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Limits in calculus describe what a function approaches as the input approaches a particular

value. They’re the bridge between algebra and calculus. Without limits, derivatives wouldn’t

exist, integrals wouldn’t be defined, and continuity would be a vibes-based notion. Once limits

click, the rest of calculus stops feeling like magic and starts feeling like bookkeeping.

Most students stumble on the formal definition first. The trick is to grasp the intuition before

wrestling with epsilons and deltas. After that, the limit laws turn most calculations into routine

algebra, and the few weird cases (indeterminate forms, infinite limits, asymptotic behavior) get

their own clean techniques.

A limit concernsnearby inputs. The value at the target point canbedifferent or undefinedwithout

changing the limit.

Limits in calculus epsilon-delta diagram and function graphmodern textbook illustration
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TheIntuitiveDefinitionofLimits inCalculus

The limit of 𝑓(𝑥) as 𝑥 approaches 𝑎 is the value 𝐿 that the function gets arbitrarily close to as 𝑥 gets
close to 𝑎 from either side:

Notice what’s missing: the function doesn’t have to actually equal 𝐿 at 𝑥 = 𝑎. It doesn’t even have
to be defined at 𝑎. The limit only cares about behavior near the point, not at the point.

That distinction is thewhole reason limits exist. They let youask ”where is this functionheading?”

without requiring it to arrive. The classic example: 𝑓(𝑥) = (𝑥2−1)/(𝑥−1) is undefinedat 𝑥 = 1 (you’d
be dividing by zero), but lim𝑥→1 𝑓(𝑥) = 2 because the function simplifies to 𝑥 + 1 for every 𝑥 ≠ 1,
and that simplified function clearly approaches 2.

lim
𝑥→𝑎

𝑓(𝑥) = 𝐿

TheEpsilon-DeltaDefinition

The formal version: lim𝑥→𝑎 𝑓(𝑥) = 𝐿means that for every 𝜀 > 0, there exists a 𝛿 > 0 such that:

In English: pick any tolerance 𝜀 for how close 𝑓(𝑥) should be to 𝐿. I can give you awindow 𝛿 around
𝑎where the function stays inside that tolerance. If I can do that for every 𝜀, the limit equals 𝐿.

This is the rigorous foundation. You’ll rarely use it directly after first-year calc, but every limit

law and every theorem about continuity reduces back to this definition. Augustin-Louis Cauchy

popularized this approach in the 1820s, and Karl Weierstrass made it fully rigorous in the 1870s,

ending nearly two centuries of fuzzy reasoning about infinitesimals.

0 < |𝑥 − 𝑎| < 𝛿 ⟹ |𝑓(𝑥) − 𝐿| < 𝜀

LimitLaws

For limits that exist, the standard rules let you break complex expressions into pieces:

For continuous functions, you can substitute directly: lim𝑥→𝑎 𝑓(𝑥) = 𝑓(𝑎). That’s the entire point
of continuity. Polynomials, exponentials, sines, and cosines are all continuous everywhere, so

direct substitution works whenever the result isn’t an indeterminate form.

Sum: lim(𝑓+𝑔) = lim𝑓+ lim 𝑔Product: lim(𝑓 ⋅ 𝑔) = lim𝑓 ⋅ lim 𝑔Quotient: lim(𝑓/𝑔) = lim𝑓/ lim 𝑔,
provided lim 𝑔 ≠ 0Constantmultiple: lim(𝑐⋅𝑓) = 𝑐⋅lim𝑓Power: lim𝑓𝑛 = (lim𝑓)𝑛 Composition:
lim𝑥→𝑎 𝑓(𝑔(𝑥)) = 𝑓(lim𝑥→𝑎 𝑔(𝑥))when 𝑓 is continuous at the inner limit
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One-SidedLimits

Approaching from the left: lim𝑥→𝑎− 𝑓(𝑥). From the right: lim𝑥→𝑎+ 𝑓(𝑥). The two-sided limit exists
only when both one-sided limits exist and agree.

This is how piecewise functions break: if the left and right limits at a junction don’t match, the

function has a jump discontinuity and no limit at that point. Step functions, the floor function,

and the absolute value function all live and die by one-sided limit behavior.

