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Abstract

Integral equations arise naturally in many branches of mathematics, physics, and engineer-
ing. They provide an alternative—and often superior—formulation of problems originally ex-
pressed as differential equations. This monograph presents a self-contained introduction to the
theory of linear integral equations.

We beginwith the fundamental definitions and classification of integral equations into Fred-
holm and Volterra types, and discuss the various kinds within each family. We then develop
the function-analytic tools needed for their study: square integrable functions, inner products,
norms, and the associated inequalities of Schwarz and Minkowski. The trial method for verify-
ing solutions is presented with detailed examples. The interplay between differential and inte-
gral equations is explored in depth: we show how initial value problems yield Volterra equations
and boundary value problems yield Fredholm equations, and demonstrate the reverse conver-
sion by systematic differentiation using the Leibniz rule.

Throughout, we emphasize worked examples, explicit computations, and the geometric in-
tuition behind the theory.

Keywords: Integral equations, Fredholm equations, Volterra equations, kernels, square in-
tegrable functions, norms, Leibniz rule, Green’s functions
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1 Definitions and Types of Integral Equations

Classification of Integral Equations

Integral Equations

Fredholm Equations Volterra Equations

Fixed limits: a to b

y(x) = f(x) + λ ∫ₐᵇ K(x,t) y(t) dt

Both limits are constants.

Related to boundary value problems.
Example: Sturm-Liouville problems.

Variable upper limit: a to x

y(x) = f(x) + λ ∫ₐˣ K(x,t) y(t) dt

Upper limit is the variable x.

Related to initial value problems.
Example: Abel's equation.

First Kind

f(x) = λ ∫ K(x,t) y(t) dt
(y not outside integral)

Second Kind

y(x) = f(x) + λ ∫ K(x,t) y(t) dt
(y appears outside integral)

First Kind

f(x) = λ ∫ₐˣ K(x,t) y(t) dt
(y not outside integral)

Second Kind

y(x) = f(x) + λ ∫ₐˣ K(x,t) y(t) dt
(y appears outside integral)

Special Cases: Homogeneous (f(x) = 0) | Singular (K unbounded) | Integro-differential
When f(x) = 0, trivial solution y = 0 always exists; non-trivial solutions exist only for eigenvalues of λ.

gauravtiwari.org

Figure 1: Classification of integral equations into Fredholm and Volterra types, with their first and
second kind sub-classifications

1.1 What is an Integral Equation?

Definition 1.1 (Integral Equation). An integral equation is an equation in which an unknown func-
tion 𝑦(𝑥) appears under one or more integration signs. In its most general linear form it reads

𝑔(𝑥) 𝑦(𝑥) = 𝑓(𝑥) + 𝜆∫
□

𝑎
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡, (1)

where 𝑔, 𝑓, and 𝐾 are given (known) functions, 𝜆 is a non-zero complex parameter, and the symbol
□ stands for either a fixed constant 𝑏 or the variable 𝑥.

The function 𝐾(𝑥, 𝑡) is called the kernel of the integral equation. The nature of 𝐾 profoundly
influences the existence, uniqueness, and structure of solutions. We shall return to kernels in Sec-
tion 1.7.
Remark 1.1. Any integral calculus statement such as 𝑦 = ∫𝑏

𝑎 𝜙(𝑥) 𝑑𝑥 can be viewed as a (trivial)
integral equation. The theory becomes non-trivial when the unknown function appears inside the
integral.

1.2 Linear and Non-linear Integral Equations

Definition 1.2 (Linearity). The integral equation (1) is called linear because only linear operations—
multiplication by known functions and integration—are performed on the unknown 𝑦. An integral
equation that involves 𝑦2, sin 𝑦, or any other non-linear operation on 𝑦 is called non-linear.
Example 1.1. The equation

𝑦(𝑥) = 𝑥 +∫
1

0
sin(𝑦(𝑡)) 𝑑𝑡

is non-linear because the unknown 𝑦 appears inside the sine function.
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Throughout this monograph, unless stated otherwise, “integral equation” means linear integral
equation.

1.3 Fredholm and Volterra Types

The classification depends on the upper limit of integration in (1).

Definition 1.3 (Fredholm Integral Equation). When both limits of integration are constants, i.e.
□ = 𝑏, the equation

𝑔(𝑥) 𝑦(𝑥) = 𝑓(𝑥) + 𝜆∫
𝑏

𝑎
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡 (2)

is called a Fredholm integral equation.

Definition 1.4 (Volterra Integral Equation). When the upper limit is the variable 𝑥, i.e.□ = 𝑥, the
equation

𝑔(𝑥) 𝑦(𝑥) = 𝑓(𝑥) + 𝜆∫
𝑥

𝑎
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡 (3)

is called a Volterra integral equation.

Remark 1.2. One can viewaVolterra equation as a special case of a Fredholmequationwith𝐾(𝑥, 𝑡) =
0 for 𝑡 > 𝑥. This perspective is useful in the abstract theory but obscures the very different analytic
character of the two types.

Fredholm vs Volterra: Integration Regions

Fredholm Equation
φ(x) = f(x) + λ ∫ₐᵇ K(x,t) φ(t) dt

Fixed limits: a to b

t

x

a b

a

b

D
[a, b] × [a, b]

Volterra Equation
φ(x) = f(x) + λ ∫ₐˣ K(x,t) φ(t) dt

Variable upper limit: a to x

t

x

a b

a

b

t =
 

x

D
a ≤ t ≤ x ≤ b

The shaded regions show where the kernel K(x, t) is evaluated during integration.

Figure 2: Comparison of Fredholm and Volterra integral equations: fixed vs. variable upper limits
of integration and their distinct analytic character

1.4 Kinds of Fredholm Equations

Depending on the values of 𝑔(𝑥) and 𝑓(𝑥) in (2), we distinguish:

Definition 1.5 (Fredholm Equation of the First Kind). When 𝑔(𝑥) = 0:

𝑓(𝑥) + 𝜆∫
𝑏

𝑎
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡 = 0. (4)

Here the unknown 𝑦 appears only under the integral sign.
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Definition 1.6 (Fredholm Equation of the Second Kind). When 𝑔(𝑥) = 1:

𝑦(𝑥) = 𝑓(𝑥) + 𝜆∫
𝑏

𝑎
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡. (5)

Definition 1.7 (Homogeneous Fredholm Equation of the Second Kind). When 𝑔(𝑥) = 1 and 𝑓(𝑥) =
0:

𝑦(𝑥) = 𝜆∫
𝑏

𝑎
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡. (6)

Definition 1.8 (Fredholm Equation of the Third Kind). The general equation (2) with 𝑓(𝑥) ≠ 0 and
1 ≠ 𝑔(𝑥) ≠ 0 is sometimes called a Fredholm equation of the third or final kind.

1.5 Kinds of Volterra Equations

The Volterra classification mirrors the Fredholm one.

Definition 1.9 (Volterra Equation of the First Kind). When 𝑔(𝑥) = 0:

𝑓(𝑥) + 𝜆∫
𝑥

𝑎
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡 = 0. (7)

Definition 1.10 (Volterra Equation of the Second Kind). When 𝑔(𝑥) = 1:

𝑦(𝑥) = 𝑓(𝑥) + 𝜆∫
𝑥

𝑎
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡. (8)

Definition 1.11 (Homogeneous Volterra Equation of the Second Kind). When 𝑔(𝑥) = 1 and 𝑓(𝑥) =
0:

𝑦(𝑥) = 𝜆∫
𝑥

𝑎
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡. (9)

Classification Summary.

