values of x that make the polynomial equal zero.

The formula works for any real coefficients, and even for complex coefficients with minor adjustments.
It’s the unique general-purpose solver for second-degree polynomials, and it’s been the standard tool in

algebra for over a thousand years.
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Worked Example: Two Real Roots

Solve2x? —4x — 6 =0. Herea =2,b = —4,c = —6:

_ (= \/(—4)2 — 4(2)(—6) _ 4z \/16 + 48 _ 48

X 202) 4 4

Sox = 3or x = —1. Tworeal roots, exactly what the formula promises when the discriminant is positive.

Verify by substituting back: 2(3)> —4(3) =6 =18 — 12— 6=0;2(=1)> —=4(-1)—6=2+4—-6=0.

Worked Example: Repeated Root

Solve x> —6x+9=0.Herea=1,b=—6,c=9:

6+y36—-36 6x0
X = = =3
2 2
One repeated root at x = 3. The discriminant is zero, so the + sign doesn’t change anything. The polyno-
mial factors as (x — 3)?> = 0, which is the geometric reality behind the algebra: the parabola touches the

x-axis at exactly one point, the vertex.

Worked Example: Complex Roots

Solvex? +2x+5=0.Herea=1,b=2,c=>5:

x_—2i\/4—20 —2+4-16 —2=x4i

= = =—1+2i
2 2 2 L+2i

Two complex conjugate roots: —1 + 2i and —1 — 2i. The negative discriminant signals that the parabola
never crosses the x-axis. Real-valued solutions don’t exist, but complex solutions always do, for any

quadratic, the formula always gives an answer.
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The Discriminant

Compute the discriminant before substituting into the formula. Its sign tells you whether to expect two
real roots, one repeated root, or two complex conjugates. If the problem asks only for real solutions and

D < 0, there are none.

QUADRATIC FORMULA - DISCRIMINANT CASES

The discriminant b - 4actells you everything

Before computing roots, look at the sign of the expression under the square root. It decides

how many real solutions exist and what kind.

CASE 1 A>0 CASE 2 A=0 CASE 3 A <O
Two distinct real roots One repeated real root No real roots

The parabola crosses the x-axis at The parabola touches the x-axis at The parabola never touches the x-
two separate points. exactly one point (vertex). axis. Two complex conjugate roots.

N~

X1 X2 Xo
Example: x? - 5x + 6 - A = 1 - Example: x? - 4x + 4 - A = 0 - Example: x2 + x + 1 - A = -3 >
roots 2, 3 root 2 (double) complex roots

A = b? - 4ac. Compute it first; it tells you what to expect from the formulax = (-b + vA) / (2a) before you even plug

numbers in.

The 3 discriminant cases and what each does to the parabola: 2 crossings, 1 touch, or none.
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QUADRATIC FORMULA - DISCRIMINANT CASES

The discriminant b2 - 4actells you everything

Before computing roots, look at the sign of the expression under the square root. It decides

how many real solutions exist and what kind.

CASE 1 A >0 CASE 2 A=0 CASE 3 A <O
Two distinct real roots One repeated real root No real roots

The parabola crosses the x-axis at The parabola touches the x-axis at The parabola never touches the x-
two separate points. exactly one point (vertex). axis. Two complex conjugate roots.

~__~

X1 X2 Xo
Example: x? - 5x + 6 - A = 1 » Example: x? - 4x + 4 - A = 0 - Example: x> + X + 1 » A = -3 -
roots 2, 3 root 2 (double) complex roots

A = b? - 4ac.Compute it first; it tells you what to expect from the formulax = (-b + vA) / (2a) before you even plug

numbers in.

Discriminant cases for the quadratic formula

Derivation: Completing the Square

The quadratic formulaisn’t magic; it’s the result of completing the square applied to the general quadratic.

Start with ax? + bx + ¢ = 0 and divide by a:
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| o

N | o

Completing the square as an area picture: the missing corner is exactly (b/2)2.
b c
X+ -x+-=0
a a

Move the constant: x? + 2x = —£. Add (b/2a)? to both sides to complete the square on the left:
a a

<x+£)2_b2—4ac
2a] 4a?

Take the square root of both sides:

b Vb2 —4ac

— =4
X+ 2a 2a
Solve for x: x = M. The formula falls out directly.
a
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Plotting the Quadratic to Visualize Roots

The graph of y = ax? + bx + cis a parabola. The roots of the equation are the x-coordinates where the
parabola crosses the x-axis. Visualizing the curve makes the discriminant cases tangible: two crossings,

one tangent point, or no crossings at all.

HOW THE QUADRATIC FORMULA FINDS THE ROOTS
Plottingy = x° - 5x + 6

The roots are where the parabola crosses the x-axis. The quadratic formula finds them

algebraically; the plot confirms them visually.

