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Set
Read this note online

Set notation records membership, so repeated elements and their listing order do not change the

set.

Suppose A = {1, 2, 3, 4} and B = {3, 4, 5}. The intersection is {3, 4}; the union is {1, 2, 3, 4, 5}. The

difference A minus B is {1, 2}, while B minus A is {5}. Removing elements is sensitive to which set

comes first.

What IsaSet inMathematics?

A set is a well-defined collection of distinct objects. If you’ve ever grouped items together and

referred to them as one thing, you already understand the basic idea behind a set.
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George Cantor

The theory of Set (now called Set Theory), as amathematical discipline, rose upwithGeorgeCan-

tor, a German mathematician, when he was working on some problems in Trigonometric series

and series of real numbers after he recognized the importance of some distinct collections and

intervals.

Cantor defined the set as a ’plurality conceived as aunity’ (many in one; in otherwords,mentally

putting together a number of things and assigning them into one box).

Mathematically, a Set 𝑆 is ’any collection’ of definite, distinguishable objects of our universe, con-
ceived as a whole. The objects (or things) are called the elements or members of the set 𝑆 . Some
sets which are often pronounced in real life are, words like ”bunch”, ”herd”, ”flock” etc. The set is

a different entity from any of its members.

For example, a flock of birds (set) is not just only a single bird (member of the set). ’Flock’ is just a

mathematical concept with nomaterial existence but ’bird’ or ’birds’ are real.
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HowtoWriteandRepresentSets

Before you can work with sets in anymeaningful way, you need to know how to write them down.

There are two standardmethods for representing a set, and you’ll use both of them regularly.

StandardMethod

In this method we use to write all elements of a set in a curly bracket ( { } ).

For example:

Flock of Birds := {Bird-1, Bird-2..., Bird-100...}

or, 𝐹 ∶= 𝐵1, 𝐵2,… , 𝐵100,… is a set.

Here I have used first capital letter of each term to notate the example mathematically. We read

this set as, A set F is defined by a collection of objects 𝐵1, 𝐵2,… etc..

CharacteristicMethodorFormulaMethod

In this method, we write a representative element and define that by a characteristic property. A

characteristic property of a set is a property which is satisfied by each member of that set and by

nothing else.

For example, above set of Flock of birds can also be written as:

F ∶= B ∶ B is a bird which has the samemeaning at a wider extent.

We read it as: ”A set F is defined by element B such that B is a bird.”

When defining a set using the characteristic method, make sure your defining property is unam-

biguous. The property must clearly determine whether any given object belongs to the set or not.

Vague descriptions like ”the set of tall people” don’t qualify because ”tall” isn’t well-defined.

ExamplesofUsefulStandardSets

Certain sets show up so often in mathematics that they’ve earned their own dedicated symbols.

You’ll encounter these constantly, so it’s worth getting familiar with each one.

SetofNaturalNumbers

It includes of the numbers, which we can count, viz. 0, 1, 2, 3,4, 5,6, 7,… . The set of natural num-
bers is denoted byℕ . Natural numbers build on the concept of whole numbers, which you should
be comfortable with before going further.
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Setof Integers

Integers includes of negatives of natural numbers and natural numbers itself. It is denoted by ℤ
. −5,−4, 1, 2, 0 ...all are integers. The rigorous definition of integers be discussed in fourth part of
the series.

SetofRationalNumbers

Rational numbers are numbers which might be represented as 𝑝
𝑞
, where p and q both are integers

and relatively prime to each other and q not being zero. The set of rational numbers is represented

byℚ andmay include elements like 2
3
, −5
7
, 8 . The characteristic notation of the set of rational num-

bers is ℚ ∶= 𝑝
𝑞 ; /𝑝, 𝑞 ∈ ℤ, (𝑝, 𝑞) ≡ 1 𝑞 ≠ 0 . The rigorous discussion about rational numbers will be

provided in fourth part of the series.