Type Upper limit 𝑔(𝑥) 𝑓(𝑥)
Fredholm, 1st kind 𝑏 (constant) 0 given
Fredholm, 2nd kind 𝑏 (constant) 1 given
Fredholm, homogeneous 𝑏 (constant) 1 0
Volterra, 1st kind 𝑥 (variable) 0 given
Volterra, 2nd kind 𝑥 (variable) 1 given
Volterra, homogeneous 𝑥 (variable) 1 0

1.6 Singular Integral Equations

Definition 1.12 (Singular Integral Equation). An integral equation is called singular if either:

(i) one or both limits of integration are infinite, or

(ii) the kernel 𝐾(𝑥, 𝑡) becomes unbounded at one or more points in [𝑎,□].
Example 1.2 (Type I: Infinite limits).

𝑦(𝑥) = 3𝑥2 + 𝜆∫
∞

−∞
𝑒−|𝑥−𝑡| 𝑦(𝑡) 𝑑𝑡.

This is singular because both limits are infinite.
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Example 1.3 (Type II: Unbounded kernel).

𝑦(𝑥) = 𝑓(𝑥) +∫
𝑥

0

1
(𝑥 − 𝑡)𝑛 𝑦(𝑡) 𝑑𝑡, 0 < 𝑛 < 1.

The kernel𝐾(𝑥, 𝑡) = (𝑥−𝑡)−𝑛 is unbounded as 𝑡 → 𝑥−. This is called an Abel-type integral equation
and arises in many physical problems including the tautochrone problem.

Remark 1.3. The Abel integral equation

𝑓(𝑥) = ∫
𝑥

0

𝑦(𝑡)
√𝑥 − 𝑡

𝑑𝑡

has the elegant closed-form solution

𝑦(𝑥) = 1
𝜋
𝑑
𝑑𝑥 ∫

𝑥

0

𝑓(𝑡)
√𝑥 − 𝑡

𝑑𝑡.

This was one of the earliest integral equations to be solved, by Niels Henrik Abel in 1823.

1.7 Kernels

The kernel 𝐾(𝑥, 𝑡) encodes the structure of the integral equation. Several special types are of partic-
ular importance.

Kernel Heatmap: K(x, t) = e⁻⁽ˣ⁻ᵗ⁾² over [0,1] × [0,1]

x 
= 
t (
di
ag
on
al
)

0 0.25 0.5 0.75 1

t

0

0.25

0.5

0.75

1

x

K(x,t)
1.0

0.75

0.50

0.25

0.0

Sample kernel K(x, t) = e^(-(x-t)²) showing maximum values along the diagonal x = t

Figure 3: Heatmap visualization of different kernel types: symmetric, separable, and difference
kernels exhibit distinctive structural patterns in the (𝑥, 𝑡)-plane
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Definition 1.13 (Symmetric (Hermitian) Kernel). A kernel is symmetric (or Hermitian) if

𝐾(𝑥, 𝑡) = 𝐾(𝑡, 𝑥)

for all 𝑥, 𝑡 in the domain. If 𝐾 is real-valued, this reduces to 𝐾(𝑥, 𝑡) = 𝐾(𝑡, 𝑥).

Example 1.4. 𝐾(𝑥, 𝑡) = sin(𝑥 + 𝑡) is symmetric since sin(𝑥 + 𝑡) = sin(𝑡 + 𝑥).

Example 1.5. 𝐾(𝑥, 𝑡) = 𝑥 − 𝑡 is anti-symmetric: 𝐾(𝑥, 𝑡) = −𝐾(𝑡, 𝑥).

Definition 1.14 (Separable (Degenerate) Kernel). A kernel is separable or degenerate if it can be
written as a finite sum

𝐾(𝑥, 𝑡) =
𝑛
∑
𝑖=1

𝜙𝑖(𝑥) 𝜓𝑖(𝑡) (10)

where each 𝜙𝑖 depends only on 𝑥 and each 𝜓𝑖 depends only on 𝑡.

Remark 1.4. Integral equations with separable kernels can be reduced to systems of linear alge-
braic equations. This makes them one of the most tractable classes. For instance, if 𝐾(𝑥, 𝑡) =
∑𝑛

𝑖=1 𝜙𝑖(𝑥)𝜓𝑖(𝑡), then the Fredholm equation of the second kind reduces to an 𝑛 × 𝑛 linear system
for the coefficients 𝑐𝑖 = ∫𝑏

𝑎 𝜓𝑖(𝑡) 𝑦(𝑡) 𝑑𝑡.

Definition 1.15 (Difference Kernel). A kernel of the form 𝐾(𝑥, 𝑡) = 𝐾(𝑥 − 𝑡) is called a difference
kernel.

Definition 1.16 (Resolvent (Reciprocal) Kernel). If the solution of

𝑦(𝑥) = 𝑓(𝑥) + 𝜆∫
□

𝑎
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡

can be written as

𝑦(𝑥) = 𝑓(𝑥) + 𝜆∫
□

𝑎
ℜ(𝑥, 𝑡; 𝜆) 𝑓(𝑡) 𝑑𝑡,

then ℜ(𝑥, 𝑡; 𝜆) is called the resolvent kernel (or reciprocal kernel).

Key Insight. The resolvent kernel ℜ transforms the problem from “solving for 𝑦 given 𝑓”
into a direct integral transform of 𝑓. Finding ℜ is equivalent to solving the integral equation
completely.

1.8 Integral Equations of Convolution Type

Definition 1.17 (Convolution). Let 𝑦1(𝑥) and 𝑦2(𝑥) be continuous functions. Their convolution is

(𝑦1 ∗ 𝑦2)(𝑥) = ∫
∞

−∞
𝑦1(𝑥 − 𝑡) 𝑦2(𝑡) 𝑑𝑡 = ∫

∞

−∞
𝑦2(𝑥 − 𝑡) 𝑦1(𝑡) 𝑑𝑡. (11)

When the kernel is a difference kernel 𝐾(𝑥, 𝑡) = 𝐾(𝑥 − 𝑡), the integral equation is said to be of
convolution type. Such equations can often be solved using the Fourier or Laplace transform, since
convolution in the spatial domain corresponds to multiplication in the transform domain.

Theorem 1.1 (Convolution Theorem for Laplace Transforms). If ℒ{𝑦1} = 𝑌1(𝑠) and ℒ{𝑦2} = 𝑌2(𝑠),
then

ℒ{𝑦1 ∗ 𝑦2}(𝑠) = 𝑌1(𝑠) ⋅ 𝑌2(𝑠).
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Example 1.6. Consider the Volterra equation of convolution type:

𝑦(𝑥) = 𝑓(𝑥) + 𝜆∫
𝑥

0
𝑒−(𝑥−𝑡) 𝑦(𝑡) 𝑑𝑡.

Taking Laplace transforms: 𝑌(𝑠) = 𝐹(𝑠) + 𝜆 ⋅ 1
𝑠+1

⋅ 𝑌(𝑠), which gives 𝑌(𝑠) = 𝐹(𝑠)(𝑠+1)
𝑠+1−𝜆

. The solution
is obtained by inverse Laplace transform.

1.9 Eigenvalues and Eigenfunctions

Definition 1.18 (Eigenvalue and Eigenfunction). Consider the homogeneous integral equation

𝑦(𝑥) = 𝜆∫
□

𝑎
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡. (12)

The trivial solution 𝑦(𝑥) ≡ 0 always satisfies this equation. A value 𝜆0 for which a non-trivial
solution 𝑦0(𝑥) ≢ 0 exists is called an eigenvalue. The corresponding non-trivial solution 𝑦0 is called
an eigenfunction.
Remark 1.5. Key properties of eigenvalues and eigenfunctions:
(a) By convention, 𝜆 = 0 is excluded from consideration (since every functionwould be an “eigen-

function” for 𝜆 = 0).
(b) If 𝑦(𝑥) is an eigenfunction for𝜆0, then 𝑐⋅𝑦(𝑥) is also an eigenfunction for anynon-zero constant

𝑐. That is, eigenfunctions are determined only up to a scalar multiple.

