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Trigonometric identities are equations involving trig functions that hold true for every valid value

of the variable. You’ll use them constantly, whether you’re simplifying expressions, solving equa-

tions, or proving other results. They’re the backbone of trigonometry.

An identity holds throughout its valid domain. A simplification can still introduce or remove do-

main restrictions if a denominator is canceled.

Sine, cosine, and tangent are your primary trig functions. Secant, cosecant, and cotangent round

out the set. All six build on each other, and the identities below connect them in ways you need to

know cold.

WhatAreTrigonometric Identities?

A trigonometric identity is an equation involving trig functions that’s true for all values of the

variable where both sides are defined. This isn’t something you verify with one angle and call it

done. It has to work everywhere.

There aremany distinct identities, and they involve both the side lengths and angles of a triangle.

One thing to keep in mind: most of the basic definitions start with a right-angled triangle. If you

need a refresher on how functions behave at their core, check out the notes on function notations

and rules.

All trigonometric identities trace back to six ratios: sine, cosine, tangent, cosecant, secant, and

cotangent. Each ratio is defined using the sides of a right triangle (adjacent, opposite, and hy-

potenuse). Once you understand these six, every identity below is just algebra.

Trigonometric Identities

Using a right-angled triangle as your reference, here’s how each trig function is defined.
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Right triangle with opposite, adjacent and hypotenuse labeled relative to theta, followed by the sine, cosine and

tangent ratios.

sin 𝜃 = Opposite side (Perpendicular)
Hypotenuse

cos 𝜃 = Adjacent side(Base)
Hypotenuse

tan 𝜃 = Opposite side

Adjacent side

sec 𝜃 = Hypotenuse

Adjacent side

cosec 𝜃 = Hypotenuse

Opposite side

cot 𝜃 = Adjacent side

Opposite side

RatioTrigonometric Identities

These two identities express tangent and cotangent in terms of sine and cosine. You’ll reach for

these constantly when simplifying expressions.

tan 𝜃 = sin 𝜃
cos 𝜃
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cot 𝜃 = cos 𝜃
sin 𝜃

Reciprocal Identities

Each trig function has a reciprocal partner. Memorize these pairs and you’ll move through prob-

lemsmuch faster.

cosec 𝜃 = 1
sin 𝜃

sec 𝜃 = 1
cos 𝜃

cot 𝜃 = 1
tan 𝜃

sin 𝜃 = 1
cosec 𝜃

cos 𝜃 = 1
sec 𝜃

tan 𝜃 = 1
cot 𝜃

All of these come directly from the right-angled triangle definitions. When you know the height

and base of a right triangle, you can find every trig value. The reciprocal identities are just the

original ratios flipped.

Periodicity Identities (inRadians)

These are also called co-function identities. They let you shift angles by𝜋/2,𝜋, 2𝜋, and soon. You’ll
find them especially useful when working with the unit circle.

1. sin(𝜋/2 − 𝐴) = cos𝐴 and cos(𝜋/2 − 𝐴) = sin𝐴

2. sin(𝜋/2 + 𝐴) = cos𝐴 and cos(𝜋/2 + 𝐴) = − sin𝐴

3. sin(3𝜋/2 − 𝐴) = − cos𝐴 and cos(3𝜋/2 − 𝐴) = − sin𝐴

4. sin(3𝜋/2 + 𝐴) = − cos𝐴 and cos(3𝜋/2 + 𝐴) = sin𝐴

5. sin(𝜋 − 𝐴) = sin𝐴 and cos(𝜋 − 𝐴) = − cos𝐴

6. sin(𝜋 + 𝐴) = − sin𝐴 and cos(𝜋 + 𝐴) = − cos𝐴

7. sin(2𝜋 − 𝐴) = − sin𝐴 and cos(2𝜋 − 𝐴) = cos𝐴

8. sin(2𝜋 + 𝐴) = sin𝐴 and cos(2𝜋 + 𝐴) = cos𝐴

All trig functions are cyclic. They repeat after a fixed period. That period differs by function: sine

and cosine repeat every 2𝜋, while tangent and cotangent repeat every 𝜋.
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Cofunction Identities (inDegrees)

If you prefer working in degrees, here are the same co-function relationships. Each pair swaps

when you subtract from 90 degrees.

