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PartialDerivatives
Read this note online

A partial derivativemeasures how a function of several variables changes as one variable is varied

while the others are held constant. If 𝑓(𝑥, 𝑦) describes a surface in three dimensions, 𝜕𝑓/𝜕𝑥 gives
the slope of the surface in the 𝑥-direction at a fixed 𝑦, and 𝜕𝑓/𝜕𝑦 gives the slope in the 𝑦-direction.
Partial derivatives are the starting point for multivariable calculus and the language of physics,

optimization, andmachine learning.

A partial derivative changes 1 input while the remaining inputs are held fixed. A total change can

include several partial contributions.

Partial derivatives measure the rate of change of a multivariable function with respect to one variable, holding

others constant.
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Definition

For a function 𝑓(𝑥, 𝑦) of two variables, the partial derivative with respect to 𝑥 is:

𝜕𝑓
𝜕𝑥 = lim

ℎ→0

𝑓(𝑥 + ℎ, 𝑦) − 𝑓(𝑥, 𝑦)
ℎ

This is just the ordinary derivative of 𝑓 with respect to 𝑥, treating 𝑦 as a constant. The symbol 𝜕 (a
curly d, sometimes called ’del’ or ’partial’) distinguishes partial derivatives from total derivatives.

HowtoCompute

To find 𝜕𝑓/𝜕𝑥, treat every variable other than 𝑥 as a constant and differentiate as usual.

Example 1. 𝑓(𝑥, 𝑦) = 3𝑥2𝑦 + 4𝑦3. Then 𝜕𝑓/𝜕𝑥 = 6𝑥𝑦 (the second term is constant in 𝑥). And 𝜕𝑓/𝜕𝑦 =
3𝑥2 + 12𝑦2.

Example 2. 𝑓(𝑥, 𝑦) = 𝑒𝑥𝑦. 𝜕𝑓/𝜕𝑥 = 𝑦𝑒𝑥𝑦, 𝜕𝑓/𝜕𝑦 = 𝑥𝑒𝑥𝑦.

Example 3. 𝑓(𝑥, 𝑦, 𝑧) = 𝑥 sin(𝑦) + 𝑧2. 𝜕𝑓/𝜕𝑥 = sin(𝑦), 𝜕𝑓/𝜕𝑦 = 𝑥 cos(𝑦), 𝜕𝑓/𝜕𝑧 = 2𝑧.

Notation

Several notations are common:

•
𝜕𝑓
𝜕𝑥 , Leibniz notation, the most explicit.

• 𝑓𝑥 or 𝑓𝑥(𝑥, 𝑦), subscript notation, compact.

• 𝐷𝑥𝑓 or 𝜕𝑥𝑓, used in advanced texts.

Higher-OrderPartials

You can differentiate again. The second-order partials of 𝑓(𝑥, 𝑦) are:

𝜕2𝑓
𝜕𝑥2 = 𝑓𝑥𝑥,

𝜕2𝑓
𝜕𝑦2 = 𝑓𝑦𝑦,

𝜕2𝑓
𝜕𝑥𝜕𝑦 = 𝑓𝑥𝑦 =

𝜕
𝜕𝑥 (

𝜕𝑓
𝜕𝑦 )

Clairaut’s theorem: if 𝑓𝑥𝑦 and 𝑓𝑦𝑥 are both continuous, they’re equal: 𝑓𝑥𝑦 = 𝑓𝑦𝑥. Order of differen-
tiation doesn’t matter for well-behaved functions.
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Geometric Interpretation

The graph of 𝑧 = 𝑓(𝑥, 𝑦) is a surface in 3D. At a point (𝑥0, 𝑦0), 𝜕𝑓/𝜕𝑥 is the slope of the tangent line
you’d see if you stood on the surface and walked in the 𝑥-direction (with 𝑦 fixed). Similarly 𝜕𝑓/𝜕𝑦
is the slope in the 𝑦-direction. The two together define a tangent plane to the surface.

Applications

• Physics. The wave equation, heat equation, and Schrödinger equation are partial differential

equations, equations involving partial derivatives of unknown functions of space and time.

• Thermodynamics. Quantities like temperature, pressure, and entropy depend on multiple

state variables; partial derivatives like (𝜕U/𝜕V) at constant T appear throughout.

