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The golden ratio, denoted by the Greek letter 𝜑 (phi), is an irrational number approximately equal to

1.6180339887. It appears as the ratio of consecutive Fibonacci numbers in the limit, as the proportion of

certain nested rectangles that stay similar to themselves, and as a convenient approximation in art and

architecture. Likemostmathematical celebrities, the golden ratio iswidelymythologized and frequently

overclaimed, this note covers what it really is, what it really does, and which of the famous applications

are actually backed by themath.

The golden ratio𝜑≈ 1.618, a rectangle whose proportions remain constant when nested inside itself, traced by the golden spiral.

TheDefinition

The golden ratio is the unique positive number satisfying:
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The golden rectangle: cut off the unit square and the leftover (𝜑 − 1) × 1 rectangle has the same proportions as thewhole.

𝑎 + 𝑏
𝑎 = 𝑎

𝑏 = 𝜑

In words: take a line segment and divide it so the ratio of the longer part to the shorter part equals the

ratio of thewhole to the longer part. That ratio is𝜑.

Solving the equation
𝑎 + 𝑏
𝑎 = 𝑎

𝑏 gives:

𝜑 = 1 + √5
2 = 1.6180339887…

This is an exact algebraic value, not a decimal approximation. 𝜑 is irrational and is the positive root of the
quadratic equation 𝑥2 − 𝑥 − 1 = 0.

KeyProperties

Self-similarity: 𝜑2 = 𝜑 + 1. Squaring 𝜑 gives 𝜑 plus 1.

Reciprocal property: 1/𝜑 = 𝜑 − 1 ≈ 0.6180339887. The reciprocal differs from 𝜑 by exactly 1.
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Recursion: 𝜑 = 1 + 1/𝜑. 𝜑 is its own continued fraction’s limit.

Continued fraction: 𝜑 = 1+
1

1 +
1

1 +
1

1 +⋯

. The simplest infinite continued fraction inmathematics.

Powers: 𝜑𝑛 = 𝐹𝑛𝜑+ 𝐹𝑛−1, where 𝐹𝑛 is the 𝑛-th Fibonacci number. Each power of𝜑 is a linear combina-

tion of 𝜑 and 1with Fibonacci coefficients.

Connection to theFibonacci Sequence

The most striking property of 𝜑 is its connection to the Fibonacci sequence. The ratio of consecutive

Fibonacci numbers approaches 𝜑:

lim
𝑛→∞

𝐹𝑛+1
𝐹𝑛

= 𝜑

Numerically: 2/1 = 2.0, 3/2 = 1.5, 5/3≈ 1.667, 8/5 = 1.6, 13/8 = 1.625, 21/13≈ 1.615, 34/21≈ 1.619, 55/34

≈ 1.618. Convergence to four decimal places by the 10th term.

Binet’s formula expresses Fibonacci numbers in terms of 𝜑 directly: 𝐹𝑛 = (𝜑𝑛 − 𝜓𝑛)/√5, where 𝜓 = (1 −
√5)/2. Because |𝜓| < 1, the 𝜓𝑛 term shrinks rapidly, and for practical purposes 𝐹𝑛 ≈ 𝜑𝑛/√5 rounded to
the nearest integer.

TheGoldenRectangleandGoldenSpiral

Agoldenrectanglehassideratio𝜑 ∶ 1. Itsdefiningproperty: ifyoucutasquareoffoneend, theremaining

rectangle is also golden, same proportions, smaller. You can keep cutting squares off forever and every

remaining rectangle stays golden.

Connect quarter-circle arcs through each successive square and you get the golden spiral, a piecewise

approximation of the true logarithmic spiral with growth factor 𝜑 per quarter turn. The two curves are
not identical (the golden spiral is built from circular arcs, the true logarithmic spiral is smooth), but they

look visually similar at typical scales.
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Where theGoldenRatioActually ShowsUp

Phyllotaxis. The arrangement of leaves, seeds, and petals on plants often follows the golden angle

(137.5° = 360° / 𝜑2). Turning by the golden angle between successive structures maximizes light cap-

ture and packing efficiency. Sunflower heads, pinecones, and pineapples show this clearly. This is real

andwell-documented.

Pentagonal symmetry. The regular pentagon’s diagonal-to-side ratio is exactly 𝜑. This appears in
starfish, certain viruses (HIV capsid), and quasicrystals (Shechtman’s 2011 Nobel).

Logarithmic spirals in shells. Nautilus and snail shells grow in approximately logarithmic spirals,

but most natural spirals are not golden spirals. The growth factor varies by species; nautilus is closer

to 1.33, not 𝜑.

