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Thechainrule is the technique fordifferentiatingcomposite functions, functions insideother functions.

It’s the workhorse rule of calculus. Once nested functions show up (and they show up everywhere in

physics, economics, andmachine learning), no other rule gets you through.

The chain rule trips students up because it’s easy to forget the inner derivative. The fix is a cleanmental

recipe: differentiate theouter function, leave the inneralone, thenmultiplyby thederivativeof the inner.

Three steps, every time. Once it becomes automatic, the chain rule is the rule you reach formost often.

Chain rule composition diagram andworked examplemodern textbook illustration

TheFormula

For a composite function 𝑦 = 𝑓(𝑔(𝑥)):
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Composition as twomachines in series: the chain rulemultiplies the rates of the two stages.

𝑑𝑦
𝑑𝑥 = 𝑓′(𝑔(𝑥)) ⋅ 𝑔′(𝑥)

In Leibniz notation, with 𝑢 = 𝑔(𝑥):

𝑑𝑦
𝑑𝑥 = 𝑑𝑦

𝑑𝑢 ⋅
𝑑𝑢
𝑑𝑥

The Leibniz form is suggestive: differentials behave like fractions, with the𝑑𝑢 cancelling. They aren’t lit-
eral fractions, but the bookkeeping works out for many practical purposes (separable differential equa-

tions, related rates problems, change of variables in integrals).

TheThree-StepRecipe

For sin(𝑥2): outer is sin(⋅), inner is 𝑥2. Step 2 gives cos(𝑥2). Step 3multiplies by 2𝑥. Result: cos(𝑥2) ⋅ 2𝑥 =
2𝑥 cos(𝑥2).

Repeating this recipeuntil it becomes automatic is the singlehighest-leverage thingyoucandoas a calcu-
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lus student. Every other technique builds on it, including implicit differentiation, related rates, andmost

ofmultivariable calculus.

Why ItWorks (Intuition)

If𝑢 changes by a small amountΔ𝑢, then 𝑦 changes by approximately (𝑑𝑦/𝑑𝑢) ⋅Δ𝑢. And if𝑥 changes byΔ𝑥,
then 𝑢 changes by approximately (𝑑𝑢/𝑑𝑥) ⋅ Δ𝑥. Substituting, 𝑦 changes by (𝑑𝑦/𝑑𝑢)(𝑑𝑢/𝑑𝑥)Δ𝑥. Divide by
Δ𝑥 and take the limit, and the chain rule falls out.

That’s thebookkeeping for ”rates composemultiplicatively.”A5%change in something, times a3%sensi-

tivity to that something, gives a0.15%change in thefinal output. That’s chain rule arithmetic in everyday

percent terms.

WorkedExamples

Exponential composition:

𝑑
𝑑𝑥𝑒

3𝑥2+1 = 𝑒3𝑥2+1 ⋅ 6𝑥

Logarithmic composition:

𝑑
𝑑𝑥 ln(cos𝑥) =

1
cos𝑥 ⋅ (− sin𝑥) = − tan𝑥

Triple nesting:

𝑑
𝑑𝑥 sin(cos(𝑥

2)) = cos(cos(𝑥2)) ⋅ (− sin(𝑥2)) ⋅ 2𝑥

For triple nesting, just apply the chain rule twice. Outer, middle, inner, chain them all together. The pat-

ternextends to arbitrarydepth: thederivativeof𝑓1(𝑓2(…𝑓𝑛(𝑥))) is theproductofderivatives at each layer
evaluated at the appropriate inner expression.

Power of a polynomial:
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𝑑
𝑑𝑥(3𝑥

2 + 5𝑥 + 1)7 = 7(3𝑥2 + 5𝑥 + 1)6 ⋅ (6𝑥 + 5)

TheMultivariableChainRule

For a function 𝑧 = 𝑓(𝑥, 𝑦)where 𝑥 = 𝑔(𝑡) and 𝑦 = ℎ(𝑡):

𝑑𝑧
𝑑𝑡 =

𝜕𝑧
𝜕𝑥

𝑑𝑥
𝑑𝑡 +

𝜕𝑧
𝜕𝑦

𝑑𝑦
𝑑𝑡

Each variable 𝑧 depends on contributes a partial derivative term. The full derivative sums all the contri-

butions. This is the central tool for related-rates problems inmultiple variables, transformations in fluid

mechanics, and tracking how outputs change asmultiple inputs all evolve.

Thematrix version is even cleaner. For a vector function F(G(𝑥)):

JF∘G(𝑥) = JF(G(𝑥)) ⋅ JG(𝑥)

The Jacobian of the composition equals the product of the Jacobians. Thismatrix form is the foundation

for backpropagation in neural networks.

