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Heisenberg Uncertainty Principle

Read this note online

The Heisenberg uncertainty principle says that certain pairs of physical properties, most fa-
mously position and momentum, cannot both be measured arbitrarily precisely. The more pre-
cisely you know one, the less precisely you can know the other. The bound is fundamental: it’s not
alimitation of measurement technology but a property of nature itself, baked into the structure of
quantum mechanics.

Werner Heisenberg formulated it in 1927, and it stands as one of the most famous and most mis-
understood ideas in physics. Popular culture treats it as a vague metaphor for "you can’t know
everything,” but the actual statement is precise: Ax - Ap > #/2, and similar inequalities apply to
other pairs of "complementary” observables. The principle reshapes everything from atomic sta-
bility to electron microscope design to the lower bound on energy in quantum systems.

The uncertainty relation concerns spreads in a quantum state. It is not simply a statement about
a poor measuring instrument.
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HEISENBERG UNCERTAINTY PRINCIPLE

It is impossible fo simulfaneously know a particle’s position and momentum
with arbitrary precision.
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Heisenberg uncertainty principle position momentum tradeoff modern textbook illustration

The Position-Momentum Statement

For any quantum particle:

where Ax is the standard deviation of position and Ap is the standard deviation of momentum.
Both Ax and Ap refer to spreads in the underlying probability distributions for position and mo-
mentum, not measurement errors. Even with perfect instruments, the product of these spreads
cannot fall below #/2.

The reduced Planck constant 7 = h/(27) ~ 1.055 x 10~3* J-s sets the scale. For everyday objects, 7/2
isso tiny that the uncertainty product is utterly unmeasurable. For atoms and subatomic particles,
the uncertainty bound is comparable to typical position and momentum scales, and it shapes their
behavior fundamentally.

Ax - Ap >

| S
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Why Position and Momentum Cannot Both Be Sharp

The reason is mathematical: in quantum mechanics, the position-space wavefunction ¥(x) and
the momentum-space wavefunction ¢(p) are Fourier transforms of each other. A function local-
ized sharply in position spreads broadly in frequency (and hence momentum); a function with
a narrow frequency content extends over a wide range in space. The Fourier transform forces a
trade-off, making one narrow makes the other wide.

This trade-off shows up in classical wave physics too: a brief sound pulse contains a wide range of
frequencies; a pure tone (single frequency) requires an infinite duration. Heisenberg’s principle is
the quantum mechanical version, where position and momentum are conjugate variables related
by the Fourier transform.

Worked Example: an Electroninan Atom

An electron is confined to roughly the size of a hydrogen atom: Ax ~ 107! m. The minimum
momentum uncertainty is:

The corresponding kinetic energy uncertainty: AE ~ p?/(2m,) ~ 1.4 x 107'° J ~ 0.9 eV. The actual
ground state energy of hydrogen is 13.6 eV, same order of magnitude. This isn’t coincidence: the
size of atoms and their characteristic energies are set by Heisenberg’s principle. An electron con-
fined to a smaller volume would have higher kinetic energy; the balance between Kinetic energy
and Coulomb attraction determines atomic size.

This is also why atoms are stable. Classical mechanics predicts that an electron orbiting a nucleus
should radiate energy and spiral in. Heisenberg’s principle prevents this, squeezing the electron’s
position too much raises its momentum (and kinetic energy) to the point where it can no longer
be bound. Atoms exist with their actual sizes precisely because of the uncertainty principle.

Ap > h/(2Ax) ~ 5% 1072° kg m/s

Other Conjugate Pairs
The position-momentum relation generalizes to any pair of "complementary” or “conjugate” ob-
servables. The general statement: for two observables A and B with operators A and B:

where [A,B] = AB — BA is the commutator. For position and momentum, [%, p] = ih, giving the
standard Ax - Ap > #/2.