Number theory. 𝜑 is the ’most irrational’ number in a precise sense: of all irrational numbers, it is the

hardest to approximate by rationals. This makes it useful in random-number generation and certain

numerical methods.

Algorithms. Thegolden-sectionsearchalgorithmuses𝜑 toefficientlyfind themaximumorminimum

of a unimodal function.

Where theGoldenRatio IsOverclaimed

The golden ratio is the most overhyped number in mathematics. Several famous claims do not survive

close examination.

The Parthenon does not use 𝜑. The proportions cited as golden depend heavily on whichmeasure-

ments youpick. Different historians get different numbers; the ratio of the facade is closer to 9/5 (1.8)

than to 𝜑 (1.618).

DaVinci’sVitruvianManuses integerratios,not𝜑. Theproportionsareexplicitly 1:8 (headtobody),
1:10 (head to fingertip), and so on. Da Vinci’s notes refer to Vitruvius’s integer proportions, not to the

golden ratio.

The human body does notmatch 𝜑 ratios reliably. Claims about navel-to-foot ratios, finger bones,

facial proportions, etc., are usuallymotivated reasoning. Pick enoughmeasurements and somewill be

close to 1.618 by chance.

The Great Pyramid is not built on 𝜑. The slope angle approximates arctan(4/𝜋), which is close to 𝜑
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but not equal to it. Whether the Egyptians intended either is debated; most likely they used integer

ratios.

Stockmarket ’Fibonacci retracements’ (23.6%, 38.2%, 50%, 61.8%) are widely used by technical

traders. The predictive value is heavily debated andmost academic studies find no statistical edge.

WhytheOverclaimExists

Three reasons the golden ratio getsmythologized far beyondwhat themath justifies:

1 It’s irrational andrecursive. The continued-fraction expression𝜑 = 1+1/(1+1/(1+…)) feels deep,
and humans find irrational constants intriguing.

2 It really does showup in phyllotaxis andquasicrystals. Those genuine appearances give cover for

manymore spurious claims.

3 Pareidolia in numbers. Take enoughmeasurements of any complex structure (a building, a body, a

painting) and some ratios will land near 1.618 by chance. Confirmation bias does the rest.

Related study notes: Fibonacci Sequence, Complex Numbers, Quadratic Formula, Triangle Inequality.
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PracticeQuestions

Work each question before reading its solution. The set runs from direct recall and substitution to the

applied questions that exams actually use to separate grades.

Q1. Define the golden ratio from its self-similarity property and compute its value.

SOLUTION

Divide a segment into parts 𝑎 > 𝑏 so the whole relates to the large part as the large part relates to the
small: 𝑎+𝑏

𝑎
= 𝑎

𝑏
. Calling the ratio 𝜑 gives 𝜑 = 1 + 1

𝜑
, so 𝜑2 = 𝜑 + 1 and 𝜑 = 1+√5

2
≈ 1.6180.

Q2. Verify algebraically that 𝜑2 = 𝜑 + 1.

SOLUTION

𝜑2 = ( 1+√5
2
)
2
= 6+2√5

4
= 3+√5

2
, and 𝜑 + 1 = 3+√5

2
. Equal. This single identity generates the whole arith-

metic of 𝜑: every power of 𝜑 reduces to 𝑎𝜑 + 𝑏.

Q3. Show that 1/𝜑 = 𝜑 − 1, and notewhy that is unusual.

SOLUTION

Divide𝜑2 = 𝜑+1 by𝜑: 𝜑 = 1+1/𝜑, so 1/𝜑 = 𝜑−1 ≈ 0.618. The reciprocal keeps the samedecimal digits,

a property no other positive number has.

Q4. Compute 𝜑3 in the form 𝑎𝜑 + 𝑏.

SOLUTION

𝜑3 = 𝜑 ⋅ 𝜑2 = 𝜑(𝜑 + 1) = 𝜑2 + 𝜑 = (𝜑 + 1) + 𝜑 = 2𝜑 + 1 ≈ 4.236. Every power collapses this way, with
Fibonacci numbers as the coefficients: 𝜑𝑛 = 𝐹𝑛𝜑 + 𝐹𝑛−1.

Q5. Howdo the Fibonacci numbers approach 𝜑? Compute 2 consecutive ratios to show the alternation.