(c) For symmetric kernels, all eigenvalues are real.

(d) For symmetric kernels, eigenfunctions corresponding to distinct eigenvalues are orthogonal.
Example 1.7. Consider the homogeneous equation

𝑦(𝑥) = 𝜆∫
2𝜋

0
sin(𝑥 + 𝑡) 𝑦(𝑡) 𝑑𝑡.

Using the addition formula sin(𝑥 + 𝑡) = sin𝑥 cos 𝑡 + cos𝑥 sin 𝑡, this is a separable kernel with
𝑛 = 2. Setting 𝐴 = ∫2𝜋

0 cos 𝑡 𝑦(𝑡) 𝑑𝑡 and 𝐵 = ∫2𝜋
0 sin 𝑡 𝑦(𝑡) 𝑑𝑡, we get 𝑦(𝑥) = 𝜆(𝐴 sin𝑥 + 𝐵 cos𝑥).

Substituting back yields the system 𝐴 = 𝜆𝜋𝐵 and 𝐵 = 𝜆𝜋𝐴, giving 𝜆2𝜋2 = 1, so 𝜆 = ±1/𝜋. The
eigenfunctions are 𝑦(𝑥) = sin𝑥 + cos𝑥 (for 𝜆 = 1/𝜋) and 𝑦(𝑥) = sin𝑥 − cos𝑥 (for 𝜆 = −1/𝜋).

1.10 The Leibniz Rule

The Leibniz rule for differentiation under the integral sign is an essential tool throughout thismono-
graph.
Theorem 1.2 (Leibniz Rule). Let 𝐹(𝑥, 𝑡) and 𝜕𝐹/𝜕𝑥 be continuous, and let 𝐺(𝑥) and𝐻(𝑥) be contin-
uously differentiable. Then

𝑑
𝑑𝑥 ∫

𝐻(𝑥)

𝐺(𝑥)
𝐹(𝑥, 𝑡) 𝑑𝑡 = ∫

𝐻(𝑥)

𝐺(𝑥)

𝜕𝐹
𝜕𝑥 𝑑𝑡 + 𝐹(𝑥,𝐻(𝑥))𝐻′(𝑥) − 𝐹(𝑥, 𝐺(𝑥)) 𝐺′(𝑥). (13)

Corollary 1.3. When the limits are constants (𝐺(𝑥) = 𝑎, 𝐻(𝑥) = 𝑏):

𝑑
𝑑𝑥 ∫

𝑏

𝑎
𝐹(𝑥, 𝑡) 𝑑𝑡 = ∫

𝑏

𝑎

𝜕𝐹
𝜕𝑥 𝑑𝑡.

Corollary 1.4 (Fundamental Theorem of Calculus). When 𝐹(𝑥, 𝑡) = 𝑓(𝑡) is independent of 𝑥 and
the limits are 𝑎 and 𝑥:

𝑑
𝑑𝑥 ∫

𝑥

𝑎
𝑓(𝑡) 𝑑𝑡 = 𝑓(𝑥).

8
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1.11 Reduction of Multiple Integrals to Simple Integrals

Iterated integrals arise naturally when integrating differential equations multiple times. The fol-
lowing result converts them to single integrals.

Theorem 1.5 (Repeated Integral Formula). For a continuous function 𝑓 and integer 𝑛 ≥ 1:

∫
𝑡

𝑎
∫

𝑠𝑛−1

𝑎
⋯∫

𝑠1

𝑎⏟⎵⎵⎵⎵⏟⎵⎵⎵⎵⏟
𝑛 integrals

𝑓(𝑥) 𝑑𝑥 𝑑𝑠1⋯𝑑𝑠𝑛−1 =
1

(𝑛 − 1)! ∫
𝑡

𝑎
(𝑡 − 𝑥)𝑛−1 𝑓(𝑥) 𝑑𝑥. (14)

Proof. We prove this by induction on 𝑛.
Base case (𝑛 = 1): Both sides reduce to ∫𝑡

𝑎 𝑓(𝑥) 𝑑𝑥. �
Inductive step: Assume the formula holds for 𝑛 − 1. Consider the 𝑛-fold integral

𝐼𝑛 = ∫
𝑡

𝑎
[ 1
(𝑛 − 2)! ∫

𝑠

𝑎
(𝑠 − 𝑥)𝑛−2𝑓(𝑥) 𝑑𝑥] 𝑑𝑠.

Interchanging the order of integration (justified by Fubini’s theorem since 𝑓 is continuous):

𝐼𝑛 =
1

(𝑛 − 2)! ∫
𝑡

𝑎
𝑓(𝑥) [∫

𝑡

𝑥
(𝑠 − 𝑥)𝑛−2 𝑑𝑠] 𝑑𝑥 = 1

(𝑛 − 2)! ∫
𝑡

𝑎
𝑓(𝑥)⋅ (𝑡 − 𝑥)𝑛−1

𝑛 − 1 𝑑𝑥 = 1
(𝑛 − 1)! ∫

𝑡

𝑎
(𝑡−𝑥)𝑛−1𝑓(𝑥) 𝑑𝑥.

Example 1.8. Evaluate ∫1
0 𝑥2 𝑑𝑥2 (a double integral with 𝑓(𝑥) = 𝑥2, 𝑛 = 2, 𝑎 = 0, 𝑡 = 1).

Solution. By the repeated integral formula:

∫
1

0
𝑥2 𝑑𝑥2 = 1

1! ∫
1

0
(1 − 𝑥) 𝑥2 𝑑𝑥 = ∫

1

0
(𝑥2 − 𝑥3) 𝑑𝑥 = 1

3 −
1
4 =

1
12.

Example 1.9. Evaluate the triple integral ∫1
0 𝑒𝑥 𝑑𝑥3.

Solution.

∫
1

0
𝑒𝑥 𝑑𝑥3 = 1

2! ∫
1

0
(1−𝑥)2 𝑒𝑥 𝑑𝑥 = 1

2[(1−𝑥)
2𝑒𝑥+2(1−𝑥)𝑒𝑥−2𝑒𝑥]10 =

1
2[−2𝑒+0+2] = 1−𝑒 ≈ −1.718.

(Integration by parts applied twice.)

2 Square Integrable Functions, Norms, and the Trial Method

2.1 Square Integrable Functions

The natural function space for integral equation theory is the space of square integrable functions,
which provides the geometric framework of inner products, norms, and orthogonality.

Definition 2.1 (Square Integrable Function). A function 𝑦(𝑥) is said to be square integrable (or an
𝔏2-function) on the interval (𝑎, 𝑏) if

∫
𝑏

𝑎
|𝑦(𝑥)|2 𝑑𝑥 < ∞. (15)

Equivalently, ∫𝑏
𝑎 𝑦(𝑥) 𝑦(𝑥) 𝑑𝑥 < ∞. Such a function is also called a regular function.

9
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Example 2.1. The function 𝑦(𝑥) = 1/√𝑥 on (0, 1): we compute∫1
0 |𝑦|2 𝑑𝑥 = ∫1

0 𝑥−1 𝑑𝑥 = lim𝜀→0+[ln𝑥]1𝜀 =
+∞. Hence 1/√𝑥 ∉ 𝔏2(0, 1).

Example 2.2. The function 𝑦(𝑥) = 𝑥−1/3 on (0, 1): ∫1
0 𝑥−2/3 𝑑𝑥 = [3𝑥1/3]10 = 3 < ∞. Hence 𝑥−1/3 ∈

𝔏2(0, 1), even though it is unbounded.

