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ATaylorpolynomial approximates a sufficientlydifferentiable functionnear a chosenpoint; an in-

finite Taylor series represents the function only where the required convergence conditions hold,

with coefficients determined by the function’s derivatives at a single point. Brook Taylor formal-

ized the result in 1715. Thecentral idea: apolynomial thatmatchesa functionandall its derivatives

at one point will closely match the function near that point. Taylor series let you replace compli-

cated functionswithmanageable polynomials, which iswhy they showupeverywhere in calculus,

physics, computer science, andnumerical analysis. They are also the foundation of essentially ev-

ery transcendental-function calculator routine in software.

Matching derivatives at a point produces a Taylor polynomial. Representing a function by an in-

finite series needs an additional convergence argument.

Taylor series, a function is approximated by a polynomial that matches the function and all its derivatives at a

chosen point. Higher-order Taylor polynomials fit a wider range of x.
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TheDefinition

When the Taylor series converges to 𝑓, its representation centered at 𝑥 = 𝑎 is:

𝑓(𝑥) =
∞
∑
𝑛=0

𝑓(𝑛)(𝑎)
𝑛! (𝑥 − 𝑎)𝑛

= 𝑓(𝑎) + 𝑓′(𝑎)(𝑥 − 𝑎) + 𝑓″(𝑎)
2! (𝑥 − 𝑎)2 + 𝑓‴(𝑎)

3! (𝑥 − 𝑎)3 +⋯

Each term involves a successively higher derivative of 𝑓 evaluated at 𝑎, divided by the correspond-
ing factorial. The result is a polynomial in (𝑥 − 𝑎) of infinite degree.

When 𝑎 = 0, the Taylor series is called aMaclaurin series, a special case used so often it has its own
name.

WhyItWorks

Each term in a Taylor series makes the approximation match one more derivative of the function

at the centering point 𝑎.

• The zeroth-order term 𝑓(𝑎)makes the polynomial equal the function value at 𝑎.

• The first-order term 𝑓′(𝑎)(𝑥 − 𝑎)makes the slope (first derivative) match.

• The second-order term
𝑓″(𝑎)
2! (𝑥 − 𝑎)2makes the concavity (second derivative) match.

• Each subsequent termmakes the next higher derivative match.

With enough terms, the polynomial matches the function exactly at the centering point and to a

very good approximation in a neighborhood around it. For ’nice’ functions (analytic functions),

the Taylor series converges to the function value for every 𝑥 in some neighborhood, and the poly-
nomial is the function.

CommonMaclaurinSeries

A handful of Maclaurin series (Taylor series centered at zero) show up so often they should be

memorized:

𝑒𝑥 =
∞
∑
𝑛=0

𝑥𝑛
𝑛! = 1 + 𝑥 + 𝑥2

2! +
𝑥3
3! +

𝑥4
4! +⋯

sin𝑥 =
∞
∑
𝑛=0

(−1)𝑛𝑥2𝑛+1
(2𝑛 + 1)! = 𝑥 − 𝑥3

3! +
𝑥5
5! −

𝑥7
7! +⋯
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cos𝑥 =
∞
∑
𝑛=0

(−1)𝑛𝑥2𝑛
(2𝑛)! = 1 − 𝑥2

2! +
𝑥4
4! −

𝑥6
6! +⋯

1
1 − 𝑥 =

∞
∑
𝑛=0

𝑥𝑛 = 1 + 𝑥 + 𝑥2 + 𝑥3 +⋯ (|𝑥| < 1)

ln(1 + 𝑥) =
∞
∑
𝑛=1

(−1)𝑛+1𝑥𝑛
𝑛 = 𝑥 − 𝑥2

2 + 𝑥3
3 −⋯ (−1 < 𝑥 ≤ 1)

Notice the elegant relationship: sin𝑥 has only odd powers (it is an odd function), cos𝑥 has only
even powers (it is an even function), and 𝑒𝑥 has all powers (it is neither).

Euler's IdentityfromTaylorSeries

Substituting 𝑖𝑥 (where 𝑖 = √−1) into the series for 𝑒𝑥:

𝑒𝑖𝑥 = 1 + 𝑖𝑥 + (𝑖𝑥)2
2! + (𝑖𝑥)3

3! +⋯ = (1 − 𝑥2
2! +

𝑥4
4! −⋯) + 𝑖 (𝑥 − 𝑥3

3! +
𝑥5
5! −⋯)

The two parts are exactly the Maclaurin series for cos𝑥 and sin𝑥. So:

𝑒𝑖𝑥 = cos𝑥 + 𝑖 sin𝑥

Setting 𝑥 = 𝜋 gives Euler’s famous identity 𝑒𝑖𝜋 + 1 = 0, often called the most beautiful equation
in mathematics. It connects five fundamental constants (e, i, 𝜋, 1, 0) and three basic operations
(addition, multiplication, exponentiation) in one expression.

PracticalUse: Approximation

Truncating a Taylor series after a few terms gives a polynomial approximation valid near the cen-

tering point. The error gets smaller as you addmore terms and as 𝑥 gets closer to 𝑎.