• Economics. Marginal cost,marginal revenue, and elasticities are partial derivatives, theymea-

sure how an outcome changes when one input changes with all others fixed.

• Optimization. Finding maxima or minima of a function of several variables means finding

points where all partials are zero (critical points), then testing with second-order partials.

• Machine learning. The gradient, vector of partial derivatives, is what gradient descent uses

to update model parameters. Backpropagation in neural networks is the chain rule for partial

derivatives applied recursively.

Related study notes: Gradient and Divergence, Differential Equations, Integration, Derivatives.

The related OpenStax mathematics textbooks provide additional explanations and exercises for

the mathematical definitions used here.

PartialandTotalChange

For 𝑓(𝑥, 𝑦) = 𝑥2𝑦 + 3𝑦2, the partial derivatives are 𝑓𝑥 = 2𝑥𝑦 and 𝑓𝑦 = 𝑥2 + 6𝑦. At (2,1), these are 4 and
10. A small change (dx,dy) therefore gives the linear estimate 𝑑𝑓 ≈ 4𝑑𝑥 + 10𝑑𝑦.

For dx = 0.01 and dy = -0.02, the estimate is -0.16. This approximation is local; larger changes

may require nonlinear terms. If x and y both depend on time, the total derivative uses 𝑑𝑓/𝑑𝑡 =
𝑓𝑥 𝑑𝑥/𝑑𝑡 + 𝑓𝑦 𝑑𝑦/𝑑𝑡, rather than holding either input fixed.

The points to check in this example are:

• Differentiate with respect to the named variable only.

• Keep the evaluation point separate from the symbolic differentiation.

• A partial derivative can exist even when stronger differentiability conditions fail.
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CheckYourUnderstanding

Try the questions before reading the answers.

Question 1. Find 𝜕(𝑥𝑦)/𝜕𝑥with y fixed.

Answer. y.

Question 2. Find 𝜕(𝑥𝑦)/𝜕𝑦 with x fixed.

Answer. x.

FrequentlyAskedQuestions

What isapartialderivative?

The derivative of amultivariable function with respect to one of its variables, with the others held

constant. For f(x, y), the partial derivative 𝜕f/𝜕x measures how f changes as x varies while y stays
fixed. Notation uses 𝜕 (a curly d) to distinguish from ordinary derivatives.

Howdoyoucomputeapartialderivative?

Treat every variable except the one you’re differentiating with respect to as a constant, then ap-

ply the usual rules of differentiation. Example: for f(x, y) = x2y + y3, take 𝜕f/𝜕x by treating y as a
constant: 𝜕f/𝜕x = 2xy. Take 𝜕f/𝜕y by treating x as a constant: 𝜕f/𝜕y = x2 + 3y2.

Whatdoesthesymbol𝜕mean?

It’s the partial derivative symbol, a curly ’d’ (sometimes called ’del’ or ’partial’). It’s used to distin-

guish partial derivatives (𝜕f/𝜕x) from ordinary derivatives (df/dx). The ordinary ’d’ is reserved for
single-variable functions where there’s no ambiguity about which variable you’re differentiating.

Aremixedpartialderivativesalwaysequal?

Yeswhen the function and its partials are sufficiently smooth (continuous secondpartials). This is

Clairaut’s theorem: f_xy = f_yx for well-behaved functions. So you can differentiate in either order

and get the same result. Pathological functions where the partials exist but are discontinuous can

fail this, but you rarely encounter them in physics or engineering.
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Howarepartialderivativesusedinmachine learning?

The gradient, vector of all partial derivatives, is the search direction for gradient-based optimiza-

tion. To train a neural network, you compute 𝜕L/𝜕w for eachweight w of themodel, then updatew
in the direction that decreases the loss L. Backpropagation is the chain rule for partial derivatives

applied layer by layer through the network.

What'sthedifferencebetweenapartialderivativeandatotalderivative?

A partial derivative holds other variables fixed. A total derivative accounts for how all variables

change. If x and y both depend on t and you compute df/dt for f(x, y), the total derivative uses the

chain rule: df/dt = (𝜕f/𝜕x)(dx/dt) + (𝜕f/𝜕y)(dy/dt). The partial would be just one of those terms.
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