Definition 2.2 (𝔏2-Kernel). The kernel 𝐾(𝑥, 𝑡), viewed as a function of two variables, is an 𝔏2-kernel
if

∫
𝑏

𝑎
∫

𝑏

𝑎
|𝐾(𝑥, 𝑡)|2 𝑑𝑥 𝑑𝑡 < ∞. (16)

2.2 Inner Product and Orthogonality

Definition 2.3 (Inner Product). The inner product of two complex 𝔏2-functions 𝜙 and 𝜓 on [𝑎, 𝑏] is
defined as

(𝜙, 𝜓) = ∫
𝑏

𝑎
𝜙(𝑥) 𝜓(𝑥) 𝑑𝑥. (17)

Definition 2.4 (Orthogonality). Two 𝔏2-functions 𝜙 and 𝜓 are orthogonal on [𝑎, 𝑏] if (𝜙, 𝜓) = 0.

Example 2.3. The functions 𝜙(𝑥) = sin(𝑛𝑥) and𝜓(𝑥) = sin(𝑚𝑥)with𝑚 ≠ 𝑛 (both positive integers)
are orthogonal on [0, 𝜋]:

∫
𝜋

0
sin(𝑛𝑥) sin(𝑚𝑥) 𝑑𝑥 = 0.

This is the fundamental orthogonality relation underlying Fourier sine series.

Remark 2.1. The inner product (17) makes 𝔏2(𝑎, 𝑏) into a Hilbert space. This is the natural setting
for the spectral theory of integral operators.

2.3 Norms and Inequalities

Definition 2.5 (Norm). The norm of a complex function 𝑦(𝑥) on [𝑎, 𝑏] is

‖𝑦‖ = √(𝑦, 𝑦) =
√√√
√

∫
𝑏

𝑎
|𝑦(𝑥)|2 𝑑𝑥 . (18)

Theorem 2.1 (Cauchy–Schwarz Inequality). For any 𝜙, 𝜓 ∈ 𝔏2(𝑎, 𝑏):

|(𝜙, 𝜓)| ≤ ‖𝜙‖ ⋅ ‖𝜓‖. (19)

Equivalently, ||∫
𝑏
𝑎 𝜙(𝑥)𝜓(𝑥) 𝑑𝑥||

2
≤ ∫𝑏

𝑎 |𝜙|2 𝑑𝑥 ⋅ ∫
𝑏
𝑎 |𝜓|2 𝑑𝑥.

Proof. For any 𝜆 ∈ ℂ, we have ‖𝜙 + 𝜆𝜓‖2 ≥ 0. Expanding:

‖𝜙‖2 + 𝜆 (𝜓, 𝜙) + ̄𝜆 (𝜙, 𝜓) + |𝜆|2‖𝜓‖2 ≥ 0.

Choose 𝜆 = −(𝜙, 𝜓)/‖𝜓‖2 (assuming 𝜓 ≠ 0). Substituting and simplifying yields

‖𝜙‖2 − |(𝜙, 𝜓)|2
‖𝜓‖2 ≥ 0,

which gives |(𝜙, 𝜓)|2 ≤ ‖𝜙‖2‖𝜓‖2.

Theorem 2.2 (Minkowski’s (Triangle) Inequality). For any 𝜙, 𝜓 ∈ 𝔏2(𝑎, 𝑏):

‖𝜙 + 𝜓‖ ≤ ‖𝜙‖ + ‖𝜓‖. (20)

10
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Proof.

‖𝜙 + 𝜓‖2 = (𝜙 + 𝜓, 𝜙 + 𝜓)
= ‖𝜙‖2 + (𝜙, 𝜓) + (𝜓, 𝜙) + ‖𝜓‖2
= ‖𝜙‖2 + 2Re(𝜙, 𝜓) + ‖𝜓‖2
≤ ‖𝜙‖2 + 2|(𝜙, 𝜓)| + ‖𝜓‖2
≤ ‖𝜙‖2 + 2‖𝜙‖‖𝜓‖ + ‖𝜓‖2 (by Cauchy–Schwarz)
= (‖𝜙‖ + ‖𝜓‖)2.

Taking square roots gives the result.

Geometric Interpretation. The Cauchy–Schwarz inequality says that the “angle” between two
functions is well-defined. The triangle inequality says that the shortest path between two
“points” in function space is the “straight line.” These are the same properties that hold for
vectors in ℝ𝑛—the space 𝔏2 is an infinite-dimensional generalization of Euclidean space.

2.4 The Trial Method (Verification of Solutions)

The trial method consists of substituting a candidate solution into the integral equation and verify-
ing that it satisfies the equation identically.
Example 2.4. Show that 𝑦(𝑥) = (1 + 𝑥2)−3/2 is a solution of the Volterra equation

𝑦(𝑥) = 1
1 + 𝑥2 −∫

𝑥

0

𝑡
1 + 𝑥2 𝑦(𝑡) 𝑑𝑡. (21)

Solution. We substitute 𝑦(𝑡) = (1 + 𝑡2)−3/2 into the right-hand side:

RHS = 1
1 + 𝑥2 −∫

𝑥

0

𝑡
1 + 𝑥2 ⋅ (1 + 𝑡2)−3/2 𝑑𝑡

= 1
1 + 𝑥2 −

1
1 + 𝑥2 ∫

𝑥

0

𝑡
(1 + 𝑡2)3/2 𝑑𝑡. (22)

The factor 1
1+𝑥2

is independent of 𝑡 and can be taken outside the integral. Now evaluate the inner
integral via the substitution 𝑢 = 1 + 𝑡2, 𝑑𝑢 = 2𝑡 𝑑𝑡:

∫
𝑥

0

𝑡
(1 + 𝑡2)3/2 𝑑𝑡 =

1
2 ∫

1+𝑥2

1
𝑢−3/2 𝑑𝑢 = 1

2 [−2𝑢
−1/2]1+𝑥

2

1 = 1 − 1
√1 + 𝑥2

. (23)

Substituting (23) into (22):

RHS = 1
1 + 𝑥2 −

1
1 + 𝑥2 (1 −

1
√1 + 𝑥2

)

= 1
1 + 𝑥2 ⋅

1
√1 + 𝑥2

= (1 + 𝑥2)−3/2 = 𝑦(𝑥). (24)

Example 2.5. Show that 𝑦(𝑥) = 𝑒𝑥 is a solution of

𝑦(𝑥) = 1 +∫
𝑥

0
𝑦(𝑡) 𝑑𝑡.

Solution. Substituting 𝑦(𝑡) = 𝑒𝑡:

RHS = 1 +∫
𝑥

0
𝑒𝑡 𝑑𝑡 = 1 + [𝑒𝑡]𝑥0 = 1 + 𝑒𝑥 − 1 = 𝑒𝑥 = 𝑦(𝑥).

11
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Example 2.6. Show that 𝑦(𝑥) = cosh𝑥 satisfies

𝑦(𝑥) = 1 +∫
𝑥

0
(𝑥 − 𝑡) 𝑦(𝑡) 𝑑𝑡.

Solution. Substitute 𝑦(𝑡) = cosh 𝑡:

RHS = 1 +∫
𝑥

0
(𝑥 − 𝑡) cosh 𝑡 𝑑𝑡

= 1 + 𝑥∫
𝑥

0
cosh 𝑡 𝑑𝑡 −∫

𝑥

0
𝑡 cosh 𝑡 𝑑𝑡

= 1 + 𝑥 sinh𝑥 − [𝑡 sinh 𝑡 − cosh 𝑡]𝑥0
= 1 + 𝑥 sinh𝑥 − 𝑥 sinh𝑥 + cosh𝑥 − 1 = cosh𝑥 = 𝑦(𝑥).

Remark 2.2. The trial method is not a solution technique per se—it requires you to already know
(or guess) the answer. Its pedagogical value lies in building familiarity with the manipulation of
integral equations. In practice, systematic methods such as successive approximations (Neumann
series), resolvent kernels, and transform methods are used to find solutions.