Other pairs include orthogonal components of angular momentum (e.g., L, and L,), components
of spin (S, and S,), and certain field-conjugate momentum pairs in quantum field theory.
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AA - AB > %K[ ,B])|

The Energy-Time Uncertainty Relation

A separate but related uncertainty inequality involves energy and time:

The interpretation differs from the position-momentum case. Time isn’t an operator in standard
quantum mechanics, so At doesn’t have the same direct meaning as Ax. Several common inter-
pretations:

This relation explains why excited atomic states have natural linewidths in their emission spectra
(short-lived states have larger linewidths) and why virtual particles in quantum field theory can
briefly violate energy conservation.

h
AE - At > —
-2
At is the lifetime of a quantum state; AE is the natural width of its energy. At is the time required
to measure energy with precision AE. AE is the energy fluctuation possible during a process of
duration At, as in virtual particles in quantum field theory.

HEISENBERG UNCERTAINTY - THE POSITION-MOMENTUM TRADE-OFF

Sharper position means fuzzier momentum, and vice versa

A wavefunction localized in space spreads in momentum. A wavefunction localized in
momentum spreads in space. The product of the two spreads is bounded below by /2.
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Ax « Ap = A / 2 — thebound is fundamental, not a measurement limitation.

Heisenberg uncertainty position momentum tradeoff with two wavefunctions
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Common Misconceptions

”It’s about measurement disturbing the system.” Partly true but not fundamental. Even if no
measurement occurs, the uncertainty bound holds for the underlying probability distributions
of position and momentum. The principle reflects the structure of quantum mechanics, not just
measurement physics. It’s an experimental error bound.” No, Ax and Ap are spreads in the
actual probability distributions, not measurement errors. Better instruments don’t help. ”You
can’t know position OR momentum at all.” Wrong. You can measure either one as precisely as
you like. You just can’t have both narrowly distributed at the same time. It only applies to si-
multaneous measurements.” The bound applies to the underlying state’s distributions whether
or not you measure either quantity. It applies to all pairs of observables.” Only complemen-
tary pairs (with non-zero commutator) are constrained. Some quantities (e.g., energy and angular
momentum projection) commute and can both be sharp simultaneously.

Derivation Sketch

The derivation uses two main ideas. First, for any two operators A and B, the Cauchy-Schwarz
inequality gives:

Second, position and momentum operators in quantum mechanics satisfy the canonical commu-
tation relation:

The expectation value (ih) = ih, and |ik| = h. Plugging in: Ax - Ap > h/2. The derivation is short
and rigorous; the principle isn’t a hand-wave but a direct consequence of the algebraic structure
of quantum operators.

The minimum uncertainty product is achieved by Gaussian wavefunctions, the unique wavefunc-
tions that satisfy the equality Ax - Ap = #/2. For all other wavefunctions, the product is strictly
greater.

AA - AB > %K[A,BDI

[%, p] = ih

Applications and Consequences

Atomic structure: the principle sets the size of atoms and explains why they don’t collapse. Zero-
point energy: confined particles always have nonzero Kinetic energy. Liquid helium remains lig-
uid at absolute zero because its zero-point motion prevents solidification at atmospheric pres-
sure. Electron microscopes: imaging at nanometer resolution requires high-momentum elec-
trons (high kinetic energy), per uncertainty. Particle physics: short-lived particles have wide en-
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ergy uncertainties, making them appear in detectors as broad resonances rather than sharp peaks.
Quantum cryptography: protocols like BB84 use measurement disturbance, itself related to un-
certainty, to detect eavesdropping. Vacuum fluctuations: the time-energy form predicts virtual
particles continuously appearing and vanishing in vacuum, leading to measurable effects like the
Casimir force and Lamb shift.

The Observer Effect vs. Heisenberg Uncertainty

The "observer effect”, that observation disturbs the system, is a real phenomenon but distinct from
Heisenberg’s principle. Observer effects exist in classical systems too (measuring a tire’s air pres-
sure releases a small amount of air). They depend on the specific measurement technology.

Heisenberg uncertainty is fundamental and survives even ideal measurements with no distur-
bance. It’s a property of quantum states, not of measurement processes. Conflating the two leads
to the popular but inaccurate view of “uncertainty” as a measurement disturbance issue rather
than the deeper structural fact about quantum mechanics it actually is.

The Macroscopic Limit

For macroscopic objects, #/2 is so tiny that the uncertainty bound is unmeasurable. A 1 kg ball
localized to within 1 micrometer (Ax = 10~% m) has minimum momentum uncertainty Ap > 5 x
1072 kg m/s, corresponding to velocity uncertainty of 5 x 1072° m/s. Far below any conceivable
measurement precision.