BackpropagationasChainRule

A neural network is a deeply nested composition of functions: each layer applies a linear transformation

followed by a nonlinear activation. To train the network, you compute the gradient of the loss with re-

spect to everyweight, and you do it by repeated chain rule application.

Backpropagation is the algorithm that performs this computation efficiently. Forward pass: compute

outputs layer by layer. Backward pass: starting from the loss, compute gradients layer by layer using the

chain rule,multiplying local Jacobians asyougo. The forwardandbackwardcomputationshave the same

complexity, which is why training neural networks is feasible at scale.

Without the chain rule, training deep networks is intractable. Frameworks like PyTorch, TensorFlow,

and JAX implement automatic differentiation by tracking computational graphs and applying the chain

rule symbolically. Readmore in bestmachine learning courses.
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Implicit DifferentiationasChainRule

Implicit differentiation uses the chain rule to find 𝑑𝑦/𝑑𝑥when 𝑦 is defined implicitly by an equation. Dif-

ferentiate both sideswith respect to 𝑥, treating 𝑦 as a function of 𝑥 and applying the chain rulewherever
𝑦 appears.

Example: differentiate 𝑥2 + 𝑦2 = 25 (a circle).

2𝑥 + 2𝑦 ⋅ 𝑑𝑦𝑑𝑥 = 0 ⟹ 𝑑𝑦
𝑑𝑥 = −𝑥𝑦

The 2𝑦 ⋅ 𝑑𝑦/𝑑𝑥 is the chain rule in action: differentiating 𝑦2with respect to 𝑥 gives 2𝑦 (outer) times 𝑑𝑦/𝑑𝑥
(inner derivative).

This trick handles equations that can’t be solved cleanly for 𝑦, such as sin(𝑥𝑦)+𝑒𝑥+𝑦 = 𝑥2. Implicit differ-

entiation also produces derivatives of inverse functions efficiently, the derivative of arcsin𝑥 is derived
this way.

RelatedRates

Related rates problems use the chain rule to find how one quantity’s rate of change relates to another’s.

Standard format: a geometric or physical relationship connects two or more variables, and you’re given

the rate of change of one and asked for the rate of change of another.

Example: a balloon is inflated at 5 cubic feet perminute. How fast is the radius growingwhen the balloon

is 10 feet across?

Volume𝑉 = 4
3
𝜋𝑟3. Differentiate both sideswith respect to 𝑡:

𝑑𝑉
𝑑𝑡 = 4𝜋𝑟2 ⋅ 𝑑𝑟𝑑𝑡

Plug in 𝑑𝑉/𝑑𝑡 = 5 and 𝑟 = 5: 5 = 100𝜋(𝑑𝑟/𝑑𝑡), so 𝑑𝑟/𝑑𝑡 = 1/(20𝜋) feet per minute. The chain rule con-

verted ”volume change” into ”radius change” through the geometric relationship.
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Where theChainRule Lives inPractice

If you everwonderedwhy the chain rule gets somuch airtime in calculus class, the answer is that down-

stream subjects depend on it harder than they depend on any other rule.

CommonMistakes

Forgetting the innerderivative. Themost commonmistake. Leavingoff the𝑔′(𝑥) factor turns the chain
rule into thewrongrule. Confusingthechainrulewiththeproductrule. Chainrule is forcompositions

𝑓(𝑔(𝑥)). Product rule is for products 𝑓(𝑥)𝑔(𝑥). They look similar in passing but apply to different struc-

tures.Misidentifying theouter function. For sin2(𝑥), the outer is the squaring, not the sine. Rewrite as
(sin𝑥)2 and the chain rule gives 2 sin𝑥⋅cos𝑥. Applying thechain rulewhennotneeded. If the function
isn’t a composition (just sin𝑥, no inner function), you don’t need the chain rule. Differentiate directly.
Stopping after one layer in deeply nested expressions. Triple nesting needs the chain rule applied

twice, not once. Each layer contributes its own derivative.

WorkedExample: Differentiatinga Logistic Function

The logistic (sigmoid) function 𝜎(𝑥) = 1/(1 + 𝑒−𝑥) is everywhere inmachine learning and probability. Its

derivative is famously elegant: 𝜎′(𝑥) = 𝜎(𝑥)(1 − 𝜎(𝑥)).