2.5 The Neumann Series: A Preview

While a full treatment of solution methods is beyond our present scope, we mention the Neumann
series as motivation.

Theorem 2.3 (Neumann Series). For the Fredholm equation of the second kind 𝑦 = 𝑓+𝜆𝐾𝑦 (where
𝐾 denotes the integral operator), if |𝜆| ⋅ ‖𝐾‖ < 1, the unique solution is given by

𝑦 =
∞
∑
𝑛=0

𝜆𝑛𝐾𝑛𝑓 = 𝑓 + 𝜆𝐾𝑓 + 𝜆2𝐾2𝑓 +⋯ (25)

where 𝐾𝑛𝑓 denotes 𝑛 successive applications of the integral operator.

Remark 2.3. The Neumann series is the integral-equation analogue of the geometric series (1 −
𝑟)−1 = 1 + 𝑟 + 𝑟2 +⋯ for |𝑟| < 1. The condition |𝜆| ⋅ ‖𝐾‖ < 1 is analogous to |𝑟| < 1.

12
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Neumann Series: Convergence of Successive Approximations

x

φ(x)

0 0.2 0.4 0.6 0.8 1.0

0

0.5

1.0

1.5

2.0

2.5

φ(x) = eˣ (exact solution)

φ₀(x) = 1

φ₁(x) = 1 + x

φ₂(x) = 1 + x + x²/2

φ₃(x) = 1 + x + x²/2 + x³/6

Neumann Series: φ(x) = Σ 20
99₌₀ λ 20

99ⁿ ∫∫···∫ K (x,t) f(t) dt → converges when |λ| < 1/‖K‖

Each partial sum φ 20
99 provides a better approximation to the true solution

Figure 4: Convergence of the Neumann series: successive partial sums∑𝑁
𝑛=0 𝜆𝑛𝐾𝑛𝑓 approach the

exact solution as 𝑁 → ∞ when |𝜆| ⋅ ‖𝐾‖ < 1

3 Converting Differential Equations into Integral Equations

3.1 Motivation

Differential equations and integral equations are two representations of the same underlying math-
ematical problem. Converting between them is valuable for several reasons:

(i) Different solution techniques: Some equations that resist standard ODE methods become
tractable as integral equations (and vice versa).

(ii) Numerical stability: Integral equations often enjoy better numerical conditioning than their
differential counterparts.

(iii) Existence and uniqueness: Proving the existence and uniqueness of solutions is frequently
easier in integral form via fixed-point theorems.

(iv) Built-in boundary conditions: The integral equation incorporates the boundary/initial condi-
tions directly, so they cannot be accidentally neglected.

13
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Converting Differential Equations to Integral Equations

Differential Equation

L[y] = f(x)

e.g., y″ + p(x)y′ + q(x)y = f(x)

Linear ODE / PDE

Boundary / Initial Conditions

y(a) = α, y(b) = β

or: y(0) = y₀, y′(0) = y₁

Determines equation type

Integration Process

Step 1: Construct Green's function
G(x, t) for operator L

Step 2: Apply Green's identity
Integrate by parts

Step 3: Incorporate B.C./I.C.
Embed into kernel K(x,t)

⟹

Integral Equation

Fredholm (Boundary Value Problem):

φ(x) = f(x) + λ ∫ₐᵇ K(x,t) φ(t) dt

Volterra (Initial Value Problem):

φ(x) = f(x) + λ ∫ₐˣ K(x,t) φ(t) dt

K(x,t) encodes both the operator L and the boundary conditions

Key Principle

Every linear ODE with appropriate conditions can be reformulated as an integral equation,
and conversely, many integral equations arise from differential equations.

Figure 5: Schematic of the conversion process from differential equations to integral equations:
integration absorbs derivatives while boundary/initial conditions are encoded in the free term

The Central Correspondence.

ODE Type Integral Equation Type Upper Limit

Initial Value Problem (IVP) Volterra Variable 𝑥
Boundary Value Problem (BVP) Fredholm Constant 𝑏

3.2 First-Order Equations

Example 3.1. Convert 𝑑𝑦𝑑𝑥 + 5𝑦 + 1 = 0 with 𝑦(0) = 1 into an integral equation.
Solution. Integrate from 0 to 𝑥:

∫
𝑥

0
𝑦′(𝑡) 𝑑𝑡 + 5∫

𝑥

0
𝑦(𝑡) 𝑑𝑡 +∫

𝑥

0
1 𝑑𝑡 = 0.

The first integral gives 𝑦(𝑥) − 𝑦(0) = 𝑦(𝑥) − 1. Hence

𝑦(𝑥) − 1 + 5∫
𝑥

0
𝑦(𝑡) 𝑑𝑡 + 𝑥 = 0,

which rearranges to

𝑦(𝑥) = (1 − 𝑥) − 5∫
𝑥

0
𝑦(𝑡) 𝑑𝑡. (26)

This is a Volterra equation of the second kind with kernel 𝐾(𝑥, 𝑡) = −5 and 𝑓(𝑥) = 1 − 𝑥.

Remark 3.1. Notice that the initial condition 𝑦(0) = 1 has been absorbed into the free term 𝑓(𝑥) =
1 − 𝑥. This illustrates the general principle: integral equations encode boundary conditions.

3.3 Second-Order Initial Value Problems

Definition 3.1 (Initial Value Problem). A second-order ODE with both conditions specified at the
same point:

𝑦″ = 𝐹(𝑥, 𝑦, 𝑦′), 𝑦(𝑎) = 𝛼, 𝑦′(𝑎) = 𝛽
is called an initial value problem (IVP).

14
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3.3.1 General Procedure

Given 𝑦″(𝑥) = ℎ(𝑥, 𝑦) with 𝑦(𝑎) = 𝛼 and 𝑦′(𝑎) = 𝛽:
Step 1. Integrate from 𝑎 to 𝑥:

𝑦′(𝑥) − 𝑦′(𝑎) = ∫
𝑥

𝑎
ℎ(𝑡, 𝑦(𝑡)) 𝑑𝑡 ⟹ 𝑦′(𝑥) = 𝛽 +∫

𝑥

𝑎
ℎ(𝑡, 𝑦(𝑡)) 𝑑𝑡.

Step 2. Integrate again from 𝑎 to 𝑥:

𝑦(𝑥) − 𝑦(𝑎) = 𝛽(𝑥 − 𝑎) +∫
𝑥

𝑎
∫

𝑠

𝑎
ℎ(𝑡, 𝑦(𝑡)) 𝑑𝑡 𝑑𝑠.

Step 3. Apply the repeated integral formula (Theorem 1.5) to convert the double integral:

𝑦(𝑥) = 𝛼 + 𝛽(𝑥 − 𝑎) +∫
𝑥

𝑎
(𝑥 − 𝑡) ℎ(𝑡, 𝑦(𝑡)) 𝑑𝑡. (27)

This is a Volterra integral equation (of the second kind if ℎ is linear in 𝑦).

Example 3.2. Convert 𝑦″ + 𝑦 = 0 with 𝑦(0) = 0, 𝑦′(0) = 0 to an integral equation.
Solution. Here ℎ(𝑥, 𝑦) = −𝑦(𝑥), 𝑎 = 0, 𝛼 = 0, 𝛽 = 0.
Step 1. Integrate once: 𝑦′(𝑥) − 0 = −∫𝑥

0 𝑦(𝑡) 𝑑𝑡, so 𝑦′(𝑥) = −∫𝑥
0 𝑦(𝑡) 𝑑𝑡.

