Gaurav Tiwari Mathematics Study Notes

Determinants

Read this note online

Determinants in linear algebra are scalar values computed from square matrices that capture
how the matrix scales volumes (or signed volumes) under its corresponding linear transformation.
Despite their simple-looking definition, determinants encode a remarkable amount of structural
information about a matrix: invertibility, orientation, eigenvalue products, and more.

If the determinant is zero, the matrix is singular, its columns are linearly dependent and it has
no inverse. If the determinant is positive, the transformation preserves orientation; if negative, it
flips orientation. The absolute value tells you the scaling factor for volumes. These three pieces of
information are why determinants appear so often in matrix analysis.

This study note covers the 2x2 formula, cofactor expansion for larger matrices, the geometric in-
terpretation, the standard properties, the connection to invertibility, applications, common pit-
falls, and a brief history.

The determinant measures signed volume scaling for a square linear transformation. A zero value
identifies a loss of dimension.
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DETERMINANTS

1. 2x2 MATRIX 3. GEOMETRIC INTERPRETATION (2D)
a B Let A= [Vl V2 ] be a 2x2 matrix whose columns
Let A= o 1l det (A) = ad - be are vectors V; and v, in R
€ & Y
Step by step: C/\,Y:\d, W, == The area of the parallelogram
1. Multiply the main diagonal: a xd = ad h/ \ S spanned by vy and Vv, is
2. Multiply the off diagonal: bxc=bc ad - bc e | det (A)] .
V.
3. Subtract: det (A) = ad - bc det (A) = ad - be ol L =
Area = |det (A)] = | vy, voy = vy Vil

— COFACTOR EXPANSION ALONG FIRST ROW
el The sign of det(A) indicates orientation:

Ay Qn Qg3 Expand along the first row: det(A) >0 — (v, V,) is counterclockwise

Let A=(a; 1y ay : 2
21 22 2 MM et s o s s det (A) <0 — (vy,V,) is clockwise

A3y Az, Q33

where C,; = (1)t My Minors and cofactors: 4. PROPERTIES
M[ ] Mm[an au} o det (AB) = det (A)det (B)

d M. is the mi o M,, = [“zz '113]
an j is the minor of ay;.
hit e & 3 B3 Determinant of a product is the product of determinants.

A3y A3 a3 Ay

Cu = (+1) My, Co=(-1)My, Cis= (+1) My o det (AT) = det (A)

Determinant is unchanged by transpose.

Therefore, » 1
det (A) = ayy (+1)Myy + agy (-1) My, + ayy (#1) My, o e det (A) (detCA) #:0)

Determinant of the inverse is the reciprocal of the determinant.

Determinants in linear algebra 2x2 3x3 cofactor expansion modern textbook illustration

The2x2Formula

For a 2x2 matrix:

This is the simplest case. Multiply the diagonal entries, subtract the product of the off-diagonal
entries. Easy to compute, easy to remember.

Geometrically, this equals the signed area of the parallelogram with sides given by the column vec-
tors (a,c) and (b, d). The sign indicates orientation: positive if the vectors are in counterclockwise
order, negative if clockwise.

b
det =ad — bc

The 3x3 Formula and Cofactor Expansion

For a 3x3 matrix:

This is cofactor expansion along the first row. Each entry a,; is multiplied by the determinant of
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the 2x2 matrix obtained by deleting row 1 and column j, with alternating signs.
Cofactor expansion generalizes to any n x n matrix:

where M, ; is the determinant of the (n—1)x(n—1) submatrix obtained by deleting row 1 and column
j. You can expand along any row or column; the answer is the same.

detA = a;1(ayas; — axas;) — a15(ax1a33 — A3031) + a13(a2 a3, — Axa3)

n
detA = Z(—1)1+J alelj
Jj=1

Geometricinterpretation

The determinant of an n x n matrix equals the signed volume of the parallelepiped spanned by its
column vectors. In 2D, that’s a parallelogram area. In 3D, it’s a parallelepiped volume. In higher
dimensions, the same idea extends to "hypervolume” measured in n-dimensional units.