EmptySet

It is possible to conceive a set with no elements at all. Such a set is variously known as an empty

set or a void set or a vacuous set or a null set.

An example of emptyset is the set {x ∶ x is an integer and x2 = 2}, since there exists no integer
which square is 2 —the set is empty. The unique empty set is denoted by∅ .

UnitSet

A set with only one element is called the unit set. {x} is a unit set or a singleton set.

UniversalSet

A set which contains every possible element in the universe, is a universal set. It is denoted by𝑈 .

TheSubsetofaSet

Once you understand what a set is, the next question is: what happens when one set lives entirely

inside another? That’s exactly what a subset captures. Think of it as a smaller collection that’s

fully contained within a larger one.

Let 𝐴 and 𝐵 be two sets. We say that 𝐴 is a subset of 𝐵 (or 𝐵 is superset of 𝐴 or 𝐴 is contained in 𝐵
(or 𝐵 contains 𝐴 ) if every element of 𝐴 is also an element of set 𝐵 .

In this case we write, 𝐴 ⊂ 𝐵 or 𝐵 ⊃ 𝐴 respectively, having the same meaning. If every element of
the set A is an element of the set B and B contains at-least one element which does not belong to
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A, then the set A is called a ’proper subset’ of B (conversely, B is called the proper superset of A),

otherwise A is an improper subset of B.

The proper subset notion is denoted by𝐴 ⊂ 𝐵while the latter is represented by𝐴 ⊆ 𝐵 . Subsetword
might be understood using ’sub-collection’ or ’sub-family’ as its synonyms. Two sets are equal to

each other if and only if each is a subset of the other.

TypesofSets (BasedonNumberofElements)

Sets can be classified by how many elements they contain. This distinction between finite and

infinite sets ismore important than itmight seem at first, because it shapes how you reason about

cardinality later on.

FiniteSet

A set is said to be finite, if it has finite number of elements. For example: A:= {a,b,c,d} is a finite set

with four elements. The number of elements in a set is called the cardinality of the set.

InfiniteSet

A set is infinite, if contains infinitely many elements. The set of natural numbers, ℕ ∶=
0, 1, 2, 3,4, 5,6, 7,… is an infinite set. The cardinality of an infinite set is infinite.

An empty set is a finite set with zero elements (i.e., zero cardinality).

PowerSetofaSet

The power set is one of those ideas that sounds abstract until you see it in action. It’s simply the

set of all possible subsets of a given set, and it grows surprisingly fast as the original set gets larger.

Power set of a set A is defined as the family consisting of all subsets of A, but the subset itself. The

power-set is denoted by 𝑃(𝐴) ∶= 𝑋 ∶ 𝑋 ⊂ 𝐴 . Understanding power sets is essential when youmove
on to function notations and rules, since functions map elements between sets.

OperationsonSets

Just as you can add, subtract, and multiply numbers, you can perform operations on sets. These

operations let you combine sets, find what they share, and determine what sets them apart. Un-

derstanding these is essential for everything that follows.
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UnionofTwoSets

If A and B are two sets, then their union (or join) is the set, defined by another set 𝑆 ∪ 𝑇 such that
it consists of elements from either A or B or both. If we write the sets A and B using Characteristic

Method as

A ∶= x ∶ x is an element of set A .

and, B ∶= x ∶ x is an element of set B

then the union set of A and B is defined by set J such that

J ∶= x ∶ x is an element of set A or set B or both .

For practical example, let we have two sets:

𝐴 ∶= 1, 2, 3, 𝑟, 𝑡, 𝑦 and 𝐵 ∶= 3, 6, 9, 𝑟, 𝑦, 𝑔, 𝑘 be any two sets; then their union is 𝐴 ∪ 𝐵 ∶=
1, 2, 3, 6, 9, 𝑟, 𝑡, 𝑦, 𝑔, 𝑘 .