Step 2. Integrate again: 𝑦(𝑥) − 0 = −∫𝑥
0 ∫𝑠

0 𝑦(𝑡) 𝑑𝑡 𝑑𝑠.
Step 3. Apply the repeated integral formula:

𝑦(𝑥) = −∫
𝑥

0
(𝑥 − 𝑡) 𝑦(𝑡) 𝑑𝑡. (28)

This is a homogeneous Volterra equation of the second kind with kernel 𝐾(𝑥, 𝑡) = −(𝑥 − 𝑡).

Example 3.3. Convert 𝑦″ − 2𝑦 = 𝑒𝑥 with 𝑦(0) = 1, 𝑦′(0) = −1 to an integral equation.
Solution. Rewrite as 𝑦″(𝑥) = 2𝑦(𝑥) + 𝑒𝑥.
Step 1. Integrate from 0 to 𝑥: 𝑦′(𝑥)+1 = ∫𝑥

0 [2𝑦(𝑡)+𝑒𝑡] 𝑑𝑡, so 𝑦′(𝑥) = −1+∫𝑥
0 2𝑦(𝑡) 𝑑𝑡+(𝑒𝑥−1).

Step 2. Integrate again: 𝑦(𝑥) − 1 = −𝑥 + ∫𝑥
0∫

𝑠
0 2𝑦(𝑡) 𝑑𝑡 𝑑𝑠 + ∫𝑥

0 (𝑒𝑡 − 1) 𝑑𝑡.
Apply the repeated integral formula to the double integral and evaluate∫𝑥

0 (𝑒𝑡−1) 𝑑𝑡 = 𝑒𝑥−1−𝑥:

𝑦(𝑥) = 1 − 𝑥 + (𝑒𝑥 − 1 − 𝑥) + 2∫
𝑥

0
(𝑥 − 𝑡)𝑦(𝑡) 𝑑𝑡

= 𝑒𝑥 − 2𝑥 + 2∫
𝑥

0
(𝑥 − 𝑡) 𝑦(𝑡) 𝑑𝑡. (29)

This is a Volterra equation of the second kind with 𝑓(𝑥) = 𝑒𝑥 − 2𝑥 and 𝐾(𝑥, 𝑡) = 2(𝑥 − 𝑡).

3.4 Second-Order Boundary Value Problems

Definition 3.2 (Boundary Value Problem). A second-order ODE with conditions at two different
points:

𝑦″ = 𝐹(𝑥, 𝑦, 𝑦′), 𝑦(𝑎) = 𝐴, 𝑦(𝑏) = 𝐵
is called a boundary value problem (BVP).

The key difficulty is that 𝑦′(𝑎) is unknown. We introduce it as a parameter 𝑐 and eliminate it
using the condition at 𝑥 = 𝑏.
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3.4.1 General Procedure for 𝑦″ + 𝜆𝑦 = 0, 𝑦(0) = 0, 𝑦(ℓ) = 0

Step 1. Rewrite as 𝑦″ = −𝜆𝑦 and integrate from 0 to 𝑥:

𝑦′(𝑥) − 𝑦′(0) = −𝜆∫
𝑥

0
𝑦(𝑡) 𝑑𝑡.

Set 𝑦′(0) = 𝑐 (unknown): 𝑦′(𝑥) = 𝑐 − 𝜆∫𝑥
0 𝑦(𝑡) 𝑑𝑡.

Step 2. Integrate again from 0 to 𝑥:

𝑦(𝑥) − 𝑦(0) = 𝑐𝑥 − 𝜆∫
𝑥

0
(𝑥 − 𝑡) 𝑦(𝑡) 𝑑𝑡.

Using 𝑦(0) = 0:

𝑦(𝑥) = 𝑐𝑥 − 𝜆∫
𝑥

0
(𝑥 − 𝑡) 𝑦(𝑡) 𝑑𝑡. (30)

Step 3. Apply 𝑦(ℓ) = 0 to find 𝑐:

0 = 𝑐ℓ − 𝜆∫
ℓ

0
(ℓ − 𝑡) 𝑦(𝑡) 𝑑𝑡 ⟹ 𝑐 = 𝜆

ℓ ∫
ℓ

0
(ℓ − 𝑡) 𝑦(𝑡) 𝑑𝑡.

Step 4. Substitute back into (30):

𝑦(𝑥) = 𝜆𝑥
ℓ ∫

ℓ

0
(ℓ − 𝑡) 𝑦(𝑡) 𝑑𝑡 − 𝜆∫

𝑥

0
(𝑥 − 𝑡) 𝑦(𝑡) 𝑑𝑡.

Step 5. Split the first integral at 𝑥 and combine:

𝑦(𝑥) = 𝜆∫
ℓ

0
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡, (31)

where the Green’s function kernel is

𝐾(𝑥, 𝑡) =
⎧⎪
⎨⎪
⎩

𝑡(ℓ − 𝑥)
ℓ , 0 ≤ 𝑡 ≤ 𝑥,

𝑥(ℓ − 𝑡)
ℓ , 𝑥 ≤ 𝑡 ≤ ℓ.

(32)

Properties of the Green’s Function Kernel.

(a) 𝐾(𝑥, 𝑡) = 𝐾(𝑡, 𝑥)— the kernel is symmetric. This reflects the self-adjoint nature of the
operator 𝑑2/𝑑𝑥2.

(b) 𝐾(𝑥, 𝑡) ≥ 0 on [0, ℓ] × [0, ℓ].

(c) 𝐾(0, 𝑡) = 𝐾(𝑥, 0) = 𝐾(ℓ, 𝑡) = 𝐾(𝑥, ℓ) = 0 — the kernel vanishes on the boundary,
consistent with the boundary conditions.

(d) 𝐾 is continuous but has a discontinuous first derivative at 𝑥 = 𝑡 (the “kink” in Green’s
function).
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Example 3.4. Convert 𝑦″ + 𝜋2𝑦 = 0 with 𝑦(0) = 0, 𝑦(1) = 0 to a Fredholm equation.
Solution. Using (31) with 𝜆 = 𝜋2 and ℓ = 1:

𝑦(𝑥) = 𝜋2∫
1

0
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡

where

𝐾(𝑥, 𝑡) = {𝑡(1 − 𝑥), 0 ≤ 𝑡 ≤ 𝑥,
𝑥(1 − 𝑡), 𝑥 ≤ 𝑡 ≤ 1.

The eigenvalues of this kernel are 𝜆𝑛 = 𝑛2𝜋2 with eigenfunctions 𝑦𝑛(𝑥) = sin(𝑛𝜋𝑥).

3.5 Higher-Order Equations

The method extends naturally. An 𝑛-th order ODE requires 𝑛 integrations and 𝑛 boundary/initial
conditions.

Theorem 3.1. An 𝑛-th order linear ODE

𝑦(𝑛)(𝑥) = ℎ(𝑥) +
𝑛−1
∑
𝑘=0

𝑝𝑘(𝑥) 𝑦(𝑘)(𝑥),

with initial conditions 𝑦(𝑘)(𝑎) = 𝛼𝑘 for 𝑘 = 0, 1,… , 𝑛 − 1, can be converted to a Volterra integral
equation of the form

𝑦(𝑥) = 𝐹(𝑥) +∫
𝑥

𝑎
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡, (33)

where 𝐹 incorporates the initial conditions and the non-homogeneous term ℎ, and 𝐾 is constructed
from the coefficients 𝑝𝑘 and powers of (𝑥 − 𝑡).

Remark 3.2. For constant-coefficient equations, the kernel 𝐾(𝑥, 𝑡) depends only on 𝑥− 𝑡 (i.e., it is a
difference kernel), and Laplace transform methods apply directly.

4 Converting Integral Equations into Differential Equations

4.1 Overview

The process of converting integral equations back into differential equations is the reverse of what
we did in Section 3. Where we integrated to remove derivatives, we now differentiate to remove
integrals.

