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Euler’sidentity, " +1 = 0, is widely considered the most beautiful equation in mathematics. In oneline it
links the five most fundamental mathematical constants, O, 1, i, 77, and e, using the three basic operations
of addition, multiplication, and exponentiation, exactly once each, with no extraneous symbols. It’s a
special case of Euler’s broader formula e’ = cos6 + isin8, which connects exponential functions to

trigonometry through the complex plane.

imaginar\/
N

e(l theta)

sin theta

|
|
|
|
|
|
theta I

> real
cos theta

Euler’sidentity: e*(izr) + 1 = O. Often called the most beautiful equation in mathematics.

The Identity

Euler’s identity:

T +1=0

The five constants in one equation:

= Q: the additive identity.
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® 1: the multiplicative identity.
® 7: the ratio of a circle’s circumference to its diameter, ~ 3.14159.
= ¢: the base of the natural logarithm, ~ 2.71828.

® j: the imaginary unit, v/ —1.

Each appears exactly once. Three operations, addition, multiplication, exponentiation, also each appear

exactly once.

Euler's Formula

The identity follows immediately from Euler’s broader formula:

el® = cos@+isind

valid for all real 6. Plugging in 6 = 7: ¢/ = cos 7 + isinz = —1 + 0 = —1. Rearranging: ¢/ + 1 = 0. Done.

Why Euler's Formulals True

Three independent derivations, each illuminating:

(1) Taylor series. Expand each side:

2 x3
X —_ —_— cee
e =1+x+r+ 5+
Substitute x = i@ and use i = —1, i = —i, i* = 1, ... Group real and imaginary terms. The real part

matches the Taylor series for cos 8, and the imaginary part matches sin 6. Done.

(2) Differential equations. Both sides satisfy y’ = iy with y(0) = 1. By uniqueness of solutions, they

must be equal.

(3) Complex plane geometry. ¢'® represents the point on the unit circle at angle 8 from the positive real
axis. Multiplying by e° rotates the complex plane by 8. The point at angle 7 on the unit circle is exactly
-1.
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Consequences and Applications

" Trigonometric identities. All standard identities (sum-to-product, double-angle, half-angle) follow

from e!(a+8) = ¢i%eif by expanding both sides.

= Complex exponentials in physics. Wave equations of every kind are written using /!, quantum me-

chanics, electromagnetism, circuit theory, signal processing, acoustics, optics.

* Fourier transforms. The Fourier transform decomposes a function into a sum of ¢! terms. All of

signal processing rests on this.

= Roots of unity. The n solutions of z”* = 1are e2"k/" for k = 0,1, ...,n — 1, equally spaced points on the

unit circle. They’re used in everything from cyclic codes to discrete Fourier transforms.

= Electrical engineering. Complex impedance Z = R + iX lets phasor algebra replace messy sinusoidal

time-domain calculations.

Why Mathematicians Find It Beautiful

Three reasons combine. Economy: five fundamental constants and three operations, each appearing ex-
actly once. Surprise: e is connected to compound growth, 7 to circles, i to algebra, they have no obvious
relationship, yet they combine into a clean integer identity. Depth: the identity isn’t a coincidence; it
falls out of the deep connection between exponential functions and rotation in the complex plane. Polls

of mathematicians regularly rank it as the most beautiful equation in mathematics.

Related study notes: Imaginary Numbers, Exponential Function, Trigonometry, Fourier Series.
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Practice Questions

Work each question before reading its solution. The set runs from direct recall and substitution to the

applied questions that exams actually use to separate grades.

Q1. Write Euler’s identity and name the 5 constants it connects.

SOLUTION

e +1 = 0. It connects e (growth), i (the imaginary unit), 7 (geometry), 1 (multiplicative identity), and O
(additive identity), 1 equation from 5 seemingly unrelated corners of mathematics, often called the most

beautiful equation for exactly that reason.

Q2. State Euler’s formula, the more general result Euler’s identity comes from.

SOLUTION
e'® = cos 6 + isin 6, for any real 6. This links complex exponentials to trigonometry directly: raising e to

an imaginary power does not diverge or misbehave, it traces a point on the unit circle.

Q3. Derive Euler’s identity from Euler’s formula by substituting 6 = 7.

SOLUTION

e™ = cosm +isinm = —1 + i(0) = —1. Rearranged: ¢/ + 1 = 0. The identity is simply the formula

evaluated at 1 specific, geometrically clean angle: halfway around the unit circle.

Q4. Interpret ¢’ geometrically. What curve does it trace as 6 runs from O to 27?

SOLUTION

[t traces the unit circle in the complex plane, starting at (1,0) when 6 = 0 and sweeping counterclockwise.
Multiplying by e® is literally a ROTATION by angle 6; this is why complex exponentials are the natural

language for anything involving rotation or periodic motion.

Q5. Use Euler’s formula to derive cos 6 and sin 6 in terms of complex exponentials.