The sign indicates orientation. In 3D, positive determinant means the columns form a right-
handed coordinate system; negative means left-handed. This is why determinants appear in
change-of-variable formulas in multivariable calculus, the absolute value adjusts for the volume
scaling, and the sign tracks orientation.

A determinant of zero means the columns are linearly dependent and the parallelepiped is degen-
erate (collapsed to lower dimension, with zero volume). This is the geometric meaning of singu-
larity.

Properties

The last three properties are the engine behind row-reduction-based determinant computation.
They let you reduce a matrix to triangular form (whose determinant is just the product of diagonal
entries) while tracking sign changes and scaling factors.

det(I) = 1. The identity preserves volumes. det(AB) = det(A)det(B). The product rule.
det(AT) = det(A). Transpose preserves determinant. det(4™!) = 1/det(A). Inverses divide.
det(cA) = c"det(A) for an n x n matrix. Scalars scale every row. Swapping two rows changes the
sign of the determinant. Adding a multiple of one row to another doesn’t change the determinant.
Multiplying a row by ¢ multiplies the determinant by c.

Determinants and Invertibility

A square matrix is invertible if and only if its determinant is nonzero. Equivalent statements:
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This invertible matrix theorem ties determinant to nearly every other structural property of the
matrix. Singular matrices fail all of these conditions simultaneously.

det(A) # 0 The columns of A are linearly independent. The rows of A are linearly independent.
The rank of A equals n. The system AX = b has a unique solution for every b. The system AX = 0
has only the trivial solution X = 0. Zero is not an eigenvalue of A.

Worked Example: 3x3 Determinant

213

Compute the determinantof A=|1 o 2|

4 1 1
Expand along the first row:

The determinant is 6, so the matrix is invertible. The parallelepiped spanned by the column vec-
tors has volume 6 cubic units.

detA=2(0-1-2-1)—1(1-1—2-4)+3(1-1—0-4)

=2(-2)—1(-7)+31)=-4+7+3=6

Computing Determinants Efficiently

Cofactor expansion has factorial complexity (O(n!)) and is unusable for large matrices. The stan-
dard efficient method is row reduction to upper triangular form, then multiplying the diagonal
entries:

This is O(n®), the same complexity as Gaussian elimination. Numerical libraries (NumPy
linalg.det, MATLAB det) use LU decomposition under the hood for the same reason.

For special matrices, diagonal, triangular, sparse, even faster methods apply. The determinant of
a triangular matrix is just the product of its diagonal entries.

Reduce A to upper triangular U using row operations. Track sign changes from row swaps. Deter-
minant equals (=1)*¥2* . TT. Uj;.

Cramer's Rule

Cramer’s rule expresses the solution of AX = b using determinants:
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where A, is A with column i replaced by b. The formula is elegant but computationally expensive
for anything past 3x3, it requires n + 1 determinants. For practical computation, Gauss-Jordan
elimination is faster.

Cramer’s rule is more useful as a theoretical tool. It proves that the solution depends continuously
on the entries of A and b (away from singularity). It also gives explicit closed-form solutions for
symbolic problems.

o det(Al)
X = Fet(a)

Determinantsin Calculus and Change of Variables

The Jacobian determinant appears in multivariable change-of-variable formulas:

where J; is the Jacobian matrix of the transformation T. The absolute value of the determinant
accounts for how the transformation locally stretches or compresses volume.

This is why polar, cylindrical, and spherical coordinate transformations all have specific Jacobian
factors (r, r, p? sin ¢ respectively). The Jacobian factor is the determinant of the coordinate trans-
formation matrix.

The same idea extends to probability density transformations: if Y = g(X) is a smooth invertible
transformation, the density of Y involves the Jacobian determinant of g=!, a direct application of
the change-of-variable formula.

[/Rf(x) dx = _[/Sf(T(u))ldetJﬂdu

Determinants and Eigenvalues

The determinant equals the product of eigenvalues. For a 2x2 matrix with eigenvalues 4;, 1,:

This generalizes to n-dimensional matrices: det A = H?:l A;. I’'s a direct consequence of writing A
in eigenvector basis (when diagonalizable), the determinant of a diagonal matrix is the product of
its diagonal entries.