The Reverse Correspondence.

Integral Equation Type Produces

Volterra equation Initial Value Problem
Fredholm equation Boundary Value Problem

The strategy:

1. Differentiate the integral equation with respect to 𝑥 using the Leibniz rule (Theorem 1.2).

2. Repeat until the integral term is completely eliminated.

3. Extract boundary/initial conditions by substituting the limits of integration.

17
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4.2 Volterra Equations→ Initial Value Problems

Example 4.1. Convert 𝑦(𝑥) = −∫𝑥
0 (𝑥 − 𝑡) 𝑦(𝑡) 𝑑𝑡 back to a differential equation.

Solution.
Step 1: First differentiation. Apply the Leibniz rule to

𝑦(𝑥) = −∫
𝑥

0
(𝑥 − 𝑡) 𝑦(𝑡) 𝑑𝑡. (1)

Here 𝐹(𝑥, 𝑡) = −(𝑥 − 𝑡) 𝑦(𝑡), 𝐺(𝑥) = 0, 𝐻(𝑥) = 𝑥.
The Leibniz rule gives:

𝑦′(𝑥) = −∫
𝑥

0

𝜕
𝜕𝑥[(𝑥 − 𝑡) 𝑦(𝑡)] 𝑑𝑡 − (𝑥 − 𝑥) 𝑦(𝑥) ⋅ 1 + 0

= −∫
𝑥

0
𝑦(𝑡) 𝑑𝑡. (2)

Note: 𝜕
𝜕𝑥
(𝑥 − 𝑡) = 1, and the boundary term (𝑥 − 𝑥)𝑦(𝑥) = 0.

Step 2: Second differentiation. Differentiate (2):

𝑦″(𝑥) = − 𝑑
𝑑𝑥 ∫

𝑥

0
𝑦(𝑡) 𝑑𝑡 = −𝑦(𝑥). (3)

by the Fundamental Theorem of Calculus.
Hence 𝑦″(𝑥) + 𝑦(𝑥) = 0.
Step 3: Extract initial conditions. Substitute 𝑥 = 0 into (1): 𝑦(0) = −∫0

0 ⋯ = 0.
Substitute 𝑥 = 0 into (2): 𝑦′(0) = −∫0

0 ⋯ = 0.
Result: 𝑦″ + 𝑦 = 0, 𝑦(0) = 0, 𝑦′(0) = 0.
This recovers exactly the IVP from Example 3.2, confirming the round-trip.

Example 4.2. Convert 𝑦(𝑥) = 𝑒𝑥 + ∫𝑥
0 (𝑥 − 𝑡) 𝑦(𝑡) 𝑑𝑡 to a differential equation.

Solution.
Differentiate once:

𝑦′(𝑥) = 𝑒𝑥 +∫
𝑥

0
𝑦(𝑡) 𝑑𝑡. (1)

Differentiate again:
𝑦″(𝑥) = 𝑒𝑥 + 𝑦(𝑥). (2)

Hence 𝑦″ − 𝑦 = 𝑒𝑥.
Initial conditions from the original equation at 𝑥 = 0: 𝑦(0) = 𝑒0 + 0 = 1 and 𝑦′(0) = 𝑒0 + 0 = 1.
Result: 𝑦″ − 𝑦 = 𝑒𝑥, 𝑦(0) = 1, 𝑦′(0) = 1.

Example 4.3. Convert 𝑦(𝑥) = sin𝑥 + 2∫𝑥
0 (𝑥 − 𝑡)2 𝑦(𝑡) 𝑑𝑡 to a differential equation.

Solution.
Differentiate once: 𝑦′(𝑥) = cos𝑥 + 4∫𝑥

0 (𝑥 − 𝑡) 𝑦(𝑡) 𝑑𝑡. (1)
Differentiate again: 𝑦″(𝑥) = − sin𝑥 + 4∫𝑥

0 𝑦(𝑡) 𝑑𝑡. (2)
Differentiate a third time: 𝑦‴(𝑥) = − cos𝑥 + 4𝑦(𝑥). (3)
Hence 𝑦‴ − 4𝑦 = − cos𝑥.
Conditions at 𝑥 = 0: 𝑦(0) = 0, 𝑦′(0) = 1, 𝑦″(0) = 0.
Result: 𝑦‴ − 4𝑦 = − cos𝑥, 𝑦(0) = 0, 𝑦′(0) = 1, 𝑦″(0) = 0.

Remark 4.1. The number of differentiations needed corresponds to the “power” of (𝑥 − 𝑡) in the
kernel plus one. A kernel (𝑥 − 𝑡)𝑛−1/(𝑛 − 1)! requires 𝑛 differentiations to eliminate the integral,
producing an 𝑛-th order ODE.
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4.3 Fredholm Equations→ Boundary Value Problems

Example 4.4. Convert to a BVP:

𝑦(𝑥) = 𝜆∫
ℓ

0
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡

where 𝐾(𝑥, 𝑡) = {𝑡(ℓ − 𝑥)/ℓ, 0 < 𝑡 < 𝑥,
𝑥(ℓ − 𝑡)/ℓ, 𝑥 < 𝑡 < ℓ.

Solution. Split the integral at 𝑥:

𝑦(𝑥) = 𝜆(ℓ − 𝑥)
ℓ ∫

𝑥

0
𝑡 𝑦(𝑡) 𝑑𝑡 + 𝜆𝑥

ℓ ∫
ℓ

𝑥
(ℓ − 𝑡) 𝑦(𝑡) 𝑑𝑡. (1)

First differentiation. Carefully applying the Leibniz rule to each piece:
For the first integral, both the integrand factor (ℓ − 𝑥)/ℓ and the upper limit 𝑥 depend on 𝑥. By

the product and Leibniz rules:
𝑑
𝑑𝑥[

(ℓ − 𝑥)
ℓ ∫

𝑥

0
𝑡 𝑦(𝑡) 𝑑𝑡] = −1ℓ ∫

𝑥

0
𝑡 𝑦(𝑡) 𝑑𝑡 + (ℓ − 𝑥)

ℓ ⋅ 𝑥 𝑦(𝑥).

For the second integral, 𝑥/ℓ and the lower limit 𝑥 depend on 𝑥:

𝑑
𝑑𝑥[

𝑥
ℓ ∫

ℓ

𝑥
(ℓ − 𝑡) 𝑦(𝑡) 𝑑𝑡] = 1

ℓ ∫
ℓ

𝑥
(ℓ − 𝑡) 𝑦(𝑡) 𝑑𝑡 − 𝑥

ℓ ⋅ (ℓ − 𝑥) 𝑦(𝑥).

The boundary terms (ℓ−𝑥)𝑥
ℓ

𝑦(𝑥) cancel:

𝑦′(𝑥) = −𝜆ℓ ∫
𝑥

0
𝑡 𝑦(𝑡) 𝑑𝑡 + 𝜆

ℓ ∫
ℓ

𝑥
(ℓ − 𝑡) 𝑦(𝑡) 𝑑𝑡. (2)

Second differentiation. Differentiate (2):

𝑦″(𝑥) = −𝜆ℓ ⋅ 𝑥 𝑦(𝑥) −
𝜆
ℓ ⋅ (ℓ − 𝑥) 𝑦(𝑥)

= −𝜆ℓ 𝑦(𝑥) [𝑥 + ℓ − 𝑥] = −𝜆 𝑦(𝑥). (3)

Hence 𝑦″ + 𝜆𝑦 = 0.
Boundary conditions. From (1):
• At 𝑥 = 0: 𝑦(0) = 0 + 0 = 0.
• At 𝑥 = ℓ: 𝑦(ℓ) = 0 + 0 = 0.
Result: 𝑦″ + 𝜆𝑦 = 0, 𝑦(0) = 0, 𝑦(ℓ) = 0.