Note that it behaves like writing all the elements of each set, just caring that you are not allowed

to write one element twice.

IntersectionofTwoSets

Intersection ormeet of two sets A and B is similarly defined by ’and’ connective. The set {x: x is an

element of A and x is an element of B} or briefly x ∶ x ∈ A ∧ x ∈ B . It is denoted by 𝐴∩ 𝐵 or by 𝐴 ⋅ 𝐵
or by 𝐴𝐵 .

For example, and by definition, if A and B be two sets defined as

𝐴 ∶= 1, 2, 3, 𝑟, 𝑡, 𝑦

𝐵 ∶= 3, 6, 9, 𝑟, 𝑔, 𝑘

then their intersection set, defined by 𝐴 ∩ 𝐵 ∶= 3, 𝑟 .

In simple words, the set formed with all common elements of two or more sets is called the inter-

section set of those sets.

If, again, A and B are two sets, we say that A is disjoint from B or B is disjoint fromA or both A and

B are mutually disjoint, if they have no common elements. Mathematically, two sets A and B are

said to be disjoint iff 𝐴 ∩ 𝐵 ∶= ∅ .

If two sets are not disjoint, they are said to intersect each other.

For example, if 𝑞,𝑤, 𝑒, 𝑟, 𝑡, 𝑦, 𝑢 is a set of keyboard letters, then 𝑞,𝑤, 𝑒, 𝑟, 𝑡, 𝑦, 𝑢 is a partition of the
set and each element of the set belongs to exactly onemember (subset) of partition set. Note that

there aremany partition sets possible for a set. For example, 𝑞,𝑤, 𝑒, 𝑟, 𝑡, 𝑦, 𝑢 is also a partition set of
set 𝑞,𝑤, 𝑒, 𝑟, 𝑡, 𝑦, 𝑢 .
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The complement set 𝐴𝑐 or 𝐴 of a set 𝐴 is a collection of objects which do not belong to 𝐴 . Mathe-
matically, 𝐴𝑐 ∶= 𝑥 ∶ 𝑥 ∉ 𝐴 .

Therelative complement of set 𝐴with respect to another set 𝑋 is 𝑋 ∩𝐴𝑐 ; i.e., intersection of set 𝑋
and the complement set of 𝐴 . This is usually shortened by 𝑋 − 𝐴, read Xminus A. Thus, 𝑋 − 𝐴 ∶=
𝑥 ∶ 𝑥 ∈ 𝑋 ∧ 𝑥 ∉ 𝐴, that is, the set of members of 𝑋 which are not members of 𝐴 .

The complement set is considered as a relative complement setwith respect to (w.r.t) the universal

set, and is called the Absolute Complement Set.

SymmetricDifferenceofTwoSets

The symmetric difference is another difference of sets 𝐴 and 𝐵, symbolized 𝐴Δ𝐵, is defined by the
union of mutual complements of sets 𝐴 and 𝐵, i.e., 𝐴Δ𝐵 ∶= (𝐴 − 𝐵) ∪ (𝐵 − 𝐴) = 𝐵Δ𝐴 .

CartesianProductofSets

Let 𝐴 and 𝐵 be two sets. Then their cartesian product is defined to be the set of an ordered pair,
(𝑎, 𝑏), where 𝑎 and 𝑏 are the elements of set 𝐴 and set 𝐵, respectively. Mathematically; the product
of two sets 𝐴 and 𝐵 : 𝐴 × 𝐵 ∶= (𝑎, 𝑏) ∶ 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵 .

Note that 𝐴 × 𝐵 ≠ 𝐵 × 𝐴 .

If 𝐴 has𝑚 elements, 𝐵 has 𝑛 elements then 𝐴 × 𝐵 indeed has𝑚𝑛 elements.

We see that if we product two sets, we get an ordered pair of two objects (nowwe’ll say them, vari-

ables). Similarly if we productmore than two setswe get ordered pair of samenumber of variables.