One-sided limits also matter at the boundaries of a function’s domain. The square root function

√𝑥 only has a right-sided limit at 𝑥 = 0 because the function isn’t defined for negative 𝑥. Most
calculus textbooks count this as the limit existing, even though no two-sided limit can technically

be defined.

InfiniteLimitsandLimitsat Infinity

Two related but distinct ideas. Infinite limits describe functions that grow without bound near

a point: lim𝑥→0 1/𝑥2 = ∞. The notation conveys that the function diverges; strictly speaking, the
limit doesn’t exist as a real number.

Limits at infinity describe long-run behavior: lim𝑥→∞ 𝑓(𝑥) = 𝐿 means 𝑓(𝑥) approaches 𝐿 as 𝑥
grows without bound. These show up in horizontal asymptote analysis. Rational functions like

𝑓(𝑥) = (3𝑥2 + 2)/(𝑥2 + 5) have horizontal asymptotes given by the ratio of leading coefficients:
lim𝑥→∞ 𝑓(𝑥) = 3.

Both ideas are routinely combined: lim𝑥→∞ 𝑒𝑥 = ∞, lim𝑥→−∞ 𝑒𝑥 = 0. Together they describe the
full asymptotic behavior of most functions you’ll meet.

IndeterminateFormsandL'Hopital'sRule

Some limits look like they should be undefined but aren’t:

L’Hopital’s rule: if lim𝑓(𝑥) and lim 𝑔(𝑥) both equal 0 or both equal∞, then:

provided the right-hand limit exists. Apply repeatedly if needed. The classic example:

lim𝑥→0
sin𝑥
𝑥

= lim𝑥→0
cos𝑥
1

= 1. The squeeze theorem and Taylor series both prove the same
result without L’Hopital, and one of them is usually faster in practice.

0/0, needs algebraic simplification or L’Hopital’s rule∞/∞, same treatment 0 ⋅ ∞,∞ −∞, 00,∞0,

1∞, rewrite first to expose a 0/0 or∞/∞ form, then apply L’Hopital

lim
𝑓(𝑥)
𝑔(𝑥) = lim

𝑓′(𝑥)
𝑔′(𝑥)
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ContinuityandtheIntermediateValueTheorem

A function is continuous at 𝑎 when lim𝑥→𝑎 𝑓(𝑥) = 𝑓(𝑎). All three pieces matter: the limit must
exist, the functionmust be defined at 𝑎, and they must agree.

Continuous functions inherit nice properties. The Intermediate Value Theorem says that if 𝑓 is
continuous on [𝑎, 𝑏] and 𝑁 is between 𝑓(𝑎) and 𝑓(𝑏), then there exists at least one 𝑐 ∈ (𝑎, 𝑏) with
𝑓(𝑐) = 𝑁. This is how root-findingworks: locate a sign change in a continuous function, and a root
is guaranteed in between.

The ExtremeValue Theorem guarantees that a continuous function on a closed interval attains

its maximum andminimum somewhere on that interval. These two theorems are the foundation

for most existence proofs in single-variable calculus.

TheSqueezeTheorem

If 𝑔(𝑥) ≤ 𝑓(𝑥) ≤ ℎ(𝑥) near 𝑎, and lim𝑥→𝑎 𝑔(𝑥) = lim𝑥→𝑎 ℎ(𝑥) = 𝐿, then lim𝑥→𝑎 𝑓(𝑥) = 𝐿.

The squeeze theorem (also called the sandwich theorem) is the cleanest way to evaluate limits

where direct methods fail. The textbook example: lim𝑥→0 𝑥2 sin(1/𝑥) = 0. The function sin(1/𝑥)
oscillates wildly near zero, so direct evaluation is hopeless. But −𝑥2 ≤ 𝑥2 sin(1/𝑥) ≤ 𝑥2, and both
bounds approach 0. The squeeze theorem closes the case.

The squeeze theorem is also the standard tool for proving lim𝑥→0 sin(𝑥)/𝑥 = 1 without circular
reasoning, which is then used to derive the derivatives of all the trig functions.

WorkedExample: ATrickyLimit

Compute lim𝑥→4
√𝑥−2
𝑥−4
.