sin(90° − 𝑥) = cos𝑥

cos(90° − 𝑥) = sin𝑥

tan(90° − 𝑥) = cot𝑥

cot(90° − 𝑥) = tan𝑥

sec(90° − 𝑥) = cosec𝑥

cosec(90° − 𝑥) = sec𝑥

SumandDifference Identities

These let you break apart the trig function of a sum or difference of two angles. You’ll use them

heavily in calculus and in proving other identities. If you’re building toward calculus, a solid cal-

culus textbook will show you exactly how these identities power derivative and integral formulas.

sin(𝑥 + 𝑦) = sin(𝑥) cos(𝑦) + cos(𝑥) sin(𝑦)

cos(𝑥 + 𝑦) = cos(𝑥) cos(𝑦) − sin(𝑥) sin(𝑦)

tan(𝑥 + 𝑦) = tan𝑥 + tan 𝑦
1 − tan𝑥 tan 𝑦

sin(𝑥 − 𝑦) = sin(𝑥) cos(𝑦) − cos(𝑥) sin(𝑦)

cos(𝑥 − 𝑦) = cos(𝑥) cos(𝑦) + sin(𝑥) sin(𝑦)

tan(𝑥 − 𝑦) = tan𝑥 − tan 𝑦
1 + tan𝑥 tan 𝑦

The sumanddifference identities are the foundation for deriving bothdouble angle andhalf angle

formulas. Master these first, and the rest follow naturally.

DoubleAngle Identities

Double angle formulas give you the trig values of 2𝑥 in terms of 𝑥. These showupeverywhere, from
integration to signal processing.

sin 2𝑥 = 2 sin𝑥 cos𝑥 = 2 tan𝑥
1 + tan2 𝑥
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cos 2𝑥 = cos2 𝑥 − sin2 𝑥 = 1 − tan2 𝑥
1 + tan2 𝑥

cos(2𝑥) = 2 cos2(𝑥) − 1 = 1 to 2 sin2(𝑥)

tan 2𝑥 = 2 tan𝑥
1 − tan2 𝑥

sec 2𝑥 = sec2 𝑥
2 − sec2 𝑥

cosec2𝑥 = 1
2
sec𝑥 cosec𝑥

TripleAngle Identities

These express trig functions of 3𝑥 in terms of 𝑥. They’re less common than double angle formulas
but still worth knowing for competitive exams and advanced problem solving.

sin 3𝑥 = 3 sin𝑥 − 4 sin3 𝑥

cos 3𝑥 = 4 cos3 𝑥 − 3 cos𝑥

tan 3𝑥 = 3 tan𝑥 − tan3 𝑥
1 − 3 tan2 𝑥

HalfAngle Identities

Half angle identities let youfind trig valuesof𝑥/2whenyouknowthevalueat𝑥. Theplus-or-minus
sign depends on the quadrant where 𝑥/2 falls.

sin
𝑥
2 = ±√

1 − cos𝑥
2

cos
𝑥
2 = ±√

1 + cos𝑥
2

tan
𝑥
2 = √

1 − cos𝑥
1 + cos𝑥 = 1 − cos𝑥

sin𝑥

Product Identities

Product-to-sum identities convert a product of two trig functions into a sum. These are particu-

larly handy when you’re integrating products of sines and cosines.

sin𝑥 cos 𝑦 = sin(𝑥 + 𝑦) + sin(𝑥 − 𝑦)
2

cos𝑥 cos 𝑦 = cos(𝑥 + 𝑦) + cos(𝑥 − 𝑦)
2
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sin𝑥 sin 𝑦 = cos(𝑥 − 𝑦) − cos(𝑥 + 𝑦)
2

SumtoProduct Identities

These work the other way: they convert a sum or difference of trig functions into a product. You’ll

find them useful for solving equations where you need to factor expressions.

sin𝑥 + sin 𝑦 = 2 sin (𝑥+𝑦)
2
cos (𝑥−𝑦)

2

sin𝑥 − sin 𝑦 = 2 cos (𝑥+𝑦)
2
sin (𝑥−𝑦)

2

cos𝑥 + cos 𝑦 = 2 cos (𝑥+𝑦)
2
cos (𝑥−𝑦)

2

cos𝑥 − cos 𝑦 = −2 sin (𝑥+𝑦)
2
sin (𝑥−𝑦)

2

PythagoreanTrigonometric Identities

These three identities come directly from the Pythagorean theorem. They’re probably the most

used trigonometric identities in all of mathematics, so make sure you know them by heart.

sin2 𝑎 + cos2 𝑎 = 1

1 + tan2 𝑎 = sec2 𝑎

cosec2𝑎 = 1 + cot2 𝑎

The Pythagorean identities aren’t separate facts to memorize. If you know sin2a + cos2a = 1, you

can derive the other two by dividing both sides by cos2a or sin2a. That’s one identity, not three.

