Gaurav Tiwari Mathematics Study Notes

Gradient and Divergence

Read this note online

Gradient and divergence are vector-calculus operators that extract geometric information from
scalar and vector fields. The gradient of a scalar field points in the direction of steepest increase
and has magnitude equal to the rate of that increase. The divergence of a vector field measures
the net outflow per unit volume at a point, how much the field ’spreads out’ from there. Both
are written with the nabla operator V and are essential in fluid dynamics, electromagnetism, heat
transfer, and any setting where quantities vary in space.

The gradient acts on a scalar field and the divergence acts on a vector field. Keeping those input
and output types clear prevents many notation errors.

Gradient Divergence
A

Gradient (Vf) points in the direction of steepest ascent. Divergence (V-F) measures the net outflow of a vector
field.
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The Nabla Operator

The nabla or del operator is a formal vector of partial derivatives:
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Applied to a scalar field, it produces a vector (the gradient). Combined as a dot product with a

vector field, it produces a scalar (the divergence). Combined as a cross product with a vector field,
it produces another vector (the curl, beyond this note).

Gradient

For a scalar field f(x,y, z) (think temperature or elevation), the gradient is the vector:

Direction: the gradient at a point is perpendicular to the level surface (or level curve) through that
point and points 'uphill’, the direction of steepest increase.

Magnitude: equals the slope of the steepest ascent at that point. A flat region (constant f) has
gradient zero.

Example. f(x,y) = x2 + y2. Vf = (2x,2y). At (1,1), Vf = (2,2), pointing diagonally away from the
origin. Makes sense: the function increases fastest in the direction away from the minimum.

Divergence

For a vector field F = (F,, E,, ;) (think fluid velocity or electric field), the divergence is the scalar:
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Physical interpretation. V - F at a point is the net outflow per unit volume from an infinitesimal
box around the point.

. Positive divergence: field is *spreading out’ (a source). Example: F = (x, y,z)hasV - F=3>0,
field radiates from the origin.
» Negative divergence: field is converging (a sink).

« Zero divergence: field is incompressible, what flows in flows out. Magnetic fields in classical
electromagnetism have zero divergence everywhere (no magnetic monopoles).
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Worked Example

F(x,y,z) = (x2,xy,z). Compute V - F.

%(xz) = 2X, %(xy) =X, aa—z(z) =1.S0V-F=2x+x+41=3x+1. The divergence depends on

position, varies linearly in x.

Divergence Theorem

The divergence theorem (Gauss’s theorem) connects local and global behavior:

fffv(v-ﬁ)dvzﬁgvﬁ-dj

The total divergence inside a volume V equals the total flux out through its boundary surface. This
is the precise mathematical statement of "'what goes out must come from inside’.

Why They Matter

- Electromagnetism. Two of Maxwell’s four equations involve divergence: V-E = p/e, (charges
are sources of electric field) and V-B = 0 (no magnetic monopoles).

+ Fluid dynamics. Continuity equation: dp/dt + V-(ov) = 0. Mass is conserved if outflow at a point
matches the rate of density decrease. Incompressible fluids satisfy V-v = 0.

« Heat transfer. The heat equation involves the Laplacian, which is the divergence of the gradi-
ent: 0T/ot=a V-(VT) = a V?T.

« Optimization and machine learning. Gradient descent updates parameters opposite to the
gradient of a loss function. Every modern neural network is trained this way.

« Topographic and physical maps. Contour lines on a map are level curves; gradient arrows
point perpendicular to them and uphill.
Related study notes: Partial Derivatives, Gauss’s Law, Maxwell’s Equations, Differential Equa-

tions.

The related OpenStax mathematics textbooks provide additional explanations and exercises for
the mathematical definitions used here.
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AField Calculation
For f(x,y) = x* + 2y?, the gradient is (2x, 4y). At (1,1), it is (2,4). The directional derivative along a
unit vector u is the dot product of this gradient with u; along the positive x-axis it is 2.

For the vector field F(x,y) = (x,y), the divergence is 1 + 1 = 2. This positive value describes local
outward spreading in the field. A zero divergence indicates zero local net source density; it does
not mean the vector field vanishes or has no circulation.

The points to check in this example are:

« A gradient has a component for each coordinate direction.
« A directional derivative requires a unit direction if it is to measure change per unit distance.

« Divergence is a scalar formed by summing the corresponding component derivatives.

Check Your Understanding

Try the questions before reading the answers.

Question 1. What is the gradient of a constant scalar field?
Answet. The zero vector.

Question 2. What is the divergence of F = (-y,x) in the plane?

Answer. 0, though the field rotates around the origin.

Frequently Asked Questions

Whatis the gradient of a function?

The gradient Vf of a scalar field f(x, y, z) is the vector of its partial derivatives: (3f/dx, 8f/dy, 3f/3z).
It points in the direction of steepest increase of f and has magnitude equal to the rate of increase
in that direction. It’s perpendicular to level surfaces of f.

Whatis divergence?

The divergence V-F of a vector field F is the scalar sum of its diagonal partial derivatives: 0F_x/dx +
dF_y/dy + 0F_z/0z. It measures the net outflow per unit volume at each point. Positive divergence
means a source (field spreads out); negative means a sink; zero means flow is incompressible.
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What does the symbol V mean?

V is the ‘'nabla’ or ’del’ operator, a formal vector of partial derivatives. Applied to a scalar f, Vf gives
the gradient (a vector). Dotted with a vector field F, V-F gives the divergence (a scalar). Crossed
with F, VXF gives the curl (a vector). It’s the central notation of vector calculus.

How is the gradient used inmachinelearning?

Gradient descent: to minimize a loss function L(6) over model parameters 6, compute VL (the
vector of partial derivatives), then take a small step in the direction — VL. Repeating drives 6 toward
a local minimum. Backpropagation is the chain rule applied to compute VL efficiently for neural
networks.

Whatis thedivergence theorem?

Also called Gauss’s theorem. It states that the integral of the divergence of a vector field over a
volume equals the flux of the field through the boundary surface: f /S V-F dV = §§ F-dA. It’s the
higher-dimensional analogue of the fundamental theorem of calculus.

Why does V-B = 0Oin electromagnetism?

Because no magnetic monopoles have ever been observed. Magnetic field lines always form closed
loops, they don’t start or end anywhere. The mathematical expression of 'no isolated magnetic
charges’ is that the divergence of the magnetic field is zero everywhere. This is one of Maxwell’s
equations.
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