Gaurav Tiwari Mathematics Study Notes

CentralLimit Theorem

Read this note online

The Central Limit Theorem (CLT) is the reason classical statistics works. It says that when you
average enough independent samples from almost any distribution, the average follows a normal
distribution. The original data can be skewed, bimodal, uniform, or downright weird. The aver-

ages still converge to a bell curve.

This is what lets opinion polls publish margins of error from samples of a thousand people. It’s why
A/B test calculators report z-scores. It’s the bridge between messy real data and the tidy normal-
distribution toolkit. Understanding the central limit theorem changes how you read every statistic
that comes from a sample.

The classical theorem concerns standardized sums or means of independent, identically dis-
tributed variables with finite variance. It does not make the original observations normally

distributed.
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The Statement

Take nindependent and identically distributed (i.i.d.) random variables X;, X, ..., X,, with mean u
and finite variance o?. Their sample mean is:

As n grows large, the distribution of X approaches a normal distribution:

Two things to notice. The mean of the sampling distribution stays at 4. The variance shrinks as n
grows, divided by sample size. That shrinking is why bigger samples give tighter estimates.

An equivalent statement: the standardized sample mean converges to a standard normal distri-
bution:

This form is the foundation for z-tests, confidence intervals, and most parametric inference.

What 'Large Enough' Means

The classical rule of thumb is n > 30. For roughly symmetric distributions, even n = 10 is often
fine. For heavily skewed distributions, you may need n = 100 or more before the sample mean
looks normal.

The threshold depends on how far the underlying distribution sits from normal. Skewness and
heavy tails slow convergence. Symmetric, light-tailed distributions converge fast. When in doubt,
simulate it, generate samples and look at the histogram of means.

Specific guidance:

For approximately symmetric distributions: n > 15 usually suffices. For mildly skewed distribu-
tions: n > 30 is the standard recommendation. For strongly skewed (e.g., income, lognormal):
n > 50 to 100 may be needed. For extremely heavy tails: classic CLT may not apply at all.

Why It Works (Intuition)

Each sample contains its own random noise. When you average many samples together, positive
and negative deviations cancel out. What remains is the underlying signal, the true mean, plus
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residual noise that gets smaller and more symmetric as n grows.

The reason the residual is specifically normal traces back to how independent random variables
combine. The normal distribution is a fixed point under averaging. Once a distribution is close to
normal, averaging keeps it close to normal. The CLT formalizes that pull toward the bell curve.

Asecond intuition: Lyapunov’s version of the CLT shows that aslong as no individual variable con-
tributes a disproportionate share to the total, the sum is normal. Real-world quantities that arise
as sums of many small independent influences (heights, measurement errors, sample averages)
are normal for the same reason.

Worked Example: Polling

You poll 1,000 random voters and 52% support candidate A. Each voter is a binary trial with true
(unknown) population proportion p. The sample proportion p has approximate distribution:

Standard error: 1/0.52 x 0.48/1000 ~ 0.0158. The 95% margin of error is about 1.96 x 0.0158 ~ +3.1%.
The poll says A is at 52%, but the true value is plausibly anywhere from 49% to 55%. That’s the CLT
speaking.

Notice how the formula explains every poll headline you’ve ever read. Sample size 1,000 with
proportions near 50% gives margin of error ~ +3%. That’s why most national polls report exactly
that figure.

5 ~N(p, p(1 — p))

n

Worked Example: Sampling Distribution of the Mean

Suppose annual rainfall in a region is uniformly distributed between 30 and 70 cm. Mean = S0,
variance = (70-30)? / 12 ~ 133.3, o ~ 11.55.

If you average 25 years of rainfall, the sample mean has approximate distribution:

Standard error of the mean: \/5-:33 ~ 2.31. So 95% of the time, the 25-year average rainfall falls
within roughly 50 + 4.6 cm.

The original distribution (uniform) looks nothing like a bell curve. The sampling distribution of
the mean does. That’s the CLT making something useful out of messy raw data.

] 133,
X~N (50, 32—353> — N(50,5.33)

gauravtiwari.org Page 3


https://gauravtiwari.org/

CLT vs Law of Large Numbers

The law of large numbers says sample means converge to the true mean as n grows: X — u. The
CLT says how, describing the shape of the sampling distribution as approximately normal with
variance o?/n. LLN tells you you’ll get there; CLT tells you the road and the rate.