Trigonometric IdentitiesofOppositeAngles

When you negate an angle, some trig functions flip sign and others don’t. Cosine and secant are

even functions (they stay the same), while sine, tangent, cotangent, and cosecant are odd func-

tions (they flip sign).

sin(−𝜃) = − sin 𝜃

cos(−𝜃) = cos 𝜃

tan(−𝜃) = − tan 𝜃

cot(−𝜃) = − cot 𝜃

sec(−𝜃) = sec 𝜃
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cosec (−𝜃) = −cosec 𝜃

Understanding even and odd trig functions is essential when you’re evaluating expressions at spe-

cific angles. For a deeper look at how functions behave at boundary values, see the notes on zero

of a function.

Trigonometric IdentitiesofComplementaryAngles

Two angles are complementary when they add up to 90 degrees. The trig function of one equals

the co-function of the other. This is actually where the ”co” in cosine, cotangent, and cosecant

comes from.

sin(90° − 𝜃) = cos 𝜃

cos(90° − 𝜃) = sin 𝜃

tan(90° − 𝜃) = cot 𝜃

cot(90° − 𝜃) = tan 𝜃

sec(90° − 𝜃) = cosec 𝜃

cosec (90° − 𝜃) = sec 𝜃

Trigonometric IdentitiesofSupplementaryAngles

Two angles are supplementary when they add up to 180 degrees. Here’s how each trig function

behaves when you subtract your angle from 180 degrees.

sin(180° − 𝜃) = sin 𝜃

cos(180° − 𝜃) = − cos 𝜃

cosec (180° − 𝜃) = cosec 𝜃

sec(180° − 𝜃) = − sec 𝜃

tan(180° − 𝜃) = − tan 𝜃

cot(180° − 𝜃) = − cot 𝜃

ProofsofTrigonometric Identities

Now let’s prove the three Pythagorean identities. These aren’t arbitrary formulas. They follow

directly from the Pythagorean theorem applied to a right-angled triangle. Consider a right-angled
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△𝐴𝐵𝐶, which is right-angled at B.

Applying the Pythagorean theorem to this triangle, you get:

(hypotenuse)2 = (base)2 + (perpendicular)2

𝐴𝐶2 = 𝐴𝐵2 + 𝐵𝐶2…(1)

Trigonometric Identity1

Divide each term of equation (1) by 𝐴𝐶2:

𝐴𝐶2

𝐴𝐶2 =
𝐴𝐵2
𝐴𝐶2 +

𝐵𝐶2

𝐴𝐶2

⟹ 𝐴𝐵2
𝐴𝐶2 +

𝐵𝐶2

𝐴𝐶2 = 1

⟹ (𝐴𝐵𝐴𝐶 )
2 + (𝐵𝐶𝐴𝐶 )

2 = 1… (2)

You know that
𝐴𝐵
𝐴𝐶 is cos 𝑎 and

𝐵𝐶
𝐴𝐶 is sin 𝑎.

Substituting into equation (2):

sin2 𝑎 + cos2 𝑎 = 1

This identity is valid for angles 0 ≤ 𝑎 ≤ 90°.

Trigonometric Identity2

Now divide equation (1) by 𝐴𝐵2:

𝐴𝐶2

𝐴𝐵2 =
𝐴𝐵2
𝐴𝐵2 +

𝐵𝐶2

𝐴𝐵2

⟹ 𝐴𝐶2

𝐴𝐵2 = 1 + 𝐵𝐶2

𝐴𝐵2

⟹ (𝐴𝐶𝐴𝐵 )
2 = 1 + (𝐵𝐶𝐴𝐵 )

2…(3)

Here,
𝐴𝐶
𝐴𝐵 is the inverse of cos 𝑎, which is sec 𝑎, and

𝐵𝐶
𝐴𝐵 is tan 𝑎.

Replacing the values in equation (3):

1 + tan2 𝑎 = sec2 𝑎… (4)

Since tan 𝑎 is not defined for 𝑎 = 90°, this identity holds true for 0 ≤ 𝑎 < 90°.

Trigonometric Identity3

Similarly, dividing equation (1) by 𝐵𝐶2 gives you:
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cosec2 𝑎 = 1 + cot2 𝑎… (5)

Since cosec 𝑎 and cot 𝑎 are not defined for 𝑎 = 0°, this identity holds for all values where 0° < 𝑎 ≤
90°.