For example:

𝑋 × 𝑌 ∶= (𝑥, 𝑦); 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌 .

𝑋 × 𝑌 × 𝑍 ∶= (𝑥, 𝑦, 𝑧); 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌, 𝑧 ∈ 𝑍 . etc.

The sets, which are being product are called the factor sets of the ordered pair obtained. When

we form products, it is not necessary the factor sets to be distinct. The product of the same set 𝐴
taken 𝑛 times is called the 𝑛 -th power of 𝐴 and is denoted by 𝐴𝑛 . Thus, 𝐴2 is 𝐴× 𝐴 . 𝐴3 is 𝐴× 𝐴× 𝐴
. And so on.

ImportantTheoremsonSets

These are the foundational properties that govern how sets behave under union, intersection, and

complementation. You’ll rely on these theorems repeatedlywhenworking through proofs, so take

the time to understand why each one holds.
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• 𝐴 ∪ (𝐵 ∪ 𝐶) = (𝐴 ∪ 𝐵) ∪ 𝐶

• 𝐴 ∩ (𝐵 ∩ 𝐶) = (𝐴 ∩ 𝐵) ∩ 𝐶

• 𝐴 ∪ 𝐵 = 𝐵 ∪ 𝐴

• 𝐴 ∩ 𝐵 = 𝐵 ∩ 𝐴

• 𝐴 ∪ (𝐵 ∩ 𝐶) = (𝐴 ∪ 𝐵) ∩ (𝐴 ∪ 𝐶)

• 𝐴 ∩ (𝐵 ∪ 𝐶) = (𝐴 ∩ 𝐵) ∪ (𝐴 ∩ 𝐶)

• 𝐴 ∪ ∅ = 𝐴

• 𝐴 ∩ ∅ = ∅

• 𝐴 ∪ 𝑈 = 𝑈

• 𝐴 ∩ 𝑈 = 𝐴

• 𝐴 ∪ 𝐴 = 𝑈

• 𝐴 ∩ 𝐴 = ∅

• If ∀𝐴 ,𝐴 ∪ 𝐵 = 𝐴⇒ 𝐵 = ∅

• If ∀𝐴 ,𝐴 ∩ 𝐵 = 𝐴 ⇒ 𝐵 = 𝑈

• Self-dual Property: If 𝐴 ∪ 𝐵 = 𝑈 and 𝐴 ∩ 𝐵 = ∅ ⇒ 𝐵 = 𝐴

• Self Dual: 𝐴 = 𝐴

• ∅ = 𝑈

• 𝑈 = ∅

• Idempotent Law: 𝐴 ∪ 𝐴 = 𝐴

• Idempotent Law: 𝐴 ∩ 𝐴 = 𝐴

• Absorption Law: 𝐴 ∪ (𝐴 ∩ 𝐵) = 𝐴

• Absorption Law: 𝐴 ∩ (𝐴 ∪ 𝐵) = 𝐴

• deMorgen Law: 𝐴 ∪ 𝐵 = 𝐴 ∩ 𝐵

• de Morgen Law: 𝐴 ∩ 𝐵 = 𝐴 ∪ 𝐵

• Another Theorem

The following statements about set A and set B are equivalent to one another

𝐴 ⊆ 𝐵

𝐴 ∩ 𝐵 = 𝐴

𝐴 ∪ 𝐵 = 𝐵
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SetRelations

Relations are where sets become truly powerful. Instead of just grouping objects, you can now

describe how objects from different sets connect to each other. If you’ve ever said ”X is related to

Y,” you’ve already been thinking in terms of set relations.

A relation from set X to set Y is a subset of cartesian product 𝑋 × 𝑌 . Similarly, a relation from set
B to set A is a subset of 𝐵 × 𝐴 .

Read these statements carefully:

• ’Michelle is the wife of Barak Obama.’