This is why the macroscopic world appears classical despite being fundamentally quantum. As
mass and length scales grow, the relative uncertainty shrinks toward zero, and quantum mechan-
icssmoothly transitions into classical mechanics. The transition isn’t sharp; it’s a continuous limit
governed by #.

Quantum Cryptography and Information

Heisenberg’s principle is the security foundation for quantum key distribution (QKD). In the BB84
protocol, Alice sends Bob photons polarized in one of two non-commuting bases. An eavesdropper
Eve must measure each photon, but measuring in one basis disturbs the other, the act of eaves-
dropping introduces detectable errors.

The security is information-theoretic, not computational, it doesn’t depend on the eavesdropper’s
computing power. Anywhere a classical communication channel could be intercepted, aquantum
channel exploiting Heisenberg’s principle can detect the interception. Commercial QKD systems
exist today; they’re slower than classical encryption but provably secure against future quantum
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computers.

A Brief History

Werner Heisenberg formulated the uncertainty principle in his 1927 paper "On the perceptual con-
tent of quantum theoretical kinematics and mechanics.” Niels Bohr soon refined the conceptual
presentation and connected it to his complementarity principle. By 1930, the uncertainty princi-
ple was a standard part of the quantum mechanical canon.

Earl Kennard (1927) and Hermann Weyl (1928) provided the rigorous mathematical proofs from the
canonical commutation relations. Robertson (1929) generalized to arbitrary pairs of observables.
The principle has been experimentally tested with extraordinary precision throughout the 20th
and 21st centuries; no violation has ever been observed.

In recent decades, “stronger” uncertainty relations have been derived (e.g., by Maccone and Pati,
2014) that bound the sum of variances rather than the product. These don’t replace the original
Heisenberg bound but supplement it with additional constraints in certain cases.

Why It Matters

Heisenberg’s uncertainty principle shows that quantum mechanics imposes structural limits on
what can be known about physical systems. It’s not a statement about ignorance or measurement
clumsiness, it’s a statement that some pairs of properties simply don’t have simultaneous sharp
values in nature.

This idea reshaped 20th-century physics and philosophy. The deterministic world of Newton and
Laplace gave way to the probabilistic world of quantum mechanics, where complete knowledge of
certain pairs of properties is logically impossible. Modern atomic, molecular, condensed matter,
and high-energy physics all live with, and exploit, this fundamental uncertainty.

Standard vs Generalized Uncertainty Relations
The standard Heisenberg position-momentum bound is the simplest case of a much broader fam-
ily. The generalized Robertson uncertainty relation gives:

for any two observables. Stronger inequalities, Schrodinger uncertainty relation, Maccone-Pati
sum-of-variances inequality, exist and provide tighter bounds in particular situations. None vio-
lates the original Heisenberg bound; they supplement it.

Modern research in quantum information and metrology actively explores how these stronger un-
certainty relations affect the limits of quantum measurement, parameter estimation, and quan-
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tum algorithms.

~

AA - AB > %K[ ,B])|

Heisenberg Uncertainty in Quantum  Field Theory

In quantum field theory, the time-energy uncertainty relation underlies the existence of virtual
particles. During short time intervals At, energy fluctuations of magnitude AE ~ #/At can briefly
create particle-antiparticle pairs out of vacuum. These virtual particles can’t be directly observed
but produce measurable effects: the Casimir force between conducting plates, the Lamb shift in
hydrogen energy levels, and corrections to the magnetic moment of the electron.

The vacuum is therefore not empty, it’s a seething sea of virtual particles continuously appear-
ing and vanishing. Quantum field theory takes this picture seriously, and experimental measure-
ments of vacuum effects (like the Lamb shift) match quantum field theory predictions to extraor-
dinary precision.

Why Heisenberg Uncertainty Saves Atomic Stability

Classical physics predicts that an electron orbiting a nucleus should radiate energy and spiral in-
ward, atoms shouldn’t exist for more than a fraction of a second. Heisenberg’s uncertainty prin-
ciple saves the picture. As the electron is squeezed closer to the nucleus, its position uncertainty
shrinks, and its momentum uncertainty (and hence kinetic energy) must grow. The kinetic energy
cost eventually exceeds the Coulomb binding energy gain, and the system stabilizes at a finite size.

