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SimpleHarmonicMotion
Read this note online

Simple harmonicmotion (SHM) is the back-and-forth oscillation producedwhen a restoring force

is directly proportional to the displacement from equilibrium. A mass on a spring, a pendulum

swinging at small angles, an atom vibrating in a crystal lattice, the alternating current in an AC

circuit, the displacement of air molecules in a sound wave, all are simple harmonic. The motion

produces a clean sinusoidal position-vs-time curve, and the same set of equations describes every

physical system that obeys SHM. Master this one model and the math transfers across hundreds

of physics, engineering, and biological contexts.

Simple harmonic motion has a restoring acceleration proportional to displacement. A pendulum

follows this model approximately for small angles.

Simple harmonic motion, a mass on a spring oscillates around equilibrium, producing a sinusoidal

position-vs-time curve. The samemath describes pendulums, sound waves, AC circuits, and atomic vibrations.
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TheDefiningEquation

Simpleharmonicmotionoccurswhenever the restoring forceonanobject isproportional to itsdis-

placement fromequilibrium, andpoints back toward equilibrium. For amass on a spring, Hooke’s

law gives:

𝐹 = −𝑘𝑥

Where 𝐹 is the force, 𝑥 is displacement from equilibrium, and 𝑘 is the spring constant. The neg-
ative sign is critical, it means the force always points opposite to the displacement (back toward

equilibrium).

Applying Newton’s second law 𝐹 = 𝑚𝑎 = 𝑚 ̈𝑥 gives the SHM differential equation:

𝑚 ̈𝑥 = −𝑘𝑥 ⟹ ̈𝑥 = − 𝑘
𝑚𝑥 = −𝜔2𝑥

Where 𝜔 = √𝑘/𝑚 is called the angular frequency. The solution to this differential equation is a
sinusoid.

TheSinusoidalSolution

The general solution to the SHM equation is:

𝑥(𝑡) = 𝐴 cos(𝜔𝑡 + 𝜑)

Where each symbol has a clean physical meaning:

• 𝐴 = amplitude, the maximum displacement from equilibrium

• 𝜔 = angular frequency, how fast the oscillation occurs, in radians per second

• 𝜑 = phase constant, sets the starting position at 𝑡 = 0

• 𝑡 = time

The period 𝑇 (time for one complete oscillation) and frequency 𝑓 (oscillations per second) relate
to angular frequency as:

𝑇 = 2𝜋
𝜔 𝑓 = 1

𝑇 = 𝜔
2𝜋

For the spring-mass system specifically:

𝑇 = 2𝜋√
𝑚
𝑘 𝑓 = 1

2𝜋√
𝑘
𝑚

Note what these formulas DON’T contain: the amplitude 𝐴. The period of SHM is independent
of how far you pull the mass before releasing it. A large swing and a tiny swing take exactly the
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same time. This is a defining feature of SHM and one of its most useful properties (the basis of

pendulum clocks).

VelocityandAcceleration

Differentiating the position once gives velocity; differentiating again gives acceleration:

𝑥(𝑡) = 𝐴 cos(𝜔𝑡 + 𝜑)

𝑣(𝑡) = ̇𝑥(𝑡) = −𝐴𝜔 sin(𝜔𝑡 + 𝜑)

𝑎(𝑡) = ̈𝑥(𝑡) = −𝐴𝜔2 cos(𝜔𝑡 + 𝜑) = −𝜔2𝑥(𝑡)

Maximum velocity 𝑣𝑚𝑎𝑥 = 𝐴𝜔 occurs at equilibrium position (when displacement is zero). Maxi-
mumacceleration 𝑎𝑚𝑎𝑥 = 𝐴𝜔2 occurs at the extreme positions (when displacement equals±𝐴, and
the restoring force is largest). Position, velocity, and acceleration are all sinusoidal with the same

frequency but offset by 90° in phase.

Energy inSHM

Total mechanical energy in SHM is the sum of kinetic and potential energies:

𝐸𝑡𝑜𝑡𝑎𝑙 =
1
2𝑚𝑣

2 + 1
2𝑘𝑥

2

Substituting the sinusoidal solutions and simplifying:

𝐸𝑡𝑜𝑡𝑎𝑙 =
1
2𝑘𝐴

2 = 1
2𝑚𝜔

2𝐴2

The total energy is constant (conservation of energy) and proportional to the square of the am-

plitude. Energy continuously transfers between kinetic and potential forms, fully kinetic at equi-

librium (where displacement is zero), fully potential at the extremes (where velocity is zero), and

mixed everywhere in between. Doubling the amplitude quadruples the energy.

OtherExamplesofSHM

Pendulum(smallangles)

A simple pendulum of length 𝐿 under gravity 𝑔 has approximate SHM for small angular displace-
ments:
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𝑇 = 2𝜋
√

𝐿
𝑔

The independence from amplitude (for small swings) was famously discovered by Galileo in the

late 1500s. He used it to develop the first reliable pendulum clock. The approximation breaks

down at large angles where sine x is no longer approximately x.

LCCircuit

A capacitor and inductor in a closed circuit (with no resistance) oscillate electrically with angular

frequency:

𝜔 = 1
√𝐿𝐶

This is the basis of radio-tuning circuits, you adjust C to tune to a specific frequency.