• ’John is the brother of Nick.’

• ’Robert is the father of Marry.’

• ’Ram is older than Laxman.’

• ’Mac is the product of Apple Inc.’

After reading these statements, you will realize that the first ’Noun’ of each sentence is related to

the other.

We say that each noun is in a RELATIONSHIP to the other.

Michelle is related to Barak Obama as a wife.

John is related to Nick, as a brother. Robert is related to Marry as the father.

Ram is related to Laxman in terms of age(seniority).

Mac is related to Apple Inc. as a product.

Such relations are also used in Mathematics, but a little variations; like ’alphabets’ or ’numbers’

are used at place of some noun and mathematical relations are used between them. Some good

examples of relations are:

is less than

is greater than

is equal to

is an element of

belongs to

divides

etc. etc.

Some examples of regular mathematical statements which we encounter daily are:

4<6 : 4 is less than 6.

5=5 : 5 is equal to 5.
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6/3 : 3 divides 6.

For a general use, we can represent a statement as:

”some x is related to y”

Here ’is related to’ phrase is nothing but a particular mathematical relation. For mathematical

convenience, we write ”x is related to y” as 𝑥𝜌𝑦.

x and y are two objects in a certain order and they can also be used as ordered pairs (x,y).

(𝑥, 𝑦) ∈ 𝜌 and 𝑥𝜌𝑦 are the same and will be treated as the same term in further readings. If 𝜌 repre-
sents the relationmotherhood, then (Jane, John) ∈ 𝜌means that Jane is the mother of John.

All the relations we discussed above, were in between two objects (x,y), thus they are called Binary

Relations. (𝑥, 𝑦) ∈ 𝜌 ⇒ 𝜌 is a binary relation between a and b. Similarly, (𝑥, 𝑦, 𝑧) ∈ 𝜌 ⇒ 𝜌 is a ternary
(3-nary) relation on ordered pair (x,y,z).

In general a relation working on an n-tuple (𝑥1, 𝑥2,…𝑥𝑛) ∈ 𝜌 ⇒ 𝜌 is an n-ary relation working on
n-tuple.

For a binary relation 𝜌 ⊆ 𝐴 × 𝐵, the domain is the set of first components that occur in its ordered
pairs. The range is the set of second components that occur. An individual component is an ele-

ment of the corresponding set.

𝐷𝜌 = {𝑥 ∈ 𝐴 ∶ there is 𝑦 ∈ 𝐵 with (𝑥, 𝑦) ∈ 𝜌}

𝑅𝜌 = {𝑦 ∈ 𝐵 ∶ there is 𝑥 ∈ 𝐴with (𝑥, 𝑦) ∈ 𝜌}

EquivalenceRelationsonSet

Not all relations are created equal. Some relations have a special combination of properties that

makes thembehave likeanotionof ”sameness.”Theseare calledequivalence relations, and they’re

central to howmathematicians classify and group objects.

A relation is equivalence if it satisfies three properties, Symmetric, Reflexive and Transitive.

Equivalence relations are the backbone of classification in mathematics. Whenever you group

objects into categories (even numbers vs. odd numbers, for instance), you’re implicitly using an

equivalence relation. The three properties (reflexive, symmetric, transitive) guarantee that your

grouping is consistent and complete.

A relation is symmetric: Consider three sentences:

1. ”Jen is the mother of John.”;

2. ”John is brother of Nick.” and
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3. ”Jen, John and Nick live in a room altogether.”

In the first sentence, Jen has a relationship ofmotherhoodwith John. But can Johnhave the same

relation to Jen?

Can John bemother of Jen?

The answer is obviously NO!

This type of relations are not symmetric.

Now consider the second statement.

John has a brotherhood relationship with Nick. But canNick have the same relation to John? Can

Nick be brother of John? The answer is simply YES!

Thus, both the sentences ”John is the brother of Nick.” and ”Nick is the brother of John.” are the

same.