The trace, by contrast, is the sum of eigenvalues. Together, trace and determinant fully determine
the eigenvalues of a 2x2 matrix (since they appear as coefficients of the characteristic polynomial
2 —(tr A)A + detA = 0).

detA = 1112
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Determinants and Linear Independence

For an n x n matrix whose columns are vectors vy, ..., V,, the determinant is nonzero if and only if
the vectors are linearly independent.

This gives a quick computational test: stack the vectors as columns of a matrix, compute the deter-
minant, and check whether it’s zero. Useful for verifying that a proposed basis is actually a basis,
or that a set of constraint equations actually constrains all variables.

For non-square sets of vectors, use the rank or compute the determinant of ATA (Gram matrix).
Zero rank or zero Gram determinant implies linear dependence.

Where Determinants Show Up

Solving linear systems: Cramer’s rule expresses solutions in terms of determinants. Inverting
matrices: the inverse formula involves 1/ det(A) and the adjugate matrix. Multivariable calcu-
lus: Jacobian determinants in change-of-variable formulas for multiple integrals. Differential
equations: Wronskian determinants test linear independence of solution sets. Geometry: areas,
volumes, and orientation tests in computational geometry. Cryptography: matrix-based ciphers
(Hill cipher) require invertible matrices, tested via determinant. Eigenvalue computation: the
characteristic polynomial is det(A — AI) = 0. Computer graphics: backface culling uses signed
area tests; ray-triangle intersection uses determinant-based barycentric coordinates.

Common Mistakes with Determinants

Computing determinants by cofactor expansion for large matrices. The cost is factorial; use
row reduction or LU decomposition for n > 3. Forgetting the alternating signs in cofactor
expansion. The sign of M;; is (—1)"*/, giving a checkerboard pattern. Thinking det(4 + B) =
det(A) + det(B). It generally doesn’t. Determinants don’t distribute over addition. Confusing
determinant with trace. Determinant is product of eigenvalues; trace is sum. Treating a small
determinant as effectively zero. Numerical noise can make zero determinants appear nonzero.
Use rank tests or condition numbers for robust singularity detection. Forgetting that swapping
rows changes the sign. Row swaps during reduction must be tracked to get the correct determi-
nant sign.

Determinants of Specific Matrix Types

These special-case formulas often let you compute determinants without going through the full
cofactor expansion.

gauravtiwari.org Page 6


https://gauravtiwari.org/

Identity: det(I) = 1. Diagonal: product of diagonal entries. Triangular (upper or lower): prod-
uct of diagonal entries. Orthogonal: +1. Orthogonal matrices preserve volumes; the sign indi-
cates orientation. Permutation: +1 depending on whether the permutation is even or odd. Block
diagonal: product of determinants of the blocks. Vandermonde: product of differences (x; — x;)
foralli < j. Nonzero if and only if all x; are distinct.

A BriefHistory

Determinants predate matrices. Seki Kowa in 17th-century Japan and Leibniz independently
developed determinant calculations for solving linear systems. Cramer’s rule appeared in
1750. The term “determinant” was coined by Carl Friedrich Gauss in his 1801 Disquisitiones
Arithmeticae. Augustin-Louis Cauchy systematized the modern theory in 1812 with the proof of
det(AB) = det(A) det(B).

Throughout the 19th century, determinants were the central tool of linear algebra. Matrices
weren’t formalized as objects until Cayley’s work in the 1850s and 1860s. Today, matrices
have largely supplanted determinants as the primary object of study, but determinants remain
essential for invertibility tests, eigenvalue computation, and change-of-variable formulas.