10

DISCRIMINANT ROOT 1 ROOT 2

A =25 -24=1 X1 2 X2

3

The roots read off the graph: they are the x-intercepts, and the vertex sits midway between them.

The vertex of the parabola sits at x = —b/(2a), exactly midway between the two roots when they’re real.
The y-coordinate of the vertex is ¢ — b?/(4a). If a > 0 the parabola opens upward; if a < 0 it opens

downward.

This geometric view is why quadratic optimization problems (find the maximum or minimum) are also

routine, the extremum is always at the vertex, and the formula x = —b/(2a) gives it directly.
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HOW THE QUADRATIC FORMULA FINDS THE ROOTS
Plottingy = x° - 5x + 6

The roots are where the parabola crosses the x-axis. The quadratic formula finds them

algebraically; the plot confirms them visually.

10

DISCRIMINANT ROOT 1 ROOT 2

A=25-24=1 X1 2 X2

3

Parabola y = x squared minus 5x plus 6 with roots marked

Alternative Methods: Factoring

For nice integer-coefficient quadratics, factoring is faster than the formula. To factor x* + 5x + 6, look
for two numbers whose product is 6 and sumis 5: 2 and 3. So x? + 5x + 6 = (x + 2)(x + 3), and the roots

are —2 and —3.

Factoring works when integer roots exist; the formula always works. If you can’t factor in a few seconds,
switch to the formula. This is the standard professional pattern: try factoring briefly for elegance, fall
back on the formula for reliability.
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Alternative Method: Completing the Square Manually

Completing the square takes longer for routine arithmetic, but it shows the vertex form and the algebra
behind the quadratic formula. Use it when you need the vertex or want to derive the formula instead of

memorizing it.

Vieta's Formulas

For ax? + bx + ¢ = 0 with roots r; and r,, Vieta’s formulas connect the roots back to the coefficients:

These shortcuts let you verify quickly. If the roots of x> — 5x + 6are 2and 3, then2 + 3 = 5 = —(=5)/1
and2x3=6=06/1.

Vieta’s formulas generalize to higher-degree polynomials and are widely used in algebra contests, root-

finding sanity checks, and analytical work in differential equations.

Where the Quadratic Formula Shows Up

Physics: projectile motion problems involve quadratic equations because position varies as % gt?. Com-
puting landing times, ranges, and intersection points all use the quadratic formula. Engineering: beam
deflection, stress analysis, and resonant frequencies often produce quadratic equations whose roots
specify critical conditions. Optimization: finding the maximum or minimum of a quadratic objective
is the textbook quadratic problem in linear and quadratic programming. Computer graphics: ray-
sphere intersection algorithms solve a quadratic in the ray parameter to find collision points. Finance:
compound interest models, internal rate of return calculations, and option pricing models all rely on
quadratic (and higher-order) polynomial solving. Statistics and machine learning: quadratic loss
functions, Gaussian probability densities, and regularization terms are all quadratics whose minima

have closed-form solutions via the formula.

gauravtiwari.org Page 11


https://gauravtiwari.org/
https://gauravtiwari.org/study-notes/quadratic-formula/

Common Mistakes With the Quadratic Formula

Sign errors with b. The formula uses —b, so a negative b becomes +b. Always re-read your coefficient
signs after substituting. Forgetting the +. The + produces two solutions. Reporting only one is the most
common mistake on quadratic problems. Squaring the negative inside. (—b)? = b?,but —b? # b?. Order
of operations matters: square first, then negate. Computing the discriminant wrong. The minus sign
sometimes gets dropped: b? — 4ac, not b? + 4ac. Misidentifying a, b, c. Equations like 3x?> = 5x — 2need
tobe rearranged to standard form 3x? — 5x + 2 = 0 before applying the formula. Ignoring the case a = 0.
If a = 0, the equation is linear, not quadratic, and the formula produces division by zero. Check that you

actually have a quadratic before applying the formula.

A Brief History of the Quadratic Formula

Babylonian mathematicians solved quadratic-like problems around 2000 BCE using completing-the-
square methods, though they didn’t have algebraic notation. They worked through specific numerical

examples that effectively used the formula.

Indian mathematician Brahmagupta gave a complete general solution in 628 CE, including handling neg-
ative numbers. Persian mathematician al-Khwarizmi systematically classified and solved all six standard

forms of quadratic equations in the 9th century, his name gives us “algorithm” and ”algebra.”

The modern algebraic notation came in the 16th and 17th centuries with Francgois Viete and René
—b+Vb2-4ac
2a
has been a textbook staple ever since. Cubic and quartic formulas were derived in the 16th century by

Descartes. The compact formula x = we use today crystallized in early modern Europe and

Cardano, Ferrari, and Tartaglia; quintic equations have no general algebraic solution, as Abel and Galois

later proved.