Derivation by chain rule. Rewrite as 𝜎(𝑥) = (1 + 𝑒−𝑥)−1. Apply chain rule:

𝜎′(𝑥) = −1 ⋅ (1 + 𝑒−𝑥)−2 ⋅ (−𝑒−𝑥) = 𝑒−𝑥
(1 + 𝑒−𝑥)2

Now factor: multiply top and bottomby 𝜎(𝑥) = 1/(1 + 𝑒−𝑥), and you get 𝜎′(𝑥) = 𝜎(𝑥)(1 − 𝜎(𝑥)). The clean
form is whatmakes sigmoid neurons easy to backpropagate through.
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Historyof theChainRule

The chain rule was implicit in Newton’s and Leibniz’s original calculus work. Leibniz’s notation 𝑑𝑦/𝑑𝑥
practically begs the chain rule into existence, the suggestive cancellation of 𝑑𝑢made the rule feel natu-

ral and easy to remember. Newton’s fluxion approach worked but didn’t lend itself to the same intuitive

notation.

Cauchy formalized the chain rule rigorously in the 1820s as part of the broader effort to put calculus on

epsilon-delta foundations. Themultivariable versionwas developed throughout the 19th century along-

side the rest ofmultivariable calculus.

The 20th century brought the chain rule into machine learning. Backpropagation (Rumelhart, Hinton,

Williams, 1986) is just the chain rule applied across neural network layers. Automatic differentiation

(Wengert, 1964) generalizes it across arbitrary computational graphs. Today, every deep learning frame-

work treats efficient chain rule computation as its central engineering challenge.

ChainRuleandRelatedRates

Relatedratesproblemsuse thechain rule to translateonerateof change intoanother throughageometric

or physical relationship. Standard format: a constraint links two variables, you know one rate, you need

the other.

Example: a 13-foot ladder leans against awall. The bottom slides outward at 2ft/s. How fast does the top

slide downwhen the bottom is 5 feet from thewall?

Constraint: 𝑥2 + 𝑦2 = 169. Differentiate both sides with respect to time: 2𝑥𝑑𝑥
𝑑𝑡

+ 2𝑦𝑑𝑦
𝑑𝑡

= 0. At 𝑥 = 5,
𝑦 = 12. Plug in 𝑑𝑥/𝑑𝑡 = 2: 2(5)(2) + 2(12)𝑑𝑦

𝑑𝑡
= 0, so 𝑑𝑦/𝑑𝑡 = −5/6ft/s. The negative sign indicates the top

is descending.

Related rates problems are essentially chain-rule arithmetic with a geometric setup; the technique gen-

eralizes to fluid dynamics,mechanical linkages, and engineering control problems.
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ChainRule forHigherDerivatives

The secondderivative of a composite function involvesmultiple chain-rule applications. For𝑦 = 𝑓(𝑔(𝑥)):

𝑑2𝑦
𝑑𝑥2 = 𝑓″(𝑔(𝑥)) ⋅ (𝑔′(𝑥))2 + 𝑓′(𝑔(𝑥)) ⋅ 𝑔″(𝑥)

Notice the product rule appears on top of the chain rule because we’re differentiating 𝑓′(𝑔(𝑥)) ⋅ 𝑔′(𝑥).
Higher derivatives of compositions get progressively more complex; Faà di Bruno’s formula gives the

general expression.

ChainRule in InformationTheory

Mutual information satisfies a chain rule: 𝐼(𝑋; 𝑌 , 𝑍) = 𝐼(𝑋; 𝑌) + 𝐼(𝑋; 𝑍|𝑌). Entropy satisfies 𝐻(𝑋, 𝑌) =
𝐻(𝑋) + 𝐻(𝑌|𝑋). These information-theoretic chain rules are formal analogues of the calculus chain rule

and underpin source coding, channel capacity, andmodern compression algorithms.

Faàdi Bruno's Formula

For the 𝑛-th derivative of a composition:

𝑑𝑛
𝑑𝑥𝑛𝑓(𝑔(𝑥)) = ∑

𝜋∈Π𝑛

𝑓(|𝜋|)(𝑔(𝑥))∏
𝐵∈𝜋

𝑔(|𝐵|)(𝑥)

where the sum runs over all partitions 𝜋 of {1,… , 𝑛}. Faà di Bruno’s formula generalizes the chain rule to

any order and is the closed-form answer to ”what’s the 𝑛-th derivative of a composition?”

The formula is rarely used by hand but is essential in symbolic computation and combinatorial analysis.