Wemay say that both are symmetric sentences.

And here the relation of ’brotherhood’ is symmetric in nature.

Again LIVINGWITH is also symmetric (it’s your time to understand it how?).

Now try to write the above short discussion in general andmathematical forms.

LetX andYbe twoobjects (numbers or people or any living or non-living thing) andhave a relation

𝜌 between them.

Then we write that X is related by a relation 𝜌, to Y.

OrX 𝜌Y.

And if 𝜌 is a symmetric relation, we might say that Y is (also) related by a relation 𝜌 to X. Or Y 𝜌
X.

So, in one line, 𝑋𝜌𝑌 ⟺ 𝑌𝜌𝑋 is true.

A relation is reflexive if X is related to itself by a relation. i.e., 𝑋𝜌𝑋

Consider the statement ”Jen, John andNick live in a house altogether.” once again. Is the relation

of living reflexive?

How to check? Ask like, Jen lives with Jen, true?

Yes! Jen lives there.

If a relation is a transitive relation,means that some objects X, Y, Z are such that if X is related

to Y by the relation, Y is related to Z by the relation, then X is also related to Z by the same relation.

i.e., 𝑋𝜌𝑌 ∧ 𝑌𝜌𝑍 ⇒ 𝑋𝜌𝑍 . For example, the relationship of brotherhood is transitive. (Why?)
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Nowwe will define a combined relation, called equivalence relation, on sets.

We say that a relation 𝜌 is an equivalence relation if the following properties are satisfied:

• (i) 𝑋𝜌𝑌 ⟺ 𝑌𝜌𝑋

• (ii) 𝑋𝜌𝑋

• (iii) 𝑋𝜌𝑌 𝑌𝜌𝑍 ⇒ 𝑋𝜌𝑍 .

If a set X has 𝑛 elements and set Y has𝑚 elements, then the total number of relations from set A to
B (or set B to A) is 2𝑛⋅𝑚 .

RelationsonaSingleSet

When you restrict a relation to a single set, some interesting special cases emerge. Here you’re

looking at how elements within the same set relate to each other.

A relation on a set A is a subset of𝐴×𝐴 . There are 2𝑛2 relations on set with 𝑛 elements out of which
following are notable:

• Empty Relation: ∅ ⊂ 𝐴 × 𝐴 is an empty relation on set A.

• Improper Relation: 𝐴 × 𝐴 is an improper or trivial relation on set A.

• Diagonal Relation: Δ ∶= {(𝑎, 𝑎) ∶ 𝑎 ∈ 𝐴} is a diagonal relation on A.

CompositionofTwoRelations

Youcanchain relations together,much like composing functions. If one relationconnects element

𝑎 to 𝑐 and another connects 𝑐 to 𝑏, their composition connects 𝑎 directly to 𝑏.

Let R and S be two relations on setA. Then, 𝑅 ∪ 𝑆, 𝑅 ∩ 𝑆 and 𝑅 ⧵ 𝑆 are all subsets of 𝐴×𝐴 and hence
they are also relations on A.

The relation, 𝑅𝜌𝑆 ∶= (𝑎1, 𝑎2) ⊂ 𝐴 × 𝐴 such that (𝑎1, 𝑎3) ∈ 𝑆 and (𝑎3, 𝑎2) ∈ 𝑅, ∀𝑎1, 𝑎2, 𝑎3 is called the
composition of R and S on set A.

PropertiesofCompositeRelations

Let R, S and T be relations on set A. Then

• (𝑅𝜌𝑆)𝜌𝑇 = 𝑅𝜌(𝑆𝜌𝑇)

• 𝑅𝜌Δ = 𝑅 = Δ𝜌𝑅
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• 𝑅𝜌(𝑆 ∪ 𝑇) = (𝑅𝜌𝑆) ∪ (𝑅𝜌𝑇)

• 𝑅𝜌(𝑆 ∩ 𝑇) ⊆ (𝑅𝜌𝑆) ∩ (𝑅𝜌𝑇)

InverseRelation

Every relation has an inverse, and understanding it is simpler than you might expect. You just

swap the order of elements in each ordered pair.