Direct substitution gives 0/0, indeterminate. Multiply top and bottom by the conjugate√𝑥 + 2:

Now substitute: lim𝑥→4
1

√𝑥+2
= 1

4
. The original expression has the same limit because the sim-

plified form agrees with the original except at 𝑥 = 4, and limits don’t care what happens at the
point.

This conjugate trickhandlesmany limits involving square roots. The general lesson: whenyou see

0/0, look for an algebraicmanipulation (factor, conjugate, commondenominator) that exposes the

cancellation.

√𝑥 − 2
𝑥 − 4 ⋅ √𝑥 + 2

√𝑥 + 2
= 𝑥 − 4
(𝑥 − 4)(√𝑥 + 2)

= 1
√𝑥 + 2
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WhyLimitsUnderpinEverything inCalculus

Derivatives are limits of difference quotients:

Definite integrals are limits of Riemann sums:

Continuity is defined in terms of limits. Convergence of infinite series is defined as the limit of

partial sums. Differential equations rely on limit-based definitions of derivatives. Even probabil-

ity distributions in advanced statistics use limits to define cumulative distribution functions and

characteristic functions.

Limits power every other concept in calculus and a huge fraction of higher analysis. Readmore in

interestingmath articles andmust-read research papers and Aryabhata’s contributions tomathe-

matics.

𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)
ℎ

∫
𝑏

𝑎
𝑓(𝑥) 𝑑𝑥 = lim

𝑛→∞

𝑛
∑
𝑖=1

𝑓(𝑥∗𝑖 )Δ𝑥

CommonMistakesWhenComputingLimits

Plugging in too early. Always check for indeterminate forms first. Direct substitution works for

continuous functions, not for everything. Forgettingone-sidedbehavior. Afunctionmighthave

left and right limits that disagree. The two-sided limit exists onlywhen theymatch.Misapplying

L’Hopital. The rule requires both numerator and denominator to give 0/0 or∞/∞. Applying it to
other forms produces wrong answers. Cancelling factors at the limit point. When 𝑥 → 𝑎, you
can cancel factors that equal zero at 𝑎, but only because the limit doesn’t care about the value at 𝑎.
Be explicit about that step. Confusing infinite limits with limits that don’t exist. ”The limit is

infinity” is a way of saying the function diverges; the formal limit doesn’t exist as a real number.

Ignoring thedomain. A function with a restricted domainmay have only one-sided limits at the

boundary. √𝑥 has no two-sided limit at 𝑥 = 0 because it isn’t defined for negative values.

ABriefHistoryofLimits

The intuition behind limits is ancient. Eudoxus of Cnidus and Archimedes used the ”method of

exhaustion” in the 4th and 3rd centuries BCE to compute areas and volumes by squeezing them

between known approximations, essentially a limit argument without modern notation.

Newton and Leibniz built calculus in the 1670s and 1680s using infinitesimals, quantities smaller

than any positive real but greater than zero. The math worked, but the foundations were philo-

sophically suspect. Bishop Berkeley famously called infinitesimals ”the ghosts of departed quan-
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tities” in 1734.

Cauchy’s Cours d’Analyse (1821) introduced the limit-based foundations that survive today. Karl

Weierstrass formalized epsilon-delta arguments in the 1860s and 1870s, and themodern 𝜀 − 𝛿 def-
inition became the rigorous standard. Abraham Robinson’s nonstandard analysis (1960) rehabil-

itated infinitesimals on rigorous grounds, but the limit approach won the textbook war for peda-

gogical and computational reasons.

Limits inMultivariableCalculusandBeyond

In multivariable calculus, limits become subtler because there are infinitely many paths to ap-

proach a point. lim(𝑥,𝑦)→(0,0) 𝑓(𝑥, 𝑦) = 𝐿 requires 𝑓 to approach 𝐿 along every possible path. If two
paths give different limits, the multivariable limit doesn’t exist.

This is why 𝑓(𝑥, 𝑦) = 𝑥𝑦/(𝑥2 + 𝑦2) has no limit at the origin: along 𝑦 = 0, the function is 0; along
𝑦 = 𝑥, the function is 1/2. Different paths give different values, so the multivariable limit fails.

In topology and analysis, limits generalize even further to convergence of sequences in metric

spaces, nets in topological spaces, and filters in category theory. The basic insight, what value is

the system approaching as a parameter varies?, keeps showing up across every branch of mathe-

matics.

