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Big-O notation describes how the resource requirements of an algorithm, usually time or space, scale

with the size of the input. It’s the universal language for talking about algorithm efficiency. Whether

you’re choosingbetweensorting algorithms, estimatingdatabasequerycost, or evaluatingwhetheryour

code can handle production-scale data, you’re reasoning in Big-O terms.

The notation strips away constant factors and lower-order terms, focusing on how an algorithm scales

asymptotically. 𝑂(𝑛2) means quadratic growth: doubling the input quadruples the work. 𝑂(𝑛 log𝑛)
means slightlyworse than linear. 𝑂(2𝑛)means brute-force exponential blowup that becomes intractable

past a few dozen items. Knowing where each common algorithm sits on this scale is half of algorithm

selection.

Big-O notation growth rate curves comparisonmodern textbook illustration

TheFormalDefinition

𝑓(𝑛) = 𝑂(𝑔(𝑛))means there exist positive constants 𝑐 and 𝑛0 such that:

𝑓(𝑛) ≤ 𝑐 ⋅ 𝑔(𝑛) for all 𝑛 ≥ 𝑛0
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Inwords: 𝑓(𝑛)growsno faster than𝑔(𝑛)up toa constant factor, for all sufficiently large𝑛. This is anupper
bound on growth rate. Constants and lower-order terms drop out because they become negligible as 𝑛
grows.

Big-O is purely about asymptotic behavior. 3𝑛2 + 100𝑛 + 9999 = 𝑂(𝑛2), the constant 9999 and the linear
term 100nbecome tiny compared to 3𝑛2 once𝑛 is large enough. The3 alsodrops because constants don’t
matter in Big-O.

CommonComplexityClasses

From fastest to slowest:

WorkedExample: Linear vsQuadratic

Consider twoways to find duplicates in a list of 𝑛 items.

Naive (quadratic): compare every pair. (𝑛
2
) ≈ 𝑛2/2 comparisons. 𝑂(𝑛2).

for i in range(n): for j in range(i+1, n): if items[i] == items[j]: returnTrueHash-based (linear): insert each

item into a set; if it’s already there, you’ve found a duplicate. 𝑛 insertions, each𝑂(1) on average. 𝑂(𝑛).

seen = set() for x in items: if x in seen: return True seen.add(x) For 𝑛 = 10,000, the quadratic version
does~50million comparisons. The linear versiondoes~10,000setoperations. Sameproblem,different

complexity class, drastically different runtime. This is the kind of choice Big-O analysis informs.

Big-OvsBig-ThetavsBig-Omega

Three asymptotic notations get used together:

In practice, programmers say ”Big-O” tomean tight bound (Θ)most of the time, even though that’s tech-

nically imprecise. When precision matters (e.g., proving lower bounds for sorting), useΩ andΘ explic-

itly.
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Plotting theComplexityClasses

Different complexity classes look almost identical for small inputs but diverge dramatically as input

grows. On a logarithmic y-axis, the differences become clear: each class showsup as a linewith a distinct

slope. Linear and constant complexities sit at the bottom; exponential and factorial blow up off the top.

The implication: for small inputs (𝑛 < 100), almost any algorithmworks. For medium inputs (𝑛 < 106),
𝑂(𝑛 log𝑛) becomes essential. For large inputs (𝑛 > 109), even𝑂(𝑛)might be too slow, and you need sub-

linear or distributed algorithms.

TimeComplexity vs SpaceComplexity

Big-Odescribesboth timeandspace requirements. Timecomplexitymeasureshowruntimescaleswith

input. Space complexitymeasuresmemory consumption.

An𝑂(𝑛) time algorithmwith𝑂(1) space is usually preferred over an𝑂(𝑛) time algorithmwith𝑂(𝑛) space
(same speed, lessmemory). But sometimes you trade space for time: hash tables use𝑂(𝑛) extra space to
enable𝑂(1) lookups.