Wronskian and Linear Independence of Functions

The Wronskian generalizes the determinant to test linear independence of functions. For func-
tions fi, f>, ..., f,» the Wronskian is the determinant of the matrix whose rows are the functions and
their derivatives:

If the Wronskian is nonzero at any point, the functions are linearly independent. The Wronskian
is the standard tool in differential equations for verifying that solutions form a fundamental set.

h Lo

W(fy, ..., f,) = det i Lo

(n-1)  ((n-1) (n—1)
A 5 v

Determinantsin Computer Graphics

Computer graphics uses determinants constantly. Triangle orientation tests use the sign of a 2D
determinant. Backface culling discards triangles facing away from the camera by checking the
sign of the dot product between normal and view direction (which involves a 3D cross product,
computed via determinant).
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Ray-triangle intersection algorithms compute barycentric coordinates using 3x3 determinants.
Mesh quality metrics use Jacobian determinants to detect inverted or degenerate triangles. Ani-
mation skinning matrices need positive determinants to avoid mirror flipping. Determinants are
everywhere in 3D rendering pipelines.

Why Determinants Matter for NumericalLinear Algebra

Despite their theoretical importance, determinants are rarely computed directly in numerical
work. Floating-point overflow is a real concern: a 100x100 matrix with entries of magnitude 10
would have a determinant near 10'%°, well outside the range of double-precision floats. Software
computes the log-determinant or signed log-determinant instead.

For invertibility checks, the rank or condition number is more reliable than the raw determinant.
For solving systems, direct elimination is faster and more numerically stable than Cramer’s rule.
The determinant remains essential for theoretical analysis, exact symbolic computation, and a few
specific applications like Jacobian factors in change of variables, but practical numerical linear
algebra mostly works around computing it explicitly.

Determinantsin Multivariable Calculus

Multivariable change of variables uses Jacobian determinants. For a transformation T : R" — R",
the change-of-variable formula in integration is [ f(X)dx = [, f(T(w))|detJr|du, where Jr is the
Jacobian matrix of partial derivatives.

The Jacobian determinant accounts for how the transformation locally stretches or compresses
volume. For polar coordinates in 2D, the Jacobian is r; for spherical coordinates in 3D, it’s p? sin ¢.
These factors are why coordinate transformations in physics integrals always introduce a multi-
plicative term, they’re determinants computing local volume scaling.

Worked Example: Determinant by Row Reduction

2 41

ComputedetAforA=|1 3 o|byrowreduction.

0 21

0 -2 1
Row 1 <« Row 1 — 2-Row 2: matrix becomes|1 3 ([ Determinant unchanged (added multiple

0 2 1
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of one row).

1 3 0

SwapRowlandRow2: |9 —2 1| Determinant flips sign.

Row3 < Row3+Row2: |0 —2 1| Upper triangular. Diagonal product: 1-(-2) -2 = —4. Apply

o 0 2
the sign flip: detA = —(—4) = 4.

Row reduction works for any size matrix and is far more efficient than cofactor expansion past 3x3.

Permanent vs Determinant

The permanent of a matrix has the same formula as the determinant but without the alternating
signs:

where the sum runs over all permutations o. The permanent counts certain combinatorial objects
(perfect matchings in bipartite graphs) but is far harder to compute than the determinant, there’s
no efficient algorithm for permanents of general matrices, while determinants compute in O(n?)
time.

perm(A) = > [ [Ai00)
g i

The related OpenStax mathematics textbooks provide additional explanations and exercises for
the mathematical definitions used here.

Area Scaling and Singularity

2 1
ForA = ,the determinantis 2 x 3 —1 x 1 = 5. A unit square maps to a parallelogram of area

1 3
5, with orientation preserved in the standard coordinate basis.

1 2
ForB = , the determinant is zero. The second column is twice the first, so the image of the
2 4

plane lies on a line and the matrix has no inverse. A determinant can diagnose singularity, but a
value near zero should be interpreted with numerical scale and conditioning in mind.

The points to check in this example are:
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« Swapping 2 rows reverses the sign.
« Multiplying 1 row by a factor multiplies the determinant by that factor.

« Adding a multiple of another row leaves the determinant unchanged.

Check Your Understanding

Try the questions before reading the answers.