Together they form the foundation of most empirical statistics. LLN justifies estimating means
from samples. CLT lets you put error bars on those estimates.

Where the CLT Quietly Breaks

The CLT is the reason most statistics works. It’s also the reason naive risk models miss tail events.
Read more in the mathematics of risk assessment.

Infinite or undefined variance. Cauchy and Pareto distributions with shape parameter < 2 have
variances that don’t exist. Sample means don’t converge to normal, they keep hopping around.
Stable distributions (with exponent # 2) are needed instead. Strong dependence. CLT assumes
independent samples. Time series with autocorrelation or clustered survey data violate this and
need adjusted methods (block bootstrap, generalized least squares, sandwich estimators). Tiny
samples from heavy-tailed data. The CLT is asymptotic. Small n from a fat-tailed distribution
(like financial returns) leaves you with sample means that still look skewed and dangerous. Non-
identical distributions. Classical CLT requires i.i.d. data. Lyapunov and Lindeberg general-
izations relax this but still require no individual variable dominating the total. Real-world cases
where one observation matters disproportionately (extreme weather events, super-spreader infec-
tions) violate even the generalized versions.

A Brief History

Abraham de Moivre proved the binomial-to-normal special case in 1733. Pierre-Simon Laplace
generalized it in his 1812 Théorie analytique des probabilités. The modern general statement and
rigorous proofs came in the early 20th century from Aleksandr Lyapunov (1901) and Jarl Walde-
mar Lindeberg (1922). Polya named the result the “central limit theorem” in 1920, with “central”
referring to its centrality to probability theory rather than to centering values around a mean.

The CLT remained somewhat theoretical until computers made it possible to verify it empirically
and to build resampling methods (bootstrap, Monte Carlo) that lean on its conclusions. Today the
CLT underpins almost every confidence interval, hypothesis test, and Bayesian normal approxi-
mation in applied statistics.
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Why It Mattersin Practice

Polling and surveys. Margins of error are CLT-derived. A/B testing. Standard error of the dif-
ference between two sample means uses CLT. Quality control. Control charts assume sample
means follow approximate normality. Manufacturing tolerances. Stack-up analysis treats accu-
mulated random errors as approximately normal. Finance. Diversified portfolio returns become
approximately normal even when individual stocks aren’t, because they’re sums of many partial
contributions. Bootstrap and resampling. The bootstrap distribution converges to the true sam-
pling distribution under conditions related to CLT validity. Machine learning. Stochastic gradi-
ent descent’s convergence properties leverage CLT-like reasoning. The central limit theorem is
also why sums of random initialization weights behave nicely in neural networks.

Lyapunov vs Lindeberg Conditions

The classical CLT requires i.i.d. samples. Lyapunov’s CLT (1901) and Lindeberg’s CLT (1922) gen-
eralize it to independent but not identically distributed variables, provided no individual variable
contributes a disproportionate share of the total variance.

The Lindeberg condition asks: as n grows, does the contribution of any single variable to the total
become negligible? If yes, the sum is asymptotically normal. This justifies treating real-world
quantities, heights, measurement errors, polling aggregates, as approximately normal even when
the underlying variables aren’t identically distributed.

The Lyapunov condition is similar but uses a moment condition (2 + § moments must exist for
some é > 0). It’s slightly stronger but easier to verify in some applications.

Bootstrap and Resampling Methods

The bootstrap (Efron, 1979) is a resampling method that approximates the sampling distribution of
a statistic by repeatedly drawing samples (with replacement) from the observed data. It works be-
cause of CLT-like reasoning: the distribution of bootstrap statistics converges to the true sampling
distribution under regularity conditions related to the CLT.

Bootstrap confidence intervals don’t require normality assumptions and work for many statis-
tics where classical CLT-based methods are unavailable (medians, quantiles, complex compos-
ite statistics). Modern statistical practice uses bootstrap routinely for inference, especially when
sample sizes are small or distributions are unusual.
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Monte Carlo Simulation as Empirical CLT

Monte Carlo methods simulate complex systems by repeatedly sampling input distributions and
aggregating results. The averages and confidence intervals from Monte Carlo runs follow the CLT,
sample means of simulation outcomes are normally distributed with standard error o/+/n.

This is why Monte Carlo standard errors shrink slowly: doubling precision requires quadrupling
the number of simulations. It also justifies the standard practice of reporting Monte Carlo results
with + standard errors derived directly from the CLT.