MolecularVibrations

Bonds between atoms behave like tiny springs at low energies. TheH-H bond inmolecular hydro-

gen vibrates at about 130 trillionHz. Each chemical bond has a characteristic vibration frequency

that infrared spectroscopy uses to identify molecules.

DampedandDrivenSHM

Real systems have friction (damping) that gradually reduces the amplitude. A driven system has

an external periodic force adding energy. When the driving frequencymatches the system’s natu-

ral frequency 𝜔0, resonance occurs, the amplitude can grow dramatically. The 1940 Tacoma Nar-

rows Bridge collapse, the swing pumping at the right frequency, and microwave ovens (driving

water molecules at their resonant frequency) are all resonance phenomena. Resonance is one of

the most consequential applications of SHM theory in real-world engineering.

Related study notes: Sine Cosine Tangent, Newton’s Laws of Motion, Exponential Function,

Derivatives in Calculus.

The OpenStax physics textbooks develop the corresponding physical models with further worked

problems.

ASpringOscillator

A 0.5 kg mass attached to a spring of constant 50 N/m has angular frequency 𝜔 = √𝑘/𝑚 = 10 rad/s
and period 2𝜋/𝜔, about 0.628 s. With amplitude 0.10 m, its maximum speed is 𝜔𝐴 = 1.0m/s.

gauravtiwari.org Page 4

https://gauravtiwari.org/study-notes/sine-cosine-tangent/
https://gauravtiwari.org/study-notes/newtons-laws-of-motion/
https://gauravtiwari.org/study-notes/exponential-function/
https://gauravtiwari.org/study-notes/derivatives-in-calculus/
https://openstax.org/subjects/science
https://gauravtiwari.org/


Atmaximum displacement the speed is zero and the restoring force has its largest magnitude. At

equilibrium, the restoring force is zero while the speed is maximal in the ideal undampedmodel.

Confusing those positions reverses the energy interpretation.

The points to check in this example are:

• The spring period is independent of amplitude in the ideal linear model.

• Damping removes mechanical energy and changes the motion.

• A sinusoidal solutionmust satisfy the chosen initial position and velocity.

CheckYourUnderstanding

Try the questions before reading the answers.

Question 1. What is the maximum spring potential energy here?

Answer. ½kA2 = 0.25 J.

Question 2. What happens to the period if the mass is quadrupled?

Answer. It doubles.

FrequentlyAskedQuestions

What issimpleharmonicmotion?

Simple harmonicmotion (SHM) is the back-and-forth oscillation that occurswhenever a restoring

force is directly proportional to the displacement from equilibrium. Themotion produces a sinu-

soidal (sine or cosine) position-vs-time curve. Examples include amass on a spring (Hooke’s law),

small-angle pendulums, atomic vibrations in solids, and the alternating current in LC circuits.

What istheequationforsimpleharmonicmotion?

The defining equation is F = -kx, where F is the restoring force and x is the displacement from

equilibrium. This leads to the differential equation d2x/dt2 = -𝜔2x, whose solution is x(t) = A cos(𝜔t
+ 𝜑), a sinusoidal function of time with amplitude A, angular frequency 𝜔 =√(k/m), and phase 𝜑.

What istheperiodofamassonaspring?

T = 2𝜋√(m/k), where m is the mass and k is the spring constant. The period depends on the mass
and spring stiffness but is independent of the amplitude. A large oscillation and a tiny oscillation

take exactly the same time, which is what makes SHM so useful in clocks.
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Whyistheperiod independentofamplitude?

Because the restoring force scales linearly with displacement. If you double the amplitude, the

maximum restoring force doubles, the maximum acceleration doubles, the maximum velocity

doubles, but the distance traveled also doubles. All the factors cancel out exactly, leaving the pe-

riod unchanged. This is unique to SHM; non-linear restoring forces give amplitude-dependent

periods.

What isangularfrequency?

Angular frequency 𝜔 is the rate of oscillation expressed in radians per second. It is related to or-
dinary frequency f (in Hz) by 𝜔 = 2𝜋f. The factor 2𝜋 appears because one full oscillation cycle
corresponds to 2𝜋 radians on the unit circle. For a mass on a spring, 𝜔 =√(k/m). For a pendulum,
𝜔 =√(g/L).

What isresonance inSHM?

Resonance occurswhen adriven oscillator is forced at a frequencymatching its natural frequency.

At resonance, energy is added to the systemmost efficiently, and the amplitude can growdramati-

cally (limited only bydamping). TheTacomaNarrowsBridge collapse, pumping a swing to greater

heights, microwave ovens heating water, and tuning a radio are all resonance phenomena.

gauravtiwari.org Page 6

https://gauravtiwari.org/

	The Defining Equation
	The Sinusoidal Solution
	Velocity and Acceleration
	Energy in SHM
	Other Examples of SHM
	Pendulum (small angles)
	LC Circuit
	Molecular Vibrations

	Damped and Driven SHM
	A Spring Oscillator
	Check Your Understanding

	Frequently Asked Questions
	What is simple harmonic motion?
	What is the equation for simple harmonic motion?
	What is the period of a mass on a spring?
	Why is the period independent of amplitude?
	What is angular frequency?
	What is resonance in SHM?