SOLUTION

𝐹9/𝐹8 = 34/21 ≈ 1.6190 sits above 𝜑; 𝐹10/𝐹9 = 55/34 ≈ 1.6176 sits below. Consecutive Fibonacci ratios
close in on 𝜑 from alternating sides, and the error shrinks by roughly a factor of𝜑2 ≈ 2.6 each step.
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Q6. A golden rectangle has its short side equal to 1. Remove the largest possible square. What are the

proportions of the leftover rectangle?

SOLUTION

The rectangle is𝜑× 1; removing a 1 × 1 square leaves (𝜑 − 1) × 1, which is 1
𝜑
× 1. Its long-to-short ratio is

1 ∶ (𝜑 − 1) = 𝜑 again. The leftover is another golden rectangle, which iswhy the square-removal process

repeats forever and hosts the classic spiral.

Q7. What is the golden angle, andwhy does it matter in plant growth?

SOLUTION

It divides the full circle in the golden ratio: 360°/𝜑2 ≈ 137.5°. A plant placing each new leaf or floret at this

angle never repeats a direction exactly, because 𝜑 is the number least well approximated by fractions.

The result is themost even packing, and spiral counts come out as Fibonacci numbers.

Q8. Solve 𝑥2 = 𝑥 + 1 and identify both roots in golden-ratio terms.

SOLUTION

𝑥 = 1±√5
2

: the positive root is𝜑 ≈ 1.618, the negative is−1/𝜑 ≈ −0.618, oftenwritten𝜓. Both roots power
Binet’s Fibonacci formula.

Q9. The continued fraction 1 +
1

1 +
1

1 +⋯

equals what, andwhat does it imply?

SOLUTION

Calling it𝑥 gives𝑥 = 1+1/𝑥, the golden equation, so𝑥 = 𝜑. All-ones is the slowest-converging continued
fraction possible, whichmakes𝜑 the ”most irrational” number: the hardest to approximate by fractions.

That is precisely the property plants exploit.

Q10. The Parthenon and the Mona Lisa are often claimed to embody the golden ratio. What does the

evidence say?

SOLUTION

Carefulmeasurementdoesnotsupportmostof theseclaims: thefits requirecherry-pickedframing lines,

and no design documents mention 𝜑. Genuine appearances are mathematical (pentagons, Fibonacci,

phyllotaxis, quasicrystals). Treat art-and-architecture claims as folklore unless the artist documented

the construction, as Dalí did.
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AnswerKey

QUICK ANSWERS

Q1 𝜑 = 1+√5
2

≈ 1.618 Q2 both equal 3+
√5
2

Q3 1/𝜑 ≈ 0.618 = 𝜑− 1 Q4 2𝜑 + 1 ≈ 4.236 Q5 ratios

straddle and converge to 𝜑

Q6 again golden: ratio 𝜑 Q7 ≈ 137.5°; optimal leaf packing Q8 𝜑 and−1/𝜑 Q9 𝜑; themost irra-

tional number Q10 mostlymyth; the pentagon and plants are real

RevisionSheet

Thenumber

𝜑 = 1+√5
2

≈ 1.6180, from 𝑎+𝑏
𝑎

= 𝑎
𝑏
.

Themaster identity

𝜑2 = 𝜑+1, hence 1/𝜑 = 𝜑−1 and𝜑𝑛 = 𝐹𝑛𝜑+𝐹𝑛−1.

Fibonacci link

𝐹𝑛+1/𝐹𝑛 → 𝜑, alternating above and below.

Golden rectangle

Cut off a square; what remains is golden again.

The process never ends.

Goldenangle

360°/𝜑2 ≈ 137.5°: the packing angle of leaves and

sunflower florets.

Reality check

Pentagon diagonals, phyllotaxis, quasicrystals:

real. Parthenon, Mona Lisa, seashell claims: un-

supported.
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About TheseNotes

This note is part of a free study-notes series on gauravtiwari.org covering mathematics, physics,

chemistry, andbiology: the concepts that keepdeciding grades in high school, board, and entrance

exams.
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gauravtiwari.org
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Gaurav Tiwari is a developer, educator, and founder of Gatilab. The study-notes series exists because

most examprepmaterial is either a full textbook or a thin definition page, and revision needs something

in between: one concept, complete, with the traps named and the practice attached.

GET THE FULL SERIES

Every note in the series is free to read online and free to download as a PDF like this one. Browse the

complete collection at gauravtiwari.org/free-study-notes-exam-prep and pick the topics your next

exam actually covers.

USE IT FREELY

This PDF is free for personal study, classrooms, and study groups. Share the file or the linkwith anyone

it can help. The one thing not allowed is reselling it or republishing it as your ownwork.

Gaurav Tiwari gauravtiwari.org
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