Worked Example: Quality Control

A factory produces bolts with mean diameter 10 mm and standard deviation 0.5 mm. The under-
lying distribution is roughly uniform over [9, 11], not normal. Quality control samples 50 bolts per
shift and computes the mean.

By the CLT, the sample mean has approximate distribution:

Standard error: 4/0.005 ~ 0.071 mm. Control chart limits at +3 standard errors give an alarm thresh-
old of 10 + 0.213 mm. Sample means outside that range trigger investigation. The CLT lets quality
engineers use normal-distribution control chart math even though the underlying bolt diameter
distribution isn’t normal.

) 2
X~N (10, %) — N(10,0.005)

CLT and the Standard Error

Standard error of the mean = o/4/n. This formula falls directly out of the CLT: the sampling dis-
tribution variance is o?/n, so the standard deviation (which is what “standard error” means) is the
square root.

Three implications:

To halve standard error, you need to quadruple sample size. Precision is expensive at the margin.
The CLT gives the same standard-error formula regardless of the underlying distribution shape (as
long as variance is finite). For non-normal data with finite variance, the standard-error formula is
still valid; only the normality of the sampling distribution requires CLT to kick in.
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CLT in the Bootstrap Worid

Bootstrap methods (Efron, 1979) estimate sampling distributions by resampling with replacement
from observed data. The bootstrap distribution converges to the true sampling distribution as
both n and the number of bootstrap replicates grow. The convergence relies on CLT-like reasoning
at its core.

For statistics other than the mean (medians, quantiles, ratios, regression coefficients), classical
CLT may not apply directly, but the bootstrap usually still works. This is why modern statistical
practice often defaults to bootstrap inference for complex statistics, it sidesteps the need to derive
a CLT result by hand.

Continuous Distributions, Discrete Distributions, and the
CLT

The CLT applies to both discrete and continuous random variables. The classic illustration uses
dice: roll one die and the distribution of outcomes is uniform on {1...,6}. Roll many dice and average
the results, and the distribution of the mean approaches normal.

Even with as few as 10 dice, the sample mean distribution is visibly bell-shaped. With 30 dice, it’s
nearly indistinguishable from normal. This is the simplest hands-on demonstration of the CLT
and is the basis for many introductory statistics simulations.

Why the Theoremis Called 'Central’

The “central” in central limit theorem doesn’t refer to centering values around a mean. It comes
from the German word zentral, used by George Pdlya in 1920 to convey that this result is central to
probability theory, meaning fundamentally important and foundational. The terminology stuck
even though it sometimes confuses students who assume “central” refers to the geometric center-
ing of a distribution.

Among limit theorems in probability, the CLT earns the “"central” label because it underlies almost
every classical inference procedure, every confidence interval, and most of statistical theory built
before computational methods became practical.

Worked Example: CoinFlips

Flip afair coin 100 times. Each flip is a Bernoulli trial with mean 0.5 and variance 0.25. The number
of heads follows a binomial distribution with mean 50 and variance 25 (standard deviation 5).
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By the CLT, the count of heads is approximately normal: X ~ N(50,25). The probability of getting
between 40 and 60 heads is approximately P(—2 < Z < 2) ~ 0.954, a tight band around 50 that
holds 95% of all outcomes.

Without the CLT you’d compute this probability as a sum of binomial coefficients, which is doable
but tedious. With the CLT it’s a one-line z-score lookup. This is the simplest practical demon-
stration of why the CLT is so useful: it converts hard combinatorial calculations into easy normal-
distribution lookups.

CLT and Sampling Distribution Convergence Speed

How fast the sample mean distribution converges to normal depends on three factors: sample size,
the shape of the underlying distribution, and what statistic you’re computing.

The Berry-Esseen theorem provides a quantitative bound on convergence speed for the mean, ex-
pressing the maximum error in normal approximation as a function of sample size and the third
moment of the distribution. Skewness slows the convergence linearly with the third moment.

For symmetric, light-tailed distributions: convergence is fast. Even n = 10 often produces near-
normal sample mean distributions. For moderately skewed distributions: n = 30 (the textbook
rule) is usually adequate. For heavily skewed or heavy-tailed distributions: n = 100 or more may
be needed before the bell shape emerges. For statistics other than the mean (medians, ratios, re-
gression coefficients): convergence rates and conditions differ, often requiring larger samples or
specialized arguments.