Triangle Identities (Sine,Cosine,andTangentRules)

The identities above apply specifically to right-angled triangles. But there are three rules thatwork

for any triangle at all. These are the sine rule, cosine rule, and tangent rule. You’ll find these

trigonometric identities essential in any course that covers triangle geometry. For a collection of

time-savingmathematics formulas and theorems, including these laws, bookmark that reference.

• Sine law

• Cosine law

• Tangent law

Also see: Triangle Inequality
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SineLaw

Triangle vertices A, B and C have opposite sides a, b and c, with the sine rule and cosine rule written beneath.

If𝐴, 𝐵 and𝐶 are the vertices of a triangle, and 𝑎, 𝑏 and 𝑐 are the opposite sides respectively, the sine
rule states:

𝑎
sin𝐴 = 𝑏

sin𝐵 = 𝑐
sin𝐶

or equivalently,
sin𝐴
𝑎 = sin𝐵𝑏 = sin𝐶𝑐

CosineLaw

The cosine rule generalizes the Pythagorean theorem to any triangle. When angle 𝐶 is 90 degrees,
the cos𝐶 term drops to zero and you get the standard Pythagorean theorem back.

𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos𝐶

or, cos𝐶 = 𝑎2 + 𝑏2 − 𝑐2
2𝑎𝑏

The related OpenStax mathematics textbooks provide additional explanations and exercises for

the mathematical definitions used here.
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AnIdentitywithaDomain

Using sin2 𝜃 + cos2 𝜃 = 1, the expression (1 − cos2 𝜃)/ sin 𝜃 simplifies to sin 𝜃 only where sin 𝜃 ≠ 0.
The original expression remains undefined at integer multiples of 𝜋.

To verify an identity, work on an expression with a stated domain rather than assuming the equa-

tion and making reversible-looking manipulations. Squaring both sides can introduce extra pos-

sibilities, while division can remove cases where the divisor is zero. A substituted angle is a useful

check but cannot prove equality for every allowed angle.

The points to check in this example are:

• State denominator restrictions before canceling factors.

• The sine and cosine addition formulas generate many related identities.

• An identity and an equation to be solved have different logical jobs.

CheckYourUnderstanding

Try the questions before reading the answers.

Question 1. Simplify 1 + tan2 𝜃.

Answer. sec2 𝜃, where cosine is nonzero.

Question 2. Is sin(𝛼 + 𝛽) = sin𝛼 + sin 𝛽 an identity?

Answer. No. The correct addition formula also contains cosine factors.

PracticeQuestions

Work each question before reading its solution. The set runs fromdirect recall and substitution to

the applied questions that exams actually use to separate grades. The downloadable PDF includes

these questions and their solutions.

Question 1. From sin2 𝜃 + cos2 𝜃 = 1, derive the other 2 Pythagorean identities.

Solution. Divide by cos2 𝜃: tan2 𝜃 + 1 = sec2 𝜃. Divide by sin2 𝜃: 1 + cot2 𝜃 = csc2 𝜃. One identity, 2
divisions, thewhole Pythagorean family. They are the unit circle’s equation 𝑥2+𝑦2 = 1 in disguise.

Question 2. Given sin 𝜃 = 3
5
with 𝜃 in the second quadrant, find cos 𝜃 and tan 𝜃.

Solution. cos2 𝜃 = 1 − 9
25

= 16
25
, and in quadrant II cosine is negative: cos 𝜃 = −4

5
. Then tan 𝜃 =

3/5
−4/5

= − 3
4
. The identity gives the magnitude; the quadrant gives the sign. Forgetting the sign

check is the classic droppedmark.

gauravtiwari.org Page 11

https://gauravtiwari.org/


Question 3. Compute sin 75° exactly using a sum formula.

Solution.

sin 75° = sin(45° + 30°) = sin 45 cos 30 + cos 45 sin 30 = √2
2 ⋅ √32 + √2

2 ⋅ 12 =
√6 + √2

4 .

The sum formulas turn the 2 memorized triangles into exact values for a whole family of angles.

Question 4. Derive the double-angle formula for sine, and state the 3 forms for cosine.

Solution. Set 𝑏 = 𝑎 in sin(𝑎 + 𝑏): sin 2𝑎 = 2 sin 𝑎 cos 𝑎. Similarly cos 2𝑎 = cos2 𝑎 − sin2 𝑎, and
substituting sin2 = 1 − cos2 or the reverse gives 2 cos2 𝑎 − 1 and 1 − 2 sin2 𝑎. Choose the form that
eliminates what you don’t know.