SOLUTION

- . ; . o e® + 10 L
From e = cos8 + isinfand e ® = cos8 — isin8: adding gives cosf = —s subtracting gives
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olf _ o—if
sinf = — These identities convert trigonometric integrals and derivatives into simpler expo-

nential algebra, a standard engineering shortcut.

Q6. Evaluate /2 and e?™, and interpret both results geometrically.

SOLUTION

™2 = cos(/2) + isin(z/2) = i: a quarter-turn lands exactly on the imaginary axis. ¢*"! = cos27 +
isin 27 = 1: a full turn returns to the start, confirming ¥ is periodic with period 27, exactly matching

the circle it traces.

Q7. Multiply 2 complex numbers in polar exponential form: (3¢/4) x (2¢"/3). What does this reveal

about complex multiplication?

SOLUTION

Magnitudes multiply, angles add: 3 x 2 = 6, /4 + /3 = 77/12, giving 6¢!”7/12. This is the entire reason
exponential form exists: multiplying complex numbers, geometrically confusing in a + bi form, becomes

simple addition of angles and multiplication of lengths in exponential form.

Q8. Electrical engineers write an AC voltage as V(t) = V,e!®! instead of V, cos(wt). Explain the practical

advantage.

SOLUTION

Differentiating or integrating e/’ just multiplies by iw or divides by it, a plain algebraic operation, while
differentiating cos(wt) forces a trigonometric identity (cos — — sin) at every step. Circuit analysis with
resistors, inductors, and capacitors becomes ordinary complex-number algebra (impedances) instead of
a swamp of trig identities; only at the final step does an engineer take the real part to recover the physical

voltage.

Q9. A quantum wavefunction includes a phase factor e/¥. Why does this factor never affect any measur-

able probability, and what does this reveal about the structure of quantum mechanics?

SOLUTION

Probability comes from ||, and |e!#|?> = 1 for any real ¢, since e'® always sits on the unit circle. Multiply-
ing a wavefunction by an overall phase changes nothing observable: it reveals that quantum states are,
strictly, equivalence classes under global phase, not literal complex-valued objects, which is a founda-

tional and often underappreciated structural fact about the theory.

Q10. Solve x* = 1 over the complex numbers using Euler’s formula, finding all 4 roots.
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SOLUTION

Write 1 = e!?, then also €27 for any integer k. Fourth roots: x = e!'27K/4 for k = 0,1,2,3, giving
1,i,—1,—i, evenly spaced around the unit circle every 90°. Complex exponential form is the standard
method for finding ALL n-th roots of any number, real solving methods routinely miss the complex ones

entirely.
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Answer Key

QUICK ANSWERS

Ql ¢,i,7,1,0 Q2 ¢ =cosf+isin6 Q3 cosw+isinz =—-1,s0e” +1 =0 Q4 the unit circle,

ei9+e—i9

traced counterclockwise Q5 cos6 =

. elf _e-i
,sinf =

6

2i

Q6 72 = j;e¥™ =1 Q7 6¢7712: magnitudes multiply, angles add Q8 derivatives/integrals be-

come simple multiplicationbyiw Q9 |e!?| = 1 always; global phase is unobservable Q10 1,i,—1, —i

Revision Sheet

Theidentity

el™ 41 = 0: connectse, i, 7r, 1, 0 in one equation.

Euler's formula
el® = cosf + isin@: traces the unit circle as 0

sweeps.

Trig from exponentials

eif pe—if | olf _p—if
cosf = —,Sll’l@ = —
2 20
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Multiplicationrule

Polar/exponential form: magnitudes multiply,

angles add. The reason engineers use it.

Applications

AC circuit impedance, quantum phase factors,

signal processing (Fourier transforms).

Roots of unity

n-th roots of 1; "2/ for k = 0, ..., n—1, evenly

spaced on the unit circle.
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About These Notes

This note is part of a free study-notes series on gauravtiwari.org covering mathematics, physics,
chemistry, and biology: the concepts that keep deciding grades in high school, board, and entrance

€exams.

2008 2,000+ 125+ M.Sc.

Writing and teaching online Articles published on Free study notes in this Mathematics, with physics

since gauravtiwari.org series and chemistry training

Gaurav Tiwari is a developer, educator, and founder of Gatilab. The study-notes series exists because
most exam prep material is either a full textbook or a thin definition page, and revision needs something

in between: one concept, complete, with the traps named and the practice attached.

GET THE FULL SERIES

Every note in the series is free to read online and free to download as a PDF like this one. Browse the
complete collection at gauravtiwari.org/free-study-notes-exam-prep and pick the topics your next

exam actually covers.

USE IT FREELY

This PDF is free for personal study, classrooms, and study groups. Share the file or the link with anyone

it can help. The one thing not allowed is reselling it or republishing it as your own work.

Gaurav Tiwari gauravtiwari.org
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