The Quadraticin Other Forms

Beyond standard form, quadratics appear in three useful alternative forms:

Conversion between forms is routine algebra. Completing the square turns standard form into vertex
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form. Factoring (or applying the formula) turns standard form into factored form. Expanding turns ver-
tex or factored form back into standard form. Knowing all three forms and switching between them ef-

ficiently is the practical fluency that separates routine algebra from real problem-solving.

Quadratic Inequalities

The quadratic formula also handles inequalities like ax? + bx + ¢ > 0 or < 0. Find the roots, then check

which intervals satisfy the inequality.

For x?> — 4x + 3 > 0, the roots are 1 and 3. The parabola opens upward, so it’s negative between the roots

and positive outside them. The inequality holds for x < 1 or x > 3.

Quadratic inequalities show up in optimization problems with constraints, regions in the plane defined
by polynomial bounds, and stability analysis where a quadratic discriminant must remain positive (or

negative) for a system to remain stable.

Quadratic Optimization

Many real problems reduce to “minimize or maximize a quadratic.” The vertex of y = ax? + bx + c sits at
x = —b/(2a), and substituting back gives the optimal value. If a > 0, the vertex isa minimum;ifa < 0, it’s

a maximum.

Linear regression’s least-squares solution falls out of minimizing a sum of squared residuals, a quadratic
in the coefficients. Optimal control problems with quadratic cost functions (LQR controllers in engi-
neering) have closed-form solutions because the Hessian is constant. Anywhere the cost is naturally

quadratic, the formula gives the optimum without iteration.

Numerical Stability of the Quadratic Formula

The standard formula has a hidden numerical trap. When b? > |4ac|, the expression —b + \/ b2 — 4ac

suffers catastrophic cancellation, two nearly-equal large numbers subtract to a tiny one, losing precision.

gauravtiwari.org Page 13


https://gauravtiwari.org/
https://gauravtiwari.org/study-notes/quadratic-formula/

The fix: compute one root with the formula, then use Vieta’s product r;7, = c/a to derive the second.
r, = ¢/(a - r;) avoids the cancellation problem entirely. Production numerical libraries (LAPACK, GSL,
NumPy) implement this stabilized version, not the textbook formula. The standard formula is correct
mathematically and dangerous numerically, a useful reminder that "exact algebra” and ”stable compu-

tation” aren’t always the same thing.

Reducing Higher-Degree Polynomials to Quadratics

Some polynomials of degree 4 or higher reduce to quadratics through substitution. x* — 5x2 + 6 = 0
becomes a quadraticin u = x?: u? — 5u + 6 = 0. Solving givesu = 2 or u = 3, so x> = 2 or x*> = 3, and the
four roots are +4/2, +1/3.

This biquadratic trick works whenever a polynomial has only even powers (or only powers in arithmetic
progression). It reduces what looks like a hard problem to two routine quadratic solves. Many physics
problems involving energy minimization, optical path lengths, and resonance frequencies produce bi-

quadratics; the substitution turns them into instantly solvable problems.

Quadratic Formsin Higher Dimensions

A quadratic form in two variables is Q(x, y) = ax? + bxy + cy?. The discriminant b? — 4ac classifies conic

sections: positive gives a hyperbola, zero gives a parabola, negative gives an ellipse.

Quadratic forms generalize to any number of variables. They’re the multivariable analogue of single-
variable quadratics, written compactly as Q(x) = xT Ax for a symmetric matrix A. Eigenvalues of A clas-
sify the form: all positive means the quadratic form is positive definite (used heavily in optimization).

Mixed eigenvalue signs give saddle points.

Quadratic Formulain Programming

A direct software implementation looks short, but floating-point cancellation and the a = O case need

explicit handling. The Python version below computes one root with the safer expression and derives
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the other from Vieta’s product.

import math def solve_quadratic(a, b, ¢): ifa == O: if b == O: return [] if ¢ != O else "all reals’ return [-c
/ bl disc = b*b - 4*a*c if disc O: r1 = (-b - sqrt_d) / (2*a) else: rl = (-b + sqrt_d) / (2*a)r2 = c / (a * r1)
return [rl, r2] Notice the explicit handling of degenerate cases (a = O, repeated roots, complex roots) and
the numerically stable computation that avoids catastrophic cancellation. Production scientific libraries
(NumPy, SciPy, GSL) follow the same patterns.
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Practice Questions

Work each question before reading its solution. The set runs from direct recall and substitution to the

applied questions that exams actually use to separate grades.

Q1. Solvex? —7x +12 = 0.

SOLUTION
Factor: 2 numbers with product 12 and sum 7 are 3 and 4. So (x — 3)(x —4) = 0and x = 3or x = 4. The

formulaagrees: D =49 —48 =1,x = (7 +1)/2.

Q2. Solve3x? +5x—2=0.