Always specifywhich complexity you’re discussing. ”This algorithm is𝑂(𝑛2)” is ambiguouswithout con-

text, it couldmean time, space, or both.

gauravtiwari.org Big-ONotation Page 5

https://gauravtiwari.org/
https://gauravtiwari.org/study-notes/big-o-notation/


Big-O complexity comparison chart on logarithmic scale

Best, Average, andWorstCase

The same algorithm can have different complexities depending on the input. Quicksort is 𝑂(𝑛2) worst
case (when the pivot consistently splits poorly), 𝑂(𝑛 log𝑛) average case (random or shuffled input), and

𝑂(𝑛 log𝑛) best case (balanced splits).

Whenyou say ”quicksort is𝑂(𝑛 log𝑛),” youusuallymeanaverage case. Production codeoftencares about

worst case (denial-of-service attacks exploit worst-case inputs). Algorithm analysis courses cover all

three.

Hash tables are another classic example: 𝑂(1) average case for lookups,𝑂(𝑛)worst case if all keys hash to
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the same bucket (essentially unavoidable with good hash functions but possible with adversarial input).

AmortizedAnalysis

Someoperations are usually fast but occasionally slow. The amortized cost averages the slowones across

many fast ones. Dynamic array (vector) appending is the classic example, most appends are 𝑂(1), but
occasionally the array doubles in size, requiring𝑂(𝑛). Amortized overmany appends, the cost is𝑂(1).

Amortized analysismatterswhen picking data structures. A dynamic array’s ”amortized𝑂(1) append” is
whatmakes it usable in practice despite occasional reallocations. Similar reasoning applies to hash table

resizing, splay tree access, andmany advanced data structures.

ReferenceCard: CommonAlgorithmsbyComplexity

A quickmental reference for the algorithms you’ll meetmost often:
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Common algorithms by Big-O complexity class reference table

WhyConstantsMatter inPractice (EvenThoughBig-O Ig-

nores Them)

Big-O ignores constants for theoretical tidiness, but constants matter enormously in practice. An

𝑂(𝑛 log𝑛) algorithm with constant 1000 might be slower than an 𝑂(𝑛2) algorithm with constant 1 for

small inputs. The crossover happens at the 𝑛where 1000 ⋅ 𝑛 log𝑛 = 𝑛2, which is around 𝑛 ≈ 10,000.

This iswhy insertion sort beats quicksort for very small arrays (production sort implementations switch

to insertionsortbelow𝑛 ≈ 10or so). It’s alsowhyconstant-factor improvements (”optimization”)matter

for hot code paths evenwhen the asymptotic complexity is unchanged.
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CommonMistakesWithBig-O

TreatingBig-Oasexactruntime. Big-Odescribesasymptoticbehavior; actual runtimedependsoncon-

stants, hardware, and inputs. 𝑂(𝑛) doesn’t mean ”linear in milliseconds”, it means linear in operation

count, asymptotically. Ignoring lower-order termswhen theymatter. For small inputs, lower-order

terms dominate. Big-O is a long-run prediction, not a short-run guarantee. Confusing time and space

complexity. An algorithm can be fast andmemory-hungry, or slow andmemory-efficient. Always spec-

ify which. Conflating average andworst case. ”Quicksort is𝑂(𝑛 log𝑛)” is the average case. The worst
case is 𝑂(𝑛2), which can matter for adversarial inputs. Reading nested loops as automatic𝑂(𝑛2). Two
nested loops over different rangesmight be𝑂(𝑛 + 𝑚), not𝑂(𝑛𝑚). Read the actual iteration counts.Mis-

judging recursive complexity. Recursive algorithms need recurrence-relation analysis (Master theo-

rem, recursion tree). Eyeballing the code often produceswrong complexity estimates.

ABriefHistoryofBig-ONotation

Big-Onotationpredates computer science. GermanmathematicianPaul Bachmann introduced it in 1894

in his treatise on number theory, and Edmund Landau popularized it in 1909. The original use was in

analytic number theory for describing the asymptotic growth of error terms in approximations.