It also clarifieswhy higher derivatives of composite functions grow so quickly in algebraic complexity.
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Worked Example: Differentiating a Composite Polyno-

mial

Differentiate 𝑓(𝑥) = (𝑥3 + 5𝑥 − 2)4. Outer function is (⋅)4, inner is 𝑥3 + 5𝑥 − 2. Apply chain rule:

𝑓′(𝑥) = 4(𝑥3 + 5𝑥 − 2)3 ⋅ (3𝑥2 + 5)

Without the chain rule you’d have to expand the polynomial first (tedious for the fourth power) and then

differentiate. The chain rule turns a 60-second algebra problem into a 5-second one.

ChainRuleandProbabilityDensity Transformations

If 𝑌 = 𝑔(𝑋) is a smooth invertible transformation of a random variable, the density of 𝑌 is related to the

density of𝑋 by:

𝑓𝑌 (𝑦) = 𝑓𝑋(𝑔−1(𝑦))
|||
𝑑
𝑑𝑦𝑔

−1(𝑦)|||

The Jacobian factor is exactly the chain rule applied to the change of variables. This formula is the foun-

dation forworkingwithderived randomvariables, change-of-coordinate formulas in statistics, andnor-

malizing flowmodels in deep learning.

Memorizing theChainRulebyPattern

Most students who struggle with the chain rule struggle because they treat it as a formula to memorize

rather than a structural recognition exercise. Thefix: train yourself to spot composite functions on sight

before reaching for any formula. sin(𝑥2), 𝑒3𝑥+1,√𝑥2 + 4, ln(cos𝑥), (2𝑥+1)5, all composite. Practice iden-

tifying outer and inner pairs in 100 examples and the formula becomes automatic.

This is the sameprinciple behind learning chess openings or recognizingmusical keys: structural pattern

recognition trumpsmechanical formula application. Once recognition is automatic, the chain rule stops
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being a step in your derivative process and becomes a built-in instinct.

WhytheChainRuleHasNoQuotient-RuleAnalogue

You might wonder: if there’s a chain rule for compositions and a product rule for products, is there a

”chain rule for quotients”? The answer is no, because the quotient rule already handles the case via the

product and chain rules combined: 𝑓/𝑔 = 𝑓 ⋅ 𝑔−1, and differentiating using product rule plus chain rule
gives the standard quotient rule.

This is a small but important point: the basic differentiation rules form a minimal complete set. Power

rule + sum rule + product rule + chain rule generate every other rule you’ll meet in single-variable calcu-

lus. The quotient rule is convenient shorthand but not logically primitive.

ChainRuleandDifferentialOperators

The chain rule extends to differential operators. The Laplacian Δ𝑓 = ∇2𝑓 under coordinate transfor-
mations transforms via the chain rule. The change from Cartesian to polar (or spherical) coordinates

introduces extra terms that account for the curvature of the coordinate system, all derivable through

systematic chain rule application.

This is why physics textbooks contain somany ”Laplacian in spherical coordinates” derivations. The un-

derlyingmath is repeated chain-rule applications across an orthogonal coordinate transformation, with

Jacobian factors andmetric tensors keeping track of the geometry.

gauravtiwari.org Chain Rule Page 12

https://gauravtiwari.org/
https://gauravtiwari.org/study-notes/chain-rule/


PracticeQuestions

Work each question before reading its solution. The set runs from direct recall and substitution to the

applied questions that exams actually use to separate grades.

Q1. Differentiate 𝑓(𝑥) = (2𝑥 + 3)4.

SOLUTION

Outside: power 4. Inside: 2𝑥 + 3. 𝑓′(𝑥) = 4(2𝑥 + 3)3 ⋅ 2 = 8(2𝑥 + 3)3. The final factor 2 is the inside’s
derivative, the part the chain rule exists to catch.

Q2. Differentiate 𝑓(𝑥) = sin(𝑥2).

SOLUTION

𝑓′(𝑥) = cos(𝑥2) ⋅ 2𝑥 = 2𝑥 cos(𝑥2). Compare sin2 𝑥, whose derivative is 2 sin𝑥 cos𝑥: which function is
inside decides everything.

Q3. Differentiate 𝑓(𝑥) = 𝑒3𝑥2 .

SOLUTION

The exponential reproduces itself, times the inside’s derivative: 𝑓′(𝑥) = 𝑒3𝑥2 ⋅ 6𝑥 = 6𝑥𝑒3𝑥2 .

Q4. Differentiate 𝑓(𝑥) = ln(5𝑥2 + 1).

SOLUTION

𝑓′(𝑥) = 1
5𝑥2 + 1 ⋅ 10𝑥 =

10𝑥
5𝑥2 + 1 . For logarithms the chain rule gives the tidy pattern 𝑢′

𝑢
.