The related OpenStax mathematics textbooks provide additional explanations and exercises for
the mathematical definitions used here.

Sample-Mean Precision

A population has mean 50 and standard deviation 12. For independent samples of size 36, the
sample mean has mean 50 and standard deviation 12/4/36 = 2. A normal approximation for its
distribution may be useful when the CLT conditions and sample size make the approximation ad-
equate.

For samples of size 144, that standard deviation becomes 1. Quadrupling the sample size halves
the standard error. The formula for the variance of an independent sample mean is exact when the
variance exists; approximate normality is the additional CLT conclusion. A fixed threshold such
as n = 30 is not a guarantee for every population shape.

The points to check in this example are:

« The theorem concerns a sampling distribution across repeated samples.
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« Dependence changes the variance calculation.

« An infinite-variance population can fall outside the classical finite-variance theorem.

Check Your Understanding

Try the questions before reading the answers.

Question 1. Does n = 36 make the original population normal?

Answer. No.

Question 2. What sample size gives standard error 3 for the example population?

Answet. 16, since 12 divided by \/‘16 is 3.

Practice Questions

Work each question before reading its solution. The set runs from direct recall and substitution to
the applied questions that exams actually use to separate grades. The downloadable PDF includes
these questions and their solutions.

Question 1. State the central limit theorem informally, and name the 2 quantities that describe
the sampling distribution.

Solution. Whatever shape a population has, given finite variance, the distribution of sample
MEANS approaches a normal curve as sample size grows, centered on the population mean u
with spread o/4/n, the standard error. The theorem is about means, not about the data becoming
normal.

Question 2. A population has u = 50, ¢ = 12. For samples of n = 36, describe the sampling
distribution of the mean.

Solution. Approximately normal with mean 50 and standard error 12/4/36 = 2. Individual obser-
vations still spread with o = 12; it is the averages that cluster within a couple of units of 50.

Question 3. Continue: what is the probability a sample of 36 has a mean above 53?

Solution. z = (53 — 50)/2 = 1.5, and P(Z > 1.5) ~ 0.067: about 7%. The identical question about
ONE observation above 53 gives z = 0.25, probability 40%. Averages are far better behaved than
individuals, and the 2 z-scores quantify exactly how much.

Question 4. Why does quadrupling the sample size only halve the standard error, and what does
that cost structure mean in practice?

Solution. SE = o/+/n: precision improves with the square root, not linearly. Halving your error
bars costs 4 times the data; a tenth of the error costs 100 times. Diminishing returns are built
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into sampling itself, which is why surveys stop near a few thousand respondents: past that, extra
accuracy stops paying for itself.

Question 5. A die is rolled 100 times. Use the CLT to find the probability the total exceeds 380.

Solution. Per roll: u = 3.5, o = 1.708. Sum: mean 350, SD = 1.7081/100 = 17.1. z = (380 — 350)/17.1 =
1.76, S0 P ~ 0.039, about 4%. Sums obey the theorem just as means do, with SD scaling UP by /n;
dice totals go bell-shaped within a few dozen rolls.

Question 6. The usual guideline says n > 30 suffices. When is 30 plenty, and when is it nowhere
near enough?

Solution. For mildly skewed populations, means of 30 are already convincingly normal, and sym-
metric ones need far fewer. Heavy skew or outlier-prone data, incomes, insurance claims, city
sizes, need hundreds or thousands, and infinite-variance distributions (some power laws) defeat
the theorem entirely: their means never normalize. The 30 is folklore with a domain of validity,
not a law.

Question 7. A factory’s bolts have mean 25.0 mm, SD 0.4 mm, in a right-skewed distribution. Qual-
ity control averages 64 bolts hourly and flags means outside 24.9-25.1. How often are good batches
falsely flagged?

Solution. SE = 0.4/8 = 0.05; the limits sit at z = +2. False alarms: P(|Z| > 2) ~ 4.6%. The skewness
of individual bolts is irrelevant at n = 64: the CLT is precisely why control charts of means work on
ugly distributions.

Question 8. Explain why so many natural measurements (heights, measurement errors) look nor-
mal, via the CLT’s other face.

Solution. Any quantity assembled as the SUM of many small, roughly independent influences,
hundreds of genes, dozens of tiny error sources, inherits normality from the same mathematics,
regardless of each influence’s shape. Gauss met the curve in astronomical errors for exactly this
reason. Normality in nature is usually a symptom of additive many-cause structure.