DonaldKnuth introducedBig-Otocomputerscience inhisTheArtofComputerProgramming series, start-

ing in the 1960s and 1970s. Knuth’s adoption made Big-O the standard language for algorithm analysis,

replacing earlier ad-hoc notations.

Todayeveryundergraduate computer science curriculumteachesBig-Oanalysis. Coding interviewsuni-

versally test it. Algorithm research papers use it as the basic vocabulary for comparing performance. Af-

ter 130+ years, Big-O remains the dominant framework for asymptotic analysis acrossmathematics and

computer science.

TheMaster Theorem

For divide-and-conquer recurrences of the form 𝑇(𝑛) = 𝑎𝑇(𝑛/𝑏) + 𝑓(𝑛), the master theorem gives the

asymptotic complexity directly:
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Themaster theoremcoversmostdivide-and-conquerrecurrences (mergesort, quicksort, binarysearch,

fast Fourier transform). For recurrences that don’t fit, recursion-tree analysis or substitution proofs

handle the general case.

PvsNPandComputational ComplexityClasses

Beyond Big-O, computational complexity theory groups problems into classes by inherent difficulty. P

is the class of problems solvable in polynomial time. NP is the class where solutions can be verified in

polynomial time. The famous P vs NP question asks whether every problem with a quickly-checkable

solution can also be quickly solved.

NP-complete problems (traveling salesman, satisfiability, graph coloring) are the hardest in NP, if any

NP-complete problem has a polynomial-time algorithm, all NP problems do. Most computer scientists

believe P ≠ NP, but no proof exists. The question remains one of the seven Millennium Prize Problems

with a $1million reward for resolution.

WorkedExample: RecursiveComplexityAnalysis

Analyze the complexity of merge sort. The recurrence is 𝑇(𝑛) = 2𝑇(𝑛/2) + 𝑂(𝑛), two recursive calls on
halves plus a linearmerge step.

Bythemaster theoremwith𝑎 = 2, 𝑏 = 2, 𝑓(𝑛) = 𝑂(𝑛): log𝑏 𝑎 = 1, and𝑓(𝑛) = Θ(𝑛1)matches theboundary

case. So 𝑇(𝑛) = Θ(𝑛 log𝑛). Merge sort runs in𝑂(𝑛 log𝑛) time.

The same analysis applies tomany divide-and-conquer algorithms: binary search (𝑇(𝑛) = 𝑇(𝑛/2) +𝑂(1),
giving𝑂(log𝑛)), Karatsubamultiplication (𝑇(𝑛) = 3𝑇(𝑛/2) + 𝑂(𝑛), giving𝑂(𝑛log2 3)), and the FFT (𝑇(𝑛) =
2𝑇(𝑛/2) + 𝑂(𝑛), giving𝑂(𝑛 log𝑛)).
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WhenBig-O IsMisleading

Big-O ignores constants and lower-order terms. For real-world inputs, thosecandominate. Threeclassic

caseswhere Big-Omisleads:

Big-O is the right tool for choosing between fundamentally different algorithm classes. For optimizing

within a class, you need profiling, benchmarks, and an understanding of the underlying hardware.

WorkedExample: AnalyzingTwo-Sum

The classic interview problem: given an array and a target, find two indiceswhose values sum to the tar-

get. Two solutions:

Brute force: nested loop over all pairs. Each pair is checked in 𝑂(1); there are (𝑛
2
) ≈ 𝑛2/2 pairs. Total:

𝑂(𝑛2) time,𝑂(1) space.

Hash table: single pass through the array. For each element 𝑥, check whether target − 𝑥 is already in a
hash table; if so, found the pair. Otherwise add 𝑥 to the hash table. Each iteration is 𝑂(1) average; total
iterations: 𝑛. Total: 𝑂(𝑛) time,𝑂(𝑛) space.

The hash-table version trades extra memory for dramatically better runtime. For 𝑛 = 106, brute force
does5×1011 operations (hours). Thehashversiondoes106 operations (milliseconds). This is the textbook

lesson on space-time trade-offs in algorithmdesign.