Let R be a relation on a set defined by ordered pair (𝑥, 𝑦), then the inverse of the relation R, 𝑅−1, is
defined by ordered pair, (𝑦, 𝑥) . 𝑅−1 is called the inverse relation of R on the set.

Remarks

Let R and S be the relations on A, then

• (𝑅−1)−1 = 𝑅

• (𝑅𝜌𝑆)−1 = 𝑆−1𝜌𝑅−1

PartitionofaSet

Partitioning a setmeans dividing it into non-overlapping groups that together cover the entire set.

Every element ends up in exactly one group, with nothing left out and no overlaps.

A partition set of a set X is a disjoint collection of non-empty and distinct subsets of X such that

eachmember of X is a member of exactly onemember (subset) of the collection.

Let A be a set. A subset P of the power-set of A is called partition of A, if

• Union of members of P is A. i.e., ∪𝑋∈𝑃𝑋 = 𝐴

• 𝑋, 𝑌 ∈ 𝑃, 𝑋 ≠ 𝑌 ⇒ 𝑋 ∩ 𝑌 = ∅ .

CardinallyEquivalentSets

When can you say two sets are the ”same size”? For finite sets, you just count the elements. But

for infinite sets, counting doesn’t work. Instead, you check whether a one-to-one correspondence

exists between them.

A set 𝐴 is said to be cardinally equivalent or just ’equivalent’ to another set 𝐵 if there exists one-
onemapping (function) fromA toB. This relation is denotedby the symbol ~. ThereforeA~Bmeans

that set A and B are equivalent to each other. Cardinal equivalence plays a key role when studying

bounded sets and the concepts of supremum and infimum.
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Denumerable,CountableandUncountableSets

This is where set theory gets genuinely surprising. Youmight assume all infinite sets are the same

”size,” but Cantor showed that’s not the case. Some infinities are larger than others, and the dis-

tinctionbetween countable anduncountable sets is one of themost important ideas in all ofmath-

ematics. These concepts connect directly to real sequences and convergence.

A set A is called a denumerable (or countably infinite) set if there exists a one-one mapping from

the set ℕ of natural numbers onto the set A,i.e., Ais denumerable, if it’s equivalent to the set of
natural numbers ℕ .

A set Ais said to be countable set if either Ais denumerable or A is finite.

A set is uncountable, if it’s infinite and not equivalent to ℕ .

Examples of Denumerable, Countable and Uncountable
Sets

Here are some key examples that illustrate the distinction. Pay close attention to the last two,

because they reveal just how different ”sizes” of infinity can be.

• The set of all natural numbers ℕ is countable.

• The set of all rational numbersℚ is countable.

• The set of all real numbers ℝ is uncountable.

• The set of all irrational numbers is uncountable.

• The set ℕ × ℕ is uncountable.

ImportantTheoremsonCountability

These theorems give you the essential rules for reasoning about finite, countable, and uncount-

able sets. They’re the toolkit you’ll use whenever you need to determine the cardinality of a new

set. If you want to see how these ideas extend into deeper territory, check out this introduction to

functional analysis.

1. Every subset of a finite set is finite.

2. Every superset of an infinite set is infinite.

3. If AandB are finite sets, then 𝐴 ∩ 𝐵 and 𝐴 ∪ 𝐵 are also finite sets.

4. Every subset of a countable set is countable.
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5. Every infinite subset of a denumerable set is denumerable.