The Bohr radius (~0.5 Angstrém for hydrogen) emerges from the balance of these two compet-
ing energies. Without the uncertainty principle, atoms would have no minimum size. The world
we live in, with stable atoms, molecules, and chemistry, exists precisely because Heisenberg un-
certainty prevents electrons from collapsing onto nuclei. It’s not a peripheral curiosity; it’s why
matter is matter.

Heisenberg's Microscope Thought Experiment

Heisenberg’s original 1927 paper used a thought experiment to motivate the uncertainty princi-
ple. To measure an electron’s position with a microscope, you have to bounce a photon off it.
Shorter-wavelength photons give better position resolution but carry more momentum, Kicking
the electron and disturbing its momentum.

The disturbance is fundamental, using softer photons reduces the kick but makes position less pre-
cise. The product of position and momentum uncertainties hits the same lower bound regardless
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of how cleverly you design the experiment. This was the original conceptual story for the prin-
ciple, though the modern understanding (the principle holds even without measurement, due to
the Fourier-transform structure of quantum mechanics) is deeper than the microscope picture
suggests.

Quantum Limitsin Metrology

The Heisenberg uncertainty principle sets the ultimate limits of measurement precision. The
“standard quantum limit” is the precision achievable using classical light and detection. The
“Heisenberg limit” is the ultimate bound permitted by quantum mechanics, achievable only with
exotic quantum states like squeezed light or entangled photons.

Modern gravitational wave detectors (LIGO, Virgo) operate near the standard quantum limit and
use squeezed-light injection to push beyond it. Quantum sensors for magnetic fields, time, and
acceleration all bump up against uncertainty-principle bounds. The next generation of precision
measurement is shaped by clever ways to manipulate quantum uncertainty rather than fight it.

The OpenStax physics textbooks develop the corresponding physical models with further worked
problems.

A Lower-Bound Estimate
If an electron state has position standard deviation 1.0 x 107! m along an axis, the momentum
standard deviation along that axis is at least #/(2Ax), approximately 5.27 x 10~2° kg-m/s.

Using the nonrelativistic relation between momentum and velocity gives a velocity spread of
roughly 5.79 x 10° m/s for an electron. This is a spread, not a definite velocity assigned to the
particle. Minimum-uncertainty Gaussian states can attain the position-momentum bound; many
states have a larger uncertainty product.

The points to check in this example are:

- The symbols Ax and Ap denote state-dependent standard deviations in this relation.
« The bound applies to the corresponding position and momentum components.

« Alower bound does not force every state to have exactly that product.

Check Your Understanding

Try the questions before reading the answers.

Question 1. Can both spreads be made arbitrarily small in the same state?
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Answer. No.
Question 2. Does the relation impose an equal uncertainty on every physical observable?

Answer. No. The relevant operator relation and state determine the bound.

Practice Questions

Work each question before reading its solution. The set runs from direct recall and substitution to
the applied questions that exams actually use to separate grades. The downloadable PDF includes
these questions and their solutions.

Question 1. State the Heisenberg uncertainty principle mathematically and in words.

Solution.

NS

AxAp >

The product of the uncertainties in position and momentum has an absolute minimum, set by #
(the reduced Planck constant). It is impossible, not merely difficult, to know both simultaneously
to arbitrary precision: this is a property of nature, not a limitation of instruments.

Question 2. Correct the common misconception: "The uncertainty principle exists because the
act of measuring disturbs the particle.” What is wrong with this explanation, and what is the more
accurate statement?

Solution. This “observer effect” story is popular but incomplete: it suggests better technology
could someday beat the limit, when in fact the uncertainty is built into the WAVE NATURE of
matter itself, independent of any measurement apparatus. A particle in a state of definite position
genuinely has no well-defined momentum to disturb; the limit exists in the particle’s description
before any observation occurs.

Question 3. Explain the wave-packet argument: why does confining a particle to a smaller region
of space necessarily increase the spread of its possible momenta?