Question 1. What is det(AB) for square matrices?

Answer. det(A) x det(B).

Question 2. Does a negative determinant mean negative geometric area?

Answer. No. Its absolute value gives area scaling; its sign records orientation.

FAQs

What does the determinant of amatrix tellme?

It measures how the matrix scales volumes (or signed volumes) under the linear transformation.
A nonzero determinant means the matrix is invertible. Zero determinant means the columns are
linearly dependent and the matrix is singular. The sign indicates orientation preservation (posi-
tive) or reversal (negative).

How do |l compute a2x2 determinant?

ad — bc for the matrix [[a, b], [c, d]]. Multiply the diagonal entries and subtract the product of the
off-diagonal entries. This is the simplest formula and the building block for all larger determinants
via cofactor expansion.

How do I compute a3x3determinant?

Cofactor expansion along the first row, or use the rule of Sarrus. Both give the same answer. For a
single 3x3 determinant, either works fine; for many matrices or larger sizes, use row reduction or
numerical libraries.

Is determinantlinear?

Not in general. det(A + B) # det(A) + det(B). However, the determinant is multilinear in the rows
(or columns) of the matrix, linear in each row when the others are held fixed. This is the structural
property that makes the standard formulas work.
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What does it mean for a determinant to be negative?

The matrix represents a transformation that reverses orientation. In 2D, it flips the plane like a
mirror. In 3D, it converts a right-handed coordinate system to a left-handed one. Common exam-
ples: reflection matrices have negative determinant; rotation matrices have determinant +1.

How is the determinantrelated to invertibility?

A square matrix is invertible if and only if its determinant is nonzero. Equivalent conditions: the
columns are linearly independent, the rank equals n, the system Ax = b has a unique solution for
every b, and zero is not an eigenvalue. These are all aspects of the same invertibility theorem.

Canlcompute the determinant of anon-square matrix?

No, the determinant is only defined for square matrices. Non-square matrices have related quan-
tities (like the Gram determinant det(ATA)) that capture similar structural information, but the
standard determinant requires equal numbers of rows and columns.

How dorow operations affect the determinant?

Swapping two rows changes the sign. Multiplying a row by ¢ multiplies the determinant by c.
Adding a multiple of one row to another doesn’t change the determinant. These three rules let
you compute determinants by row-reducing to triangular form.

Whatis Cramer's rule and whenisit useful?

Cramer’s rule expresses the solution of Ax = b as ratios of determinants: x; = det(4;) / det(A) where
A; is A with column i replaced by b. It’s elegant for small symbolic problems but computationally
inefficient for large numerical systems, Gaussian elimination is faster.

How do determinants appearin calculus?

Jacobian determinants appear in change-of-variable formulas for multiple integrals. When you
transform coordinates (polar, cylindrical, spherical), the Jacobian determinant accounts for how
local volumes change under the transformation. The same idea applies to probability density
transformations.

What's therelationship between determinants and eigenvalues?

The determinant equals the product of all eigenvalues (counted with multiplicity, over the com-
plex numbers). The trace equals the sum. Together, trace and determinant determine the charac-
teristic polynomial of a 2x2 matrix, and they’re often easier to compute than the full eigenvalue
decomposition.
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Why is the determinant of a triangular matrix just the product of diagonal entries?

Because cofactor expansion along the first column (or last row) of a triangular matrix has only one
nonzero term at each step, leading to a recursive product of diagonal entries. The same property
is why row reduction to triangular form is the standard efficient way to compute determinants.

What does adeterminant of 1mean?

The matrix preserves volumes exactly, neither expanding nor contracting. Common examples:
the identity, rotation matrices, and shear matrices. Volume-preserving transformations have de-
terminant +1; orientation-preserving and area-preserving 2D transformations are exactly the spe-
cial linear group SL(2, R).

Candeterminantsbe complex?

Yes, if the matrix has complex entries. Real matrices always have real determinants because the
formula involves only sums and products of real numbers. Complex matrices can have complex
determinants, with magnitudes and arguments interpretable just like any complex number.
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