ContinuousFunctionsandtheCompositionRule

The composition of continuous functions is continuous: if 𝑔 is continuous at 𝑎 and 𝑓 is continu-
ous at 𝑔(𝑎), then 𝑓 ∘ 𝑔 is continuous at 𝑎. This is why sin(𝑥2), 𝑒cos𝑥, and ln(1 + 𝑥2) are continuous
everywhere they’re defined, they’re built from continuous primitives composed together.

The composition rule is also why direct substitution works for so many limits. If both the inner

function and the outer function are continuous at the limit point, you can just plug in. Trouble

arises only when one of them is discontinuous, and that’s when you reach for L’Hopital, algebraic

manipulation, or the squeeze theorem.

LimitsofSequencesvsFunctions

The limit of a sequence 𝑎𝑛 as 𝑛 → ∞ is conceptually similar to the limit of a function as 𝑥 → ∞, but
with discrete steps. Definition: lim𝑛→∞ 𝑎𝑛 = 𝐿 if for every 𝜀 > 0 there exists 𝑁 such that |𝑎𝑛 − 𝐿| < 𝜀
for all 𝑛 > 𝑁.

Sequence limits underpin convergence of infinite series and the formal definition of integrals as

Riemann sum limits. Convergence tests for series, comparison test, ratio test, root test, integral
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test, all rely on understanding sequence limit behavior.

HowtoAvoidCircularReasoningWhenProvingLimits

Commoncircular trap: usingL’Hopital’s rule to prove lim𝑥→0 sin(𝑥)/𝑥 = 1. L’Hopital’s rule requires
knowing the derivative of sin𝑥. The derivative of sin𝑥 is proven using the limit sin(𝑥)/𝑥 → 1.
Circular.

The standard non-circular proof uses the squeeze theorem and elementary geometry: comparing

the area of a triangle, sector, and bigger triangle inscribed in the unit circle gives sin𝑥 ≤ 𝑥 ≤ tan𝑥
for small positive𝑥. Dividingby sin𝑥 and taking the limit yields the result. Manycalculus textbook
proofs are subtly circular until checked carefully against the order of derivation.

ConvergenceSpeedandAsymptoticAnalysis

Two functions can both have the same limit but approach it at very different speeds. lim𝑥→∞ 1/𝑥 =
0 and lim𝑥→∞ 𝑒−𝑥 = 0, but 𝑒−𝑥 approaches zero exponentially fast while 1/𝑥 approaches it only like
a power of 𝑥.

Asymptotic analysis quantifies these rates with big-O, big-Omega, and big-Theta notation. 𝑓(𝑥) =
𝑂(𝑔(𝑥))means𝑓 growsno faster than 𝑔up to a constant factor. This language is thebridge from lim-
its in calculus to algorithm complexity analysis in computer science. Limits give the destination;

asymptotic notation describes the path.

The related OpenStax mathematics textbooks provide additional explanations and exercises for

the mathematical definitions used here.

AHoleandaJump

For 𝑓(𝑥) = (𝑥2 − 4)/(𝑥 − 2), factoring gives 𝑓(𝑥) = 𝑥 + 2whenever 𝑥 ≠ 2. Both sides approach 4 as x
approaches 2, so the limit is 4 even though the original function is undefined at 2.

Compare a function equal to 1 for negative x and 2 for nonnegative x. At zero, its left limit is 1 and

its right limit is 2. The two-sided limit therefore does not exist. Choosing the assigned value at

zero cannot make the one-sided approaches agree.

The points to check in this example are:

• A finite two-sided limit requires equal one-sided limits.

• A table can suggest a limit but does not establish it for all nearby inputs.
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• Continuity at a point requires a defined value equal to the limit.

CheckYourUnderstanding

Try the questions before reading the answers.

Question 1. Would assigning f(2) = 100 change the first limit?

Answer. No. The nearby behavior would still approach 4.

Question 2. What value would make the first example continuous?

Answer. f(2) = 4.

PracticeQuestions

Work each question before reading its solution. The set runs fromdirect recall and substitution to

the applied questions that exams actually use to separate grades. The downloadable PDF includes

these questions and their solutions.