Common Cheat Sheet: Big-O for Standard Data Struc-

tures

Most data structures have characteristic complexities for theirmain operations. A quick reference:

Knowing this table by heart lets you pick the right data structure for any problem in seconds. It’s the

practical basis for algorithm selection.
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HowDifferent LanguagesExpressBig-O

The asymptotic complexity of an algorithm is independent of programming language, but the constant

factors aren’t. Python is typically 10-50× slower than C for the same algorithm, but a Python implemen-

tation of𝑂(𝑛 log𝑛) sorting still beats a C implementation of𝑂(𝑛2) sorting for large inputs.

This is why Big-O is the right tool for choosing algorithms across languages. A million-element sort in

well-implementedPythonmerge sort takes seconds; amillion-element sort in C bubble sort takes hours.

The asymptotic class dominates language-specific constants for any non-trivial input size.

Big-O inDatabaseQueryPerformance

Databasequerieshavecharacteristic complexities. A full table scan is𝑂(𝑛). An indexed lookuponaB-tree
is𝑂(log𝑛). A nested-loop join is𝑂(𝑛 ⋅ 𝑚). A hash join is𝑂(𝑛 + 𝑚) average case.

Query optimizers in databases (PostgreSQL, MySQL, BigQuery) compute estimated costs for different

execution plans using Big-O reasoning combined with row-count statistics. Understanding the asymp-

totic complexity of indexes, joins, and aggregations is what separates working DBAs from struggling

ones. EXPLAIN plans show you exactly which complexity class each operation uses.
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PracticeQuestions

Work each question before reading its solution. The set runs from direct recall and substitution to the

applied questions that exams actually use to separate grades.

Q1. Rank these functions from slowest-growing to fastest-growing: 𝑛2, log𝑛, 2𝑛, 5𝑛, 𝑛 log𝑛.

SOLUTION

log𝑛 < 5𝑛 < 𝑛 log𝑛 < 𝑛2 < 2𝑛. Logarithms grow slower than any linear term, the extra log𝑛 factor
beats a constant multiplier, polynomials beat both, and exponentials beat every polynomial eventually.

”Eventually” is the keyword: for small 𝑛, 2𝑛 can be smaller than 5𝑛.

Q2. Simplify𝑂(3𝑛2 + 10𝑛 + 7) and explainwhy the dropped parts are dropped.

SOLUTION

𝑂(𝑛2). Big-O describes growth as 𝑛 gets large, and there the 𝑛2 term dominates: at 𝑛 = 1000, 3𝑛2 is
3,000,000while 10𝑛+7 is barely 10,000. Constant factors are droppedbecause Big-O compares shapes

of growth, notmachine speeds.

Q3. A loop runs 𝑖 from 1 to 𝑛, and inside it a second loop runs 𝑗 from 1 to𝑚. What is the time complexity

of the pair?

SOLUTION

𝑂(𝑛𝑚): the inner body executes𝑛×𝑚 times. It collapses to𝑂(𝑛2)onlywhen𝑚 is proportional to𝑛. Read-
ing nested loops as automatic𝑂(𝑛2) is the classicmistake; count the actual iterations.

Q4. Why is binary search 𝑂(log𝑛), and roughly how many steps does it need on a sorted array of

1,000,000 items?

SOLUTION

Each comparison halves the remaining range, so the number of steps is how many times you can halve

𝑛 before reaching 1, which is log2 𝑛. Since 220 ≈ 1,000,000, binary search needs about 20 comparisons.

Linear searchwould need up to 1,000,000.

Q5. One function runs an𝑂(𝑛) loop, then a second separate𝑂(𝑛) loop. Is the function𝑂(𝑛2)?
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SOLUTION

No. Sequential work adds: 𝑂(𝑛) + 𝑂(𝑛) = 𝑂(2𝑛) = 𝑂(𝑛). Complexitiesmultiply only when one loop runs

inside the other. Sequential loops add, nested loopsmultiply.