Solution. A particle with a precisely defined momentum corresponds to a pure wave of a sin-
gle, exact wavelength, spread infinitely in space (by definition, since a pure wave has no localiza-
tion). To confine that wave into a small region, MANY different wavelengths must be superposed
and interfere destructively everywhere except that region, and having many different wavelengths
present means many different possible momenta (via p = h/1) are simultaneously encoded. Nar-
row the space, and you are forced to widen the range of momentum components needed to build
that narrow packet.

Question 4. An electron is confined to a region of width 1 x 10~1° m (roughly an atomic diameter).
Estimate the minimum uncertainty in its momentum.
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. h 1.055 x 10734
lution. Ap > =
Solution. Ap > 7 2 % 10-10

typical atomic-electron momenta, which is exactly why electrons cannot sit still at a fixed point

~ 5.3 x 1072 kg-m/s. This is not a small number relative to

inside an atom, and why atoms have a minimum size instead of collapsing.

Question 5. Using the result from the previous question, explain in 1 sentence why an electron
cannot simply spiral into the nucleus and sit at rest there, resolving a puzzle that plagued pre-
quantum atomic models.

Solution. Confining the electron to the tiny volume of a nucleus (Ax extremely small) would force
an enormous Ap, giving it a huge minimum Kkinetic energy that overwhelms the electrostatic at-
traction pulling it inward, so quantum mechanics itself prevents the collapse that classical physics
could not explain.

Question 6. State the time-energy uncertainty relation, and explain how it permits “virtual parti-
cles” to briefly violate energy conservation.

Solution. AE At > h/2: energy can be "borrowed” by an amount AE provided it is repaid within
a time At ~ #/(2AE). This underlies virtual particle-antiparticle pairs popping in and out of the
vacuum, real, measurable effects (contributing to phenomena like the Casimir effect and Hawking
radiation) built entirely on temporary energy loans that must be paid back almost instantly.

Question 7. Why does the uncertainty principle have essentially no observable effect on the tra-
jectory of a thrown baseball, despite technically applying to it too?

Solution. # is extraordinarily small (1.055 x 10734 J-s), so for a baseball’s mass (~0.145 kg), the
minimum AxAp the principle demands is many, many orders of magnitude smaller than any mea-
surement could ever detect. Quantum uncertainty is real for the baseball in principle, but utterly
swamped by ordinary measurement imprecision, which is why classical mechanics works per-
fectly for everyday objects.

Question 8. Explain how the uncertainty principle, applied to angular position and angular mo-
mentum, or more directly to conjugate variable pairs, connects to the existence of zero-point en-
ergy: why can a quantum harmonic oscillator never have exactly zero energy, even at absolute
Zero temperature?

Solution. Zero energy would require both zero momentum (Ap = 0, particle perfectly still) and a
precisely defined position at the potential minimum (Ax = 0) simultaneously, which directly vio-
lates AxAp > #/2. The oscillator is forced to retain a minimum “jiggle,” the zero-point energy %hw,
even in its coldest, lowest-energy ground state; this is measurable and confirmed experimentally,
not a theoretical curiosity.

Question 9. Distinguish the Heisenberg uncertainty principle from measurement error or exper-
imental noise. If a laboratory somehow eliminated ALL instrumental imperfections, would posi-
tion and momentum uncertainties vanish together?

Solution. No. Even a perfect, noiseless, infinitely precise instrument could not beat the bound,
because the uncertainty is a property of the quantum STATE itself, not of the measuring appara-
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tus. Improving instruments can approach the theoretical limit AxAp = #/2 exactly (a "minimum
uncertainty state”), but can never go below it; this is the crucial distinction between a fundamental
law of nature and an engineering limitation.

Question 10. Electron microscopes achieve far finer resolution than light microscopes. Connect
this to the uncertainty principle by explaining the tradeoff between wavelength and momentum
that governs resolving power.

Solution. Resolving power is fundamentally limited by the probe’s wavelength (shorter wave-
length resolves finer detail), and via the de Broglie relation A = h/p, a shorter wavelength demands
higher momentum. Electrons can be accelerated to momenta far exceeding what visible-light pho-
tons carry, achieving wavelengths thousands of times shorter and correspondingly far finer reso-
lution; the tradeoff between wavelength and momentum, itself rooted in the same wave-particle
framework underlying the uncertainty principle, is why electron microscopes can resolve individ-
ual atoms while optical microscopes fundamentally cannot.