Example. Approximate sin(0.1) using the first two terms of the Maclaurin series.

sin(0.1) ≈ 0.1 − (0.1)3/6 = 0.1 − 0.000167 = 0.099833.

True value: sin(0.1) ≈ 0.0998334. Two terms of the Taylor series get five decimal places of accuracy.
This is exactlyhowscientific calculators compute trig values, they reduce theangle to a small value

near zero, then evaluate a truncated Taylor (or Padé) approximation.

gauravtiwari.org Page 3

https://gauravtiwari.org/


RadiusofConvergence

Not every Taylor series converges for every 𝑥. The radius of convergence is the largest distance 𝑅
from the centering point such that the series converges for all |𝑥 − 𝑎| < 𝑅.

• 𝑒𝑥, sin𝑥, cos𝑥: converge for all real 𝑥. Infinite radius of convergence.

• 1/(1 − 𝑥): converges only for |𝑥| < 1. The function has a singularity at 𝑥 = 1 that prevents the
series from extending beyond.

• ln(1 + 𝑥): converges for −1 < 𝑥 ≤ 1.

For most practical purposes, you need to know what the radius of convergence is for the function

you are working with, and stay within it.

Related study notes: Exponential Function, Derivatives in Calculus, Limits in Calculus, Sine Co-

sine Tangent.

The related OpenStax mathematics textbooks provide additional explanations and exercises for

the mathematical definitions used here.

ApproximationandaRemainder

Near zero, sin𝑥 is approximated by 𝑥 − 𝑥3/6. At x = 0.1 radians, this gives about 0.099833333. Tay-
lor’s theorem bounds the error for this cubic approximation by 0.14/4!, since the relevant fourth
derivative has magnitude at most 1.

A sharper bound can exploit the alternating sine series: the first omitted term has magnitude

0.15/5!, about 8.33× 10−8. That bounduses thedecreasing-termconditions of the alternating-series
estimate. Smoothness alone is not a guarantee of equality with an infinite Taylor series; the re-

mainder must tend to zero.

The points to check in this example are:

• The expansion center fixes where the derivatives are evaluated.

• A finite approximation should state its order and usable interval.

• The error estimate needs a bound on the remainder, not just a visual resemblance.

CheckYourUnderstanding

Try the questions before reading the answers.

Question 1. What is the quadratic Maclaurin polynomial for 𝑒𝑥?
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Answer. 1 + 𝑥 + 𝑥2/2.

Question 2. Does an infinite radius of convergence by itself identify which function a series rep-

resents?

Answer. No. Its summust still be connected to the stated function.

FrequentlyAskedQuestions

What isaTaylorseries?

ATaylorpolynomial approximates a sufficientlydifferentiable functionnear a chosenpoint; an in-

finite Taylor series represents the function only where the required convergence conditions hold,

with coefficients determined by the function’s derivatives at a single point. The series centered at

x = a is f(a) + f’(a)(x-a) + f”(a)(x-a)2/2! + f”’(a)(x-a)3/3! + ... Each termmakes the polynomial match

onemore derivative of the function at x = a.

What'sthedifferencebetweenTaylorandMaclaurinseries?

A Maclaurin series is just a Taylor series centered at x = 0, a special case. So ’Maclaurin series of

e^x’ and ’Taylor series of e^x centered at 0’ refer to the same expansion: 1 + x + x2/2! + x3/3! + ...

The name distinction is mostly historical (Colin Maclaurin published the special case separately

in 1742, though Taylor had already covered it in 1715).

What istheTaylorseriesofsinx?

TheMaclaurin series of sin x is x - x3/3! + x5/5! - x7/7! + ... It contains only odd powers of x (because

sine is anodd function) and the signs alternate. The series converges for all real x. Truncating after

twoor three termsgives excellent approximations for small angles, which is exactly howcalculator

routines compute sine.

Whyise^(i𝜋)+ 1=0?

Substituting x = i𝜋 into the Maclaurin series for e^x and separating real and imaginary parts gives
e^(i𝜋) = cos(𝜋) + i sin(𝜋) = -1 + 0i = -1. Rearranging: e^(i𝜋) + 1 = 0. The identity is called Euler’s iden-
tity and is often celebrated as the most beautiful equation in mathematics because it connects

five fundamental constants (e, i, 𝜋, 1, 0) and three operations (addition, multiplication, exponen-
tiation).
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What istheradiusofconvergence?

The radius of convergence is the largest distance R from the Taylor series’ centering point such

that the series converges for all x within |x - a| < R. Some Taylor series (e^x, sin x, cos x) converge

everywhere, infinite radius. Others (1/(1-x), ln(1+x)) converge only within a bounded interval. You

need to know the radius before using a Taylor series in calculations.

WhatareTaylorseriesusedfor inpractice?

Scientific calculator routines for sin, cos, exp, log all use truncated Taylor or related polynomial

approximations. Physics uses Taylor expansions to linearize complex equations near equilibrium

(small-angle pendulum, small-deformation elasticity). Numerical analysis uses Taylor truncation

error to estimate accuracy. Computer graphics uses series to approximate transcendental func-

tions on hardware. Without Taylor series,modern computation of these functionswould bemuch

slower and less accurate.
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