Question 1. Evaluate lim𝑥→2(𝑥2 + 3𝑥).

Solution. The function is a polynomial, continuous everywhere, so substitute directly: 4+6 = 10.
Direct substitution is always the first attempt.

Question 2. Evaluate lim𝑥→3
𝑥2 − 9
𝑥 − 3 .

Solution. Substitution gives 0/0, so factor: (𝑥 − 3)(𝑥 + 3)
𝑥 − 3 = 𝑥 + 3 for 𝑥 ≠ 3. The limit is 6. The

original function has a hole at 𝑥 = 3; the limit reports the height the hole should have.

Question 3. State lim𝑥→0
sin𝑥
𝑥 and why it matters.

Solution. The limit is 1 (with 𝑥 in radians), proved by squeezing cos𝑥 < sin𝑥
𝑥

< 1 near 0. It matters
because the derivative of sin𝑥 depends on it: without this limit there is no 𝑑

𝑑𝑥
sin𝑥 = cos𝑥.

Question 4. Evaluate lim𝑥→∞
3𝑥2 + 5𝑥
2𝑥2 − 7 .

Solution. Divide top and bottom by 𝑥2: 3 + 5/𝑥
2 − 7/𝑥2 →

3
2 . For rational functions with equal degrees,

the limit at infinity is the ratio of leading coefficients.

Question 5. Evaluate lim𝑥→0
√𝑥 + 4 − 2

𝑥 .

Solution. Multiply by the conjugate:
(√𝑥 + 4 − 2)(√𝑥 + 4 + 2)

𝑥(√𝑥 + 4 + 2)
= 𝑥
𝑥(√𝑥 + 4 + 2)

= 1
√𝑥 + 4 + 2

→ 1
4 .

Rationalization is the standard cure for square-root 0/0 forms.

gauravtiwari.org Page 8

https://gauravtiwari.org/


Question 6. Describe lim𝑥→0+
1
𝑥 and lim𝑥→0−

1
𝑥 . Does lim𝑥→0

1
𝑥 exist?

Solution. From the right, 1/𝑥 → +∞; from the left, 1/𝑥 → −∞. The one-sided limits disagree, so
the two-sided limit does not exist. A limit exists onlywhenboth approaches agree on 1 finite value.

Question 7. Let 𝑓(𝑥) = 𝑥2 for 𝑥 < 1 and 𝑓(𝑥) = 2𝑥 − 1 for 𝑥 ≥ 1. Is 𝑓 continuous at 𝑥 = 1?

Solution. Left limit: 12 = 1. Right limit and value: 2(1) − 1 = 1. All 3 agree, so 𝑓 is continuous at 1.
Continuity at a point is exactly this 3-way agreement: left limit, right limit, and function value.

Question 8. Evaluate lim𝑥→0 𝑥2 sin(1/𝑥).

Solution. sin(1/𝑥) oscillates wildly but stays between −1 and 1, so −𝑥2 ≤ 𝑥2 sin(1/𝑥) ≤ 𝑥2. Both
bounds go to 0, so the squeeze theorem forces the limit to 0. Squeezing works precisely when a

bounded troublemaker is multiplied by something vanishing.

Question 9. State lim𝑥→∞ (1 + 1
𝑥
)
𝑥
.

Solution. The limit is 𝑒 ≈ 2.71828. This limit is the definition of 𝑒 and the reason continuous com-
pounding produces the factor 𝑒𝑟𝑡: compounding 𝑛 times a year gives (1 + 𝑟/𝑛)𝑛𝑡, which approaches
𝑒𝑟𝑡.

Question 10. Evaluate lim𝑥→0
1 − cos𝑥

𝑥2 .

Solution. Multiply by
1 + cos𝑥
1 + cos𝑥 :

1 − cos2 𝑥
𝑥2(1 + cos𝑥) = (sin𝑥𝑥 )

2
⋅ 1
1 + cos𝑥 → 1 ⋅ 12 = 1

2 . The 2 special
limits do the work together.

FAQs

Whydoweneedlimitsatall?

Limits give us a preciseway to talk about behavior arbitrarily close to a pointwithout requiring the

function to be defined there. Derivatives are limits of difference quotients. Integrals are limits of

Riemann sums. Continuity is defined in terms of limits. Without limits, calculus has no rigorous

foundation.