4.4 Practical Guidelines

Theorem 4.1 (Differentiation Count). If an integral equation arose from an 𝑛-th order ODE via
𝑛 integrations, then 𝑛 differentiations of the integral equation recover the ODE. The order of the
resulting ODE equals the number of differentiations needed to eliminate all integrals.
Remark 4.2 (Common Pitfalls). (a) Leibniz rule errors. When 𝑥 appears both in the limits and

in the integrand, all three terms of the Leibniz rule (13) must be accounted for.

(b) Cancellation of boundary terms. In BVP kernels, boundary terms often cancel due to the
kernel’s continuity at 𝑥 = 𝑡. Verify this explicitly.

(c) Extracting conditions. For Volterra equations, substitute 𝑥 = 𝑎 (the lower limit) into the
equation and all its derivatives to obtain initial conditions. For Fredholm equations, substitute
both limits 𝑥 = 𝑎 and 𝑥 = 𝑏 into the original equation.
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4.5 The Round-Trip: Verification

Proposition 4.2 (Round-Trip Consistency). If we start with anODE togetherwith boundary or initial
conditions, convert it to an integral equation (Section 3), and then convert back (Section 4), we
recover the original ODE and conditions.

This serves as a powerful consistency check. Examples 3.2 and 4.1 demonstrate this round-trip
explicitly for the equation 𝑦″ + 𝑦 = 0.

Example 4.5 (Full Round-Trip). Start with the BVP: 𝑦″ + 4𝑦 = 0, 𝑦(0) = 0, 𝑦(𝜋) = 0.
Forward (ODE→ IE): Following the procedure of Section 3.4 with 𝜆 = 4 and ℓ = 𝜋:

𝑦(𝑥) = 4∫
𝜋

0
𝐾(𝑥, 𝑡) 𝑦(𝑡) 𝑑𝑡

where 𝐾(𝑥, 𝑡) = {𝑡(𝜋 − 𝑥)/𝜋, 𝑡 ≤ 𝑥,
𝑥(𝜋 − 𝑡)/𝜋, 𝑥 ≤ 𝑡.

Reverse (IE→ ODE): Differentiate twice as in Example 4.4: 𝑦″ + 4𝑦 = 0.
Evaluate at boundaries: 𝑦(0) = 0, 𝑦(𝜋) = 0. �
The eigenvalues are 𝜆𝑛 = 𝑛2 and the eigenfunctions are 𝑦𝑛(𝑥) = sin(𝑛𝑥), 𝑛 = 1, 2, 3,…. For

𝜆 = 4 = 22, the eigenfunction is 𝑦(𝑥) = sin(2𝑥).

5 Further Topics and Outlook

5.1 Integral Equations and Green’s Functions

The piecewise kernel (32) that arose in the BVP conversion is an example of a Green’s function.
More generally:

Definition 5.1 (Green’s Function). The Green’s function 𝐺(𝑥, 𝑡) for a linear differential operator 𝐿
on [𝑎, 𝑏] with homogeneous boundary conditions is the function satisfying

𝐿𝑥 𝐺(𝑥, 𝑡) = 𝛿(𝑥 − 𝑡)

together with the boundary conditions, where 𝛿 is the Dirac delta.

Theorem 5.1. If 𝐺(𝑥, 𝑡) is the Green’s function for 𝐿 with homogeneous boundary conditions, then
the solution of 𝐿𝑦 = 𝑓 with the same boundary conditions is

𝑦(𝑥) = ∫
𝑏

𝑎
𝐺(𝑥, 𝑡) 𝑓(𝑡) 𝑑𝑡.

This shows that solving a BVP is equivalent to finding the Green’s function, which in turn is the
kernel of the associated Fredholm integral equation.
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Green's Function: From Point Source to Response

Input: Point Source δ(x − ξ)

x

f

ξ

δ(x − ξ)

Concentrated unit impulse
at point x = ξ

Differential Operator

L
L[G] = δ(x − ξ)

Apply the linear
differential operator L
with boundary conditions

B.C.: G(a,ξ) = 0, G(b,ξ) = 0

Response: Green's Function G(x, ξ)

x

G

ξ

G(x, ξ)

Smooth response peaked at source point ξ
with corner (discontinuity in derivative)

Solution: u(x) = ∫ₐᵇ G(x, ξ) f(ξ) dξ

The Green's function converts a differential equation L[u] = f into an integral equation

Figure 6: Visualization of the Green’s function 𝐺(𝑥, 𝑡): the characteristic “tent” shape with a ridge
along 𝑥 = 𝑡 reflects the response of the differential operator to a point source

5.2 Existence and Uniqueness via Integral Equations

One of the great advantages of the integral equation formulation is that it enables clean existence
and uniqueness proofs via fixed-point theorems.

Theorem 5.2 (Picard–Lindelöf via Integral Equations). Consider the IVP 𝑦′ = 𝑓(𝑥, 𝑦), 𝑦(𝑥0) = 𝑦0,
where 𝑓 satisfies a Lipschitz condition in 𝑦. The equivalent Volterra integral equation

𝑦(𝑥) = 𝑦0 +∫
𝑥

𝑥0
𝑓(𝑡, 𝑦(𝑡)) 𝑑𝑡

defines a contraction mapping on a suitable function space. By the Banach fixed-point theorem,
this equation has a unique solution.

Remark 5.1. This is exactly the Picard–Lindelöf theorem, but the proof via integral equations is
more transparent than the classical ODE proof: the Picard iterates

𝑦𝑛+1(𝑥) = 𝑦0 +∫
𝑥

𝑥0
𝑓(𝑡, 𝑦𝑛(𝑡)) 𝑑𝑡

are simply the successive approximations (Neumann series) applied to the Volterra equation.

5.3 Fredholm Theory: A Brief Synopsis

For the Fredholm equation of the second kind 𝑦 = 𝑓 + 𝜆𝐾𝑦 with 𝔏2-kernel 𝐾:

Theorem 5.3 (Fredholm Alternative). Exactly one of the following holds:

(i) The equation 𝑦 = 𝑓 + 𝜆𝐾𝑦 has a unique solution for every 𝑓 ∈ 𝔏2.

(ii) The homogeneous equation 𝑦 = 𝜆𝐾𝑦 has a non-trivial solution (i.e., 𝜆 is an eigenvalue).

In case (ii), the non-homogeneous equation has a solution if and only if 𝑓 is orthogonal to every
eigenfunction of the adjoint equation 𝑧 = ̄𝜆𝐾∗𝑧.

Remark 5.2. The Fredholm alternative is the infinite-dimensional analogue of the fact that 𝐴𝑥 = 𝑏
has a unique solution if and only if det𝐴 ≠ 0, and otherwise a solution exists only if 𝑏 is orthogonal
to ker(𝐴𝑇).
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5.4 Directions for Further Study

The theory of integral equations is vast. We mention several natural continuations:

1. Successive approximations (Neumann series): Iterative construction of solutions converging
geometrically.

2. Fredholm determinants: A systematic method for solving Fredholm equations using infinite
determinants.

3. Hilbert–Schmidt theory: Spectral decomposition for symmetric 𝔏2-kernels, analogous to di-
agonalization of symmetric matrices.

4. Singular integral equations: Cauchy-type andHilbert-type kernels, with applications to bound-
ary value problems in complex analysis.

5. Non-linear integral equations: Fixed-point methods (Schauder, Leray–Schauder) for equa-
tions involving non-linear functions of 𝑦.

6. Numerical methods: Quadrature methods, collocation, Galerkin methods, and boundary el-
ement methods for computational solutions.

7. Integro-differential equations: Equations involving both derivatives and integrals of the un-
known function, arising in viscoelasticity, population dynamics, and control theory.
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