SOLUTION
Herea =3,b=5,c=-2,50D = 25+ 24 = 49. Thenx = %, giving x = é or x = —2. Vieta’s check: the

sum i -2 = —2 matches —b/a.

Q3. For which values of k does x? + kx + 25 = 0 have exactly one repeated root?

SOLUTION

One repeated root means D = 0: k? — 100 = 0, so k = 10 or k = —10. The repeated root itselfis x = —k/2,
which is —5 or 5 respectively.

Q4. Solve2x? —4x +5=0.

SOLUTION

D =16 — 40 = —24 < 0, so expect complex conjugates. x = = 4_24 =1z gi.

Q5. Aballis thrown upward so its height in meters after ¢ seconds is h(t) = 20t — 5¢2. At what timesis the

ball exactly 15 m above the ground?

SOLUTION

Set 20t — 5t2 = 15 and rearrange: 5t> — 20t + 15 = 0, or t> — 4t + 3 = 0. Factor: (t — 1)(t —3) = 0,s0t =1
sandt = 3 s. Two answers because the ball passes 15 m once going up and once coming down. Sanity
check: the peakisatt = —b/(2a) = 2 s, midway between the 2 times.
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Q6. Write a quadratic equation whose roots sum to 6 and multiply to 4, then find the roots.

SOLUTION

By Vieta’s formulas, x? — 6x +4 = 0. Then D = 36 — 16 = 20 and x = 61?/3 =3 +4/5.

Q7. Solve x* —13x%2 + 36 = 0.

SOLUTION

Substitute u = x?: u?> — 13u + 36 = 0, which factors as (u — 4)(u — 9) = 0. So x*> = 4or x> = 9, giving 4

roots: x = +2,+3. A degree-4 equation solved with 1 substitution and 1 quadratic.

Q8. Find the maximum value of f(x) = —2x2? + 8x + 3.

SOLUTION

The vertex sits at x = —b/(2a) = 2. Then f(2) = —8 + 16 + 3 = 11. Since a = —2 < 0 the parabola opens

downward, so 11 is the maximum.

Q9. For which values of k does kx2 + 4x + 1 = 0 have two distinct real roots?

SOLUTION

Two distinct real roots need D > 0 and a genuine quadratic. D = 16 — 4k > 0 gives k < 4, and k # 0 keeps

the equation quadratic. Forgetting the k # 0 condition is the classic lost mark here.

Q10. Arectangle has perimeter 20 cm and area 21 cm?. Find its side lengths.

SOLUTION

Call the sides x and 10 — x, since half the perimeter is 10. Area: x(10 — x) = 21, so x? — 10x + 21 = 0, which

factors as (x — 3)(x — 7) = 0. The sides are 3 cm and 7 cm.
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Answer Key

QUICK ANSWERS

Ve

Q1 x = 3,4 Q2x=§,—2 Q3 k=+10 Q4 x=1+2i Q5t=1sand3s

Q6x2—6x+4:0;x:3i\/§ Q7 x = £2,#3 Q8 maximum= 1llatx =2 Q9 k< 4,k #0

Q10 3cmand7 cm

Revision Sheet
The 3 forms
The formula
Standard: y = ax?+bx+c. Vertex: y = a(x—h)*+
. .. _ —bxvb2-dac
Forax? +bx+c¢=0,a# 0:x = e k. Factored: y = a(x — r;)(x — 1,).
Discriminant Vieta's formulas
D = b? — 4ac. D > 0: tworeal roots. D = 0: one n+rn= —g, nr, = §

repeated root, x = —b/(2a). D < 0: complex con-

jugates. .
Completing the square
2 2
x2+px=q:<x+3) =q+Z.
Vertex 2 4
b bz ..
X = ——,y =c¢— —. Minimum when a > 0, max-
2a 4a

imum when a < 0.
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About These Notes

This note is part of a free study-notes series on gauravtiwari.org covering mathematics, physics,
chemistry, and biology: the concepts that keep deciding grades in high school, board, and entrance

€exams.
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Writing and teaching online Articles published on Free study notes in this Mathematics, with physics

since gauravtiwari.org series and chemistry training

Gaurav Tiwari is a developer, educator, and founder of Gatilab. The study-notes series exists because
most exam prep material is either a full textbook or a thin definition page, and revision needs something

in between: one concept, complete, with the traps named and the practice attached.

GET THE FULL SERIES

Every note in the series is free to read online and free to download as a PDF like this one. Browse the
complete collection at gauravtiwari.org/free-study-notes-exam-prep and pick the topics your next

exam actually covers.

USE IT FREELY

This PDF is free for personal study, classrooms, and study groups. Share the file or the link with anyone

it can help. The one thing not allowed is reselling it or republishing it as your own work.

Gaurav Tiwari gauravtiwari.org
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