What'sthedifferencebetweena limitandthevalueatapoint?

The limit describes what the function approaches near a point. The value is what the function

actually equals at the point. They can differ: f(x) = (x2−1)/(x−1) has limit 2 as x→ 1 but is undefined
at x = 1. They can also disagree even when both exist (removable discontinuities).
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Cana limitbe infinite?

Yes, we say the limit is infinity when the function grows without bound near the point. Strictly

speaking, an infinite limit means the limit doesn’t exist as a real number, but the notation lim f(x)

=∞ communicates the unbounded behavior cleanly.

What isL'Hopital's ruleusedfor?

L’Hopital’s rule resolves indeterminate forms 0/0 and ∞/∞ by replacing the limit of a quotient
with the limit of the quotient of derivatives: lim f(x)/g(x) = lim f’(x)/g’(x), provided the new limit

exists. It’s powerful but has conditions; abuse it and you’ll get wrong answers.

Howare limitsdifferentfrominfinitesimals?

Limits are the standard formal foundation of modern calculus. Infinitesimals (numbers smaller

than any positive real but greater than zero) were used by Leibniz historically and were rehabili-

tated rigorously by non-standard analysis in the 1960s. Both approaches reach the same calculus;

limits won the textbook war.

What isthesqueezetheorem?

If a function is bounded between two functions that both approach the same limit, the bounded

function also approaches that limit. It’s the cleanest way to evaluate limits where direct methods

fail, including the foundational result lim sin(x)/x = 1 as x→ 0.

HowdoIknowifafunction iscontinuous?

A function f is continuous at point a when three things hold: f(a) is defined, the limit of f as x

approaches a exists, and the limit equals f(a). Polynomials, exponentials, and sines and cosines

are continuous everywhere. Rational functions are continuous wherever the denominator isn’t

zero. Piecewise functions need to be checked at their junctions.

What istheepsilon-deltadefinitionreallysaying?

It’s saying: no matter how strict a tolerance 𝜀 you give me for how close f(x) should be to L, I can
find a window of width 2𝛿 around the input a such that any x in that window (other than a itself)
gives f(x) within 𝜀 of L. The definition formalizes ’arbitrarily close’ without using infinitesimals.

Are limitsalwaysequal fromtheleftandright?

Not necessarily. Step functions, the absolute value function divided by x, and many piecewise

functions have left and right limits that differ at certain points. The two-sided limit exists only

when both one-sided limits exist and agree.
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What'sthedifferencebetweenlimitat infinityandinfinite limit?

A limit at infinity describes long-run behavior as the input grows without bound: lim f(x) = L as x

→∞. An infinite limit describes a function that grows without bound near a finite point: lim f(x)
=∞ as x→ a. Both use ’infinity’ but they’re conceptually different.

HowdoIevaluatea limitthatgives0/0?

Try algebraic simplification first, factor, cancel common terms,multiply by a conjugate. If algebra

doesn’t work, apply L’Hopital’s rule (differentiate numerator and denominator separately, then

take the limit). Sometimes Taylor series or the squeeze theorem is the cleanest path.

Whyis limsin(x)/x=1?

It’s a fundamental limit provedmost cleanly with the squeeze theorem and basic geometry. Com-

paring the area of a triangle, a circular sector, and a larger triangle inscribed in the unit circle gives

sin(x) ≤ x ≤ tan(x) for small positive x. Dividing by sin(x) and taking the limit produces the result.
This limit underpins the derivatives of every trig function.

What'sthedifferencebetweena limitandasequence limit?

Both are about long-run behavior, but a function limit lets the input vary continuously while a se-

quence limit moves through discrete values. The formal definitions are nearly identical: epsilon-

delta for functions, epsilon-N for sequences. Sequence limits are the foundation for series conver-

gence and Riemann sum definitions of integrals.

CanL'Hopital's rulefail?

Yes. The rule requires both numerator and denominator to give 0/0 or ∞/∞ at the limit point.
Apply it to other forms and you get wrong answers. Even when the form is right, the new limit

must exist; if not, L’Hopital is inconclusive. Sometimes the new derivative ratio is harder than the

original, and Taylor series or algebraic simplification is faster.
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