Question 5. Given cos 𝜃 = 1
3
, find cos 2𝜃 without finding 𝜃.

Solution. cos 2𝜃 = 2 cos2 𝜃 − 1 = 2 ⋅ 1
9
− 1 = − 7

9
. No inverse-trig, no calculator: the right identity

form answers directly from the given data.

Question 6. Prove the identity
sin 𝜃

1 + cos 𝜃 +
1 + cos 𝜃
sin 𝜃 = 2 csc 𝜃.

Solution. Combine over the common denominator: numerator = sin2 𝜃 + (1 + cos 𝜃)2 = sin2+1 +
2 cos+ cos2 = 2+2 cos 𝜃. So the sum is 2(1 + cos 𝜃)

sin 𝜃(1 + cos 𝜃) =
2
sin 𝜃 = 2 csc 𝜃. Standard proof craft: work

one side, find common denominators, and let sin2+ cos2 = 1 collapse the mess.

Question 7. Solve sin 2𝑥 = cos𝑥 for 0 ≤ 𝑥 < 2𝜋.

Solution. Rewrite: 2 sin𝑥 cos𝑥 − cos𝑥 = 0, so cos𝑥(2 sin𝑥 − 1) = 0. Either cos𝑥 = 0: 𝑥 = 𝜋
2
, 3𝜋
2
;

or sin𝑥 = 1
2
: 𝑥 = 𝜋

6
, 5𝜋
6
. Four solutions. Factoring, never dividing by cos𝑥, preserves the solutions

division would delete.

Question 8. Express sin2 𝜃 without a square, and name the application this serves.

Solution. From cos 2𝜃 = 1 − 2 sin2 𝜃: sin2 𝜃 = 1−cos 2𝜃
2
. This power-reduction step is what makes

∫ sin2 𝜃 𝑑𝜃 integrable in first-year calculus, and it reappears in signal processing as the DC compo-
nent of a squared sinusoid.

Question 9. A wave 𝑦 = 3 sin𝜔𝑡 + 4 cos𝜔𝑡 is a single sinusoid in disguise. Find its amplitude and
the identity behind the rewrite.

Solution. 𝑎 sin𝑥 + 𝑏 cos𝑥 = 𝑅 sin(𝑥 + 𝜙) with 𝑅 = √𝑎2 + 𝑏2 and tan𝜙 = 𝑏/𝑎. Here 𝑅 = √9 + 16 = 5:
amplitude 5, phase 𝜙 = arctan 4

3
≈ 53°. Adding same-frequency waves never changes the fre-

quency, only amplitude and phase: the working heart of AC circuit analysis.

Question 10. Verify numerically that tan has period 𝜋 while sin needs 2𝜋, and explain from the
definitions.

Solution. tan(𝜃 + 𝜋) = sin(𝜃+𝜋)
cos(𝜃+𝜋)

= − sin𝜃
− cos𝜃

= tan 𝜃: both components flip sign and the ratio survives.
Sine alone flips: sin(𝜃 + 𝜋) = − sin 𝜃, so it needs the full 2𝜋 to return. Check: tan 30° = tan 210° ≈
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0.577, while sin 210° = − 1
2
≠ sin 30°.

TangentLaw

The tangent rule (also called the law of tangents) relates the sides and angles of any triangle:

𝑎 − 𝑏
𝑎 + 𝑏 =

tan 𝐴−𝐵
2

tan 𝐴+𝐵
2

gauravtiwari.org Page 13

https://gauravtiwari.org/

	What Are Trigonometric Identities?
	Trigonometric Identities
	Ratio Trigonometric Identities
	Reciprocal Identities
	Periodicity Identities (in Radians)
	Cofunction Identities (in Degrees)
	Sum and Difference Identities
	Double Angle Identities
	Triple Angle Identities
	Half Angle Identities
	Product Identities
	Sum to Product Identities
	Pythagorean Trigonometric Identities
	Trigonometric Identities of Opposite Angles
	Trigonometric Identities of Complementary Angles
	Trigonometric Identities of Supplementary Angles
	Proofs of Trigonometric Identities
	Trigonometric Identity 1
	Trigonometric Identity 2
	Trigonometric Identity 3

	Triangle Identities (Sine, Cosine, and Tangent Rules)
	Sine Law
	Cosine Law

	An Identity with a Domain
	Check Your Understanding

	Practice Questions
	Tangent Law