Q6. Merge sort is𝑂(𝑛 log𝑛) and bubble sort is𝑂(𝑛2). For an array of 100,000 items, estimate howmany

timesmore basic operations bubble sort performs.

SOLUTION

Bubble sort: about 1010 operations. Merge sort: about 100,000 × 17 ≈ 1.7 × 106, since log2 100,000 ≈ 17.
The ratio is roughly 6,000 times. That is the difference between a program that finishes in milliseconds

and one you kill afterminutes.

Q7. Hash table lookup is usually quoted as𝑂(1) average but𝑂(𝑛)worst case. Where does theworst case

come from?

SOLUTION

Collisions. If every key lands in the same bucket, the ”table” degrades into one long chain that must be

scanned linearly. Good hash functions make this astronomically unlikely, which is why the average case

is𝑂(1), but theworst case is real and adversarial inputs can trigger it.

Q8. Summing an array iteratively uses 𝑂(1) extra space. A naive recursive sum uses 𝑂(𝑛) extra space.
Why?

SOLUTION

Each recursive call adds a frame to the call stack, and the recursion goes 𝑛 levels deep before unwind-
ing, so the peak stack usage grows linearly. The iterative version reuses one accumulator variable. Time

complexity is identical; space is not.

Q9. Which grows faster: 𝑛1.5 or 𝑛 log𝑛?

SOLUTION

𝑛1.5 = 𝑛 ⋅ 𝑛0.5 against 𝑛 ⋅ log𝑛, so compare 𝑛0.5 with log𝑛. Any positive power of 𝑛 eventually outgrows
log𝑛, so 𝑛1.5 grows faster. At 𝑛 = 106: 𝑛0.5 = 1000 versus log2 𝑛 ≈ 20.

Q10. An𝑂(𝑛2) algorithm processes 𝑛 = 1000 items in 0.01 seconds on your machine. Estimate the time

for 𝑛 = 106, and state the lesson.
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SOLUTION

Scaling𝑛by 1000scales𝑛2 by 10002 = 106, so the timebecomes about 0.01×106 = 10,000 seconds, nearly
3 hours. The lesson: complexity, not hardware, decides whether an algorithm survives growth. A faster

computer buys a constant factor; a better algorithm changes the curve.
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AnswerKey

QUICK ANSWERS

Q1 log𝑛 < 5𝑛 < 𝑛 log𝑛 < 𝑛2 < 2𝑛 Q2 𝑂(𝑛2) Q3 𝑂(𝑛𝑚) Q4 about 20 steps Q5 no,𝑂(𝑛)

Q6 roughly 6,000 timesmore Q7 all keys colliding into one bucket Q8 the recursion stack holds𝑛

frames Q9 𝑛1.5 Q10 about 104 s≈ 3 hours

RevisionSheet

Growthclasses, slowest to fastest

𝑂(1) < 𝑂(log𝑛) < 𝑂(𝑛) < 𝑂(𝑛 log𝑛) < 𝑂(𝑛2) <

𝑂(2𝑛) < 𝑂(𝑛!)

Readingcode

Sequential blocks add. Nested loops multiply.

Halving each step gives log𝑛. Recursion depth

costs stack space.

Simplification rules

Drop constants and lower-order terms: 𝑂(3𝑛2 +

10𝑛) = 𝑂(𝑛2). Big-O is the shape of growth, not

the speed of themachine.

Commonalgorithms

Binary search 𝑂(log𝑛). Merge/quick/heap sort

𝑂(𝑛 log𝑛). Bubble/insertion sort 𝑂(𝑛2). Hash

lookup𝑂(1) average.

Spacecomplexity

Extra memory, same notation. Iteration often

𝑂(1); recursion pays𝑂(depth) in stack frames.

Thepractical test

Estimateoperations, divideby108/s: 106 ops is in-

stant, 109 is seconds, 1012 is hours.
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