FAQs

Whatis Heisenberg's uncertainty principle?

A fundamental limit in quantum mechanics: certain pairs of properties (like position and momen-
tum) cannot both be measured arbitrarily precisely. The product of their uncertainties is bounded
below by #/2. The bound is structural, not a measurement limitation, it reflects how quantum
states actually behave.

Whatdoes Ax - Ap > 71 /2mean?

The product of position uncertainty and momentum uncertainty must be at least #/2 ~ 5.3 x 10~
kg-m?/s. Make Ax very small (precise position) and Ap must be large (imprecise momentum), and
vice versa. The trade-off is mathematical and unavoidable.

Is the uncertainty principle about measurement disturbing the system?

Partly, but the deeper truth is structural. Even without any measurement, the underlying prob-
ability distributions for position and momentum can’t both be sharp. Measurement disturbance
is one consequence of the underlying quantum structure, but the uncertainty principle is funda-
mentally about the nature of quantum states themselves.
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Why does the uncertainty principle exist?

Because position and momentum wavefunctions are Fourier transforms of each other. Localiz-
ing one in real space spreads the other in frequency (momentum). The trade-off is mathemati-
cal, present in any wave-based theory, and quantum mechanics inherits it because particles have
wavefunctions.

Whatis the energy-time uncertainty relation?

AE - At > 7/2, with various interpretations: short-lived states have wider energy spreads, time re-
quired to measure energy precisely is bounded, virtual particles can fluctuate in energy briefly.
Time isn’t a true operator in standard QM, so the relation requires careful interpretation.

Does the uncertainty principle apply to all observables?

Only to pairs with non-zero commutator [A, B]. The general bound is AA - AB > %[([A, B])|. Position-
momentum pairs and orthogonal angular momentum components have non-zero commutators
and obey uncertainty relations. Pairs that commute (like energy and angular momentum projec-
tion in some systems) can both be sharp simultaneously.

How does the uncertainty principle affect atom stability?

It prevents electrons from collapsing into nuclei. Squeezing an electron’s position raises its mo-
mentum and kinetic energy (per uncertainty). The balance between Coulomb attraction (lower
energy when closer to the nucleus) and kinetic energy (higher when localized) sets atomic size.
Without the uncertainty principle, atoms would collapse.

Who discovered the uncertainty principle?

Werner Heisenberg formulated it in 1927. Earl Kennard and Hermann Weyl provided rigorous
mathematical proofs shortly after. Niels Bohr connected it to his complementarity principle.
Robertson generalized to arbitrary pairs of observables in 1929.

What's the difference between Heisenberg uncertainty and the observer effect?

Observer effects exist in classical systems too, any measurement can disturb the system. Heisen-
berg uncertainty is a fundamental quantum-mechanical structural limit that holds even for ideal
non-disturbing measurements. They’re related but conceptually distinct.

Why don't we see uncertainty effectsin everyday life?

Because #/2 is incredibly small (~5 x 1073° J-s). For macroscopic objects, the uncertainty product
is many orders of magnitude smaller than typical measurement precision. The classical world is
the limit of the quantum world as scales grow large compared to #.
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How is the uncertainty principle used in quantum cryptography?

Quantum key distribution (BB84 protocol) sends photons in non-commuting polarization bases.
An eavesdropper must measure photons to gain information, but measurements in one basis dis-
turb the other (related to uncertainty), introducing detectable errors. This makes the security
information-theoretic, not computational.

Whatis zero-point energy?

The minimum energy of a quantum system, present even at absolute zero temperature. It’sadirect
consequence of Heisenberg uncertainty: a particle confined in space must have nonzero kinetic
energy, otherwise its momentum would be exactly zero with infinite position uncertainty (which
would conflict with confinement). Liquid helium’s failure to solidify at atmospheric pressure is a
macroscopic manifestation.

What are virtual particles?

Particles that briefly appear and disappear from the vacuum due to time-energy uncertainty. They
cannot be directly observed but produce measurable effects like the Casimir force, the Lamb shift,
and corrections to the electron’s magnetic moment. Quantum field theory describes them rigor-
ously; they’re real in the sense that their effects are measurable, even if the particles themselves
can’t be detected directly.
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