Question 9. Polls report a “margin of error of +3 points.” Reverse-engineer the sample size.

Solution. For a proportion near 0.5, SE = /0.25/n and the 95% margin is 1.96 SE ~ 0.03, giving
n ~ (0.98/0.03)> ~ 1067. The CLT for proportions (a mean of 0/1 data) is why 1,000 respondents
describe 100 million voters, and why the margin does not depend on population size.

Question 10. Simulating: draw from an exponential distribution (heavily skewed) and average.
Describe what histograms of means at n = 2, 10, 50 would show.

Solution. At n = 2, still strongly right-skewed; at 10, a lopsided but recognizable hump; at 50, a
clean bell centered on the true mean with width shrunk by 1/50. Watching skew melt into symme-
try as n climbs is the theorem made visible, and any spreadsheet can run the demonstration in a
minute.
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FAQs

What does the Central Limit Theorem actually say?

The distribution of the sample mean approaches a normal distribution as the sample size grows,
regardless of the shape of the underlying distribution, provided the underlying distribution has a
finite variance and the samples are independent.

How large does the sample need to be for the CLT to apply?

There’s no universal cutoff. n > 30 is the textbook rule of thumb. Symmetric, light-tailed distribu-
tions converge faster. Heavily skewed or heavy-tailed distributions may need n in the hundreds.
Simulating sampling distributions is the cleanest check.

Does the Central Limit Theorem apply to any distribution?

It applies to any distribution with finite variance and independent samples. It fails for distribu-
tions with infinite variance (Cauchy, Pareto with shape < 2) and for samples that aren’t indepen-
dent.

What's the difference between the CLT and the law of large numbers?

The law of large numbers says sample means converge to the true mean as n grows. The CLT says
how, describing the shape of the sampling distribution as approximately normal with variance
o?/n. LLN tells you you’ll get there; CLT tells you the road.

Why does the CLT matterin practice?

It’s the foundation of most parametric inference: confidence intervals, hypothesis tests, regres-
sion standard errors, A/B test analysis. Any time you build a margin of error from a sample mean,
you're trusting the CLT to make the math valid.

Does the CLT apply to medians and other statistics?

There are CLT-like results for medians, quantiles, and many other statistics, but the convergence
rates and limiting distributions differ from the simple sample-mean case. The bootstrap is the
modern catch-all when classical CLT results don’t directly apply.

What's the standard error of the mean?

It’s the standard deviation of the sampling distribution of the mean: SE=0¢/ /. The CLT says the
sample mean is approximately normal with this standard error, which is why bigger samples give
tighter estimates and why standard error shrinks with \/h, not n.
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How istheCLTusedinA/Btesting?

When you compare conversion rates between two variants, the difference in sample proportions
is approximately normal by the CLT. That lets you compute z-scores, p-values, and confidence
intervals directly from sample means and standard errors. Tools like Optimizely, VWO, and Statsig
all rely on this.

Can the CLT explain why so many real-world variables look normal?

Partially. Many natural quantities (heights, measurement errors, biological traits) arise as sums of
many small independent influences, which the CLT predicts will be approximately normal. The
‘normal because additive’ explanation is the central reason the bell curve shows up everywhere in
nature.

What's astable distribution and how does it generalize the CLT?

Stable distributions are the limiting distributions of sums ofi.i.d. random variables when variance
is infinite. The normal distribution is the special case with stability index a = 2. For « < 2, the
limit is a heavy-tailed stable distribution. This is the right framework for genuinely fat-tailed data,
including some financial returns.

Why is therate of convergencein CLT slow for skewed distributions?

Because the sampling distribution of skewed-data sample means takes longer to lose its skew-
ness. The Berry-Esseen theorem quantifies the convergence rate: error in normal approximation
isbounded by C x (third moment) / (¢* \/ n). Skewed distributions have large third moments, slow-
ing convergence.

Does CLT apply to maximaand minima?

Not directly. The distribution of sample maxima is governed by extreme value theory (Gumbel,
Fréchet, Weibull distributions), not the normal distribution. The CLT is specifically about sums
and averages; tails follow different limit laws.

How is the CLT related to the standard error formula?

The CLT directly produces the formula SE = a/\/n for the standard error of the sample mean. The
sampling distribution variance is o?/n; standard error is its square root. This formula holds regard-
less of the underlying distribution shape (assuming finite variance), which is why it’s the universal
foundation for confidence intervals.
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