Q5. Differentiate 𝑓(𝑥) = √𝑥2 + 9 and evaluate at 𝑥 = 4.

SOLUTION

Write as (𝑥2 + 9)1/2: 𝑓′(𝑥) = 1
2
(𝑥2 + 9)−1/2 ⋅ 2𝑥 = 𝑥

√𝑥2 + 9
. At 𝑥 = 4: 4/√25 = 0.8.

Q6. Differentiate the triple composition 𝑓(𝑥) = cos3(2𝑥).

SOLUTION
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Three layers: cube, cosine, 2𝑥. Work outside-in: 𝑓′(𝑥) = 3 cos2(2𝑥) ⋅ (− sin 2𝑥) ⋅ 2 = −6 cos2(2𝑥) sin(2𝑥).
One derivative factor per layer,multiplied; the chain rule chains.

Q7. Air is pumped into a spherical balloon at 100 cm3/s. How fast is the radius growingwhen 𝑟 = 5 cm?

SOLUTION

𝑉 = 4
3
𝜋𝑟3, and differentiating in time through the chain rule: 𝑑𝑉

𝑑𝑡
= 4𝜋𝑟2 𝑑𝑟

𝑑𝑡
. So 𝑑𝑟

𝑑𝑡
= 100

4𝜋(25)
= 1

𝜋
≈ 0.32

cm/s. Every related-rates problem is the chain rule with time as the hidden variable.

Q8. Given ℎ(𝑥) = 𝑓(𝑔(𝑥))with 𝑔(2) = 3, 𝑔′(2) = 5, 𝑓′(3) = −4, find ℎ′(2).

SOLUTION

ℎ′(2) = 𝑓′(𝑔(2)) ⋅ 𝑔′(2) = 𝑓′(3) × 5 = −20. Note 𝑓′ is evaluated at 𝑔(2) = 3, not at 2. Evaluating the outer
derivative at thewrong point is themost common exam error on this rule.

Q9. A student differentiates sin(3𝑥) andwrites cos(3𝑥). Diagnose and fix.

SOLUTION

The inner derivative was dropped: 𝑑
𝑑𝑥
sin(3𝑥) = cos(3𝑥) ⋅ 3 = 3 cos(3𝑥). The check: sin(3𝑥) oscillates 3

times faster, so its slopesmust be 3 times steeper. The forgotten factor is never cosmetic.

Q10. For 𝑦 = (𝑥2 + 1)10, why is expanding before differentiating amistake, andwhat is 𝑦′?

SOLUTION

Expansionproduces 11 termsand 10chances to slip; the chain rule gives𝑦′ = 10(𝑥2+1)9 ⋅2𝑥 = 20𝑥(𝑥2+1)9

in one line. The rule is not just correct, it is the efficient route, and for fractional powers like √𝑥2 + 1
expansion is not even possible.
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AnswerKey

QUICK ANSWERS

Q1 8(2𝑥 + 3)3 Q2 2𝑥 cos(𝑥2) Q3 6𝑥𝑒3𝑥2 Q4
10𝑥

5𝑥2 + 1 Q5 𝑥
√𝑥2+9

; 0.8

Q6 −6 cos2(2𝑥) sin(2𝑥) Q7 1
𝜋

≈ 0.32 cm/s Q8 −20 Q9 3 cos(3𝑥); the inner derivative was

dropped Q10 20𝑥(𝑥2 + 1)9

RevisionSheet

The rule

[𝑓(𝑔(𝑥))]′ = 𝑓′(𝑔(𝑥)) ⋅ 𝑔′(𝑥): differentiate the out-

side at the inside, times the inside’s derivative.

Spotting the layers

The inside is what you would compute first by

hand. Peel from the outside in; one factor per

layer.

The4patterns

(𝑢𝑛)′ = 𝑛𝑢𝑛−1𝑢′, (𝑒𝑢)′ = 𝑒𝑢𝑢′, (ln𝑢)′ = 𝑢′
𝑢
,

(sin𝑢)′ = 𝑢′ cos𝑢.

Theclassic error

Dropping the inner derivative: sin(3𝑥) →

3 cos(3𝑥), never cos(3𝑥).

Leibniz form

𝑑𝑦
𝑑𝑥

= 𝑑𝑦
𝑑𝑢
⋅ 𝑑𝑢
𝑑𝑥
: ratesmultiply through intermediate

variables.

Related rates

Differentiate thegeometry formula throughtime;

the chain rule inserts 𝑑𝑟
𝑑𝑡
-style factors.
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