6. For countable sets, A&B, 𝐴 ∩ 𝐵 is also countable.

7. Every superset of an uncountable set is uncountable.

8. Every infinite set has a denumerable subset.

9. Countably infinite sets are smallest infinite sets.

10. The countable (finite) union of countable sets is countable.

11. Every infinite set is equivalent to one of its proper subsets.

MembershipandSetOperations

If U = {1, 2, 3, 4, 5, 6}, the complement of A is {5, 6}. The same A has a different complement in the

integers. I recommend writing the universe before calculating a complement in a Venn-diagram

question.

The points to check in this example are:

• The listings {1, 2, 2, 3} and {3, 2, 1} represent the same set.

• 2 is an element of A; {2} is a subset of A.

• The empty set has no elements, while {0} has 1 element.

CheckYourUnderstanding

Try the questions before reading the answers.

Question 1. Howmany elements are in the union?

Answer. 5. Adding the separate sizes gives 7, but the 2 shared elements must be counted once.

Question 2. Are Aminus B and Bminus A equal?

Answer. No. This example gives {1, 2} and {5}.

PracticeQuestions

Work each question before reading its solution. The set runs fromdirect recall and substitution to

the applied questions that exams actually use to separate grades. The downloadable PDF includes

these questions and their solutions.

Question 1. List the elements of 𝐴 = {𝑥 ∶ 𝑥 is an even prime} and 𝐵 = {𝑥 ∈ ℤ ∶ 𝑥2 = 9}, and classify
each set.
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Solution. 𝐴 = {2}, a singleton, since 2 is the only even prime. 𝐵 = {−3, 3}, a 2-element finite set.
Set-builder notation describes; listing exhibits. Both sets here are finite and nonempty.

Question 2. For 𝐴 = {1, 2, 3}, list the power set and count it.

Solution. 𝒫(𝐴) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}: 8 subsets. Each element is either in or out,
2 choices each, so |𝒫(𝐴)| = 23 = 8. The empty set and 𝐴 itself always count.

Question 3. With 𝑈 = {1,… , 10}, 𝐴 = {1, 2, 3, 4, 5}, 𝐵 = {4, 5, 6, 7}, compute 𝐴 ∪ 𝐵, 𝐴 ∩ 𝐵, 𝐴 − 𝐵, and 𝐴𝑐.

Solution. 𝐴 ∪ 𝐵 = {1, 2, 3, 4, 5, 6, 7}; 𝐴 ∩ 𝐵 = {4, 5}; 𝐴 − 𝐵 = {1, 2, 3} (in 𝐴, not in 𝐵); 𝐴𝑐 = {6, 7, 8, 9, 10}.
Union gathers, intersection filters, difference subtracts, complement flips against the universe.

Question 4. State both DeMorgan laws and verify one of them on the sets of Question 3.

Solution. (𝐴 ∪ 𝐵)𝑐 = 𝐴𝑐 ∩ 𝐵𝑐 and (𝐴 ∩ 𝐵)𝑐 = 𝐴𝑐 ∪ 𝐵𝑐. Check the first: 𝐴 ∪ 𝐵 = {1..7}, so (𝐴 ∪ 𝐵)𝑐 =
{8, 9, 10}. And 𝐴𝑐 ∩ 𝐵𝑐 = {6, 7, 8, 9, 10} ∩ {1, 2, 3, 8, 9, 10} = {8, 9, 10}. Equal. Complement swaps union
with intersection, the same duality that governs logical NOT over AND/OR.

Question 5. In a class of 40, 25 play cricket, 18 play football, and 10 play both. How many play

neither?

Solution. Inclusion-exclusion: |𝐶 ∪ 𝐹| = 25 + 18 − 10 = 33, the subtraction removing the double-
counted both-players. Neither: 40 − 33 = 7. Every survey-overlap problem is this one formula.

Question 6. Is∅ a subset of every set? Is it an element of every set? Distinguish.

Solution. ∅ ⊆ 𝐴 always: the requirement ”every element of ∅ is in 𝐴” is vacuously met, there
being nothing to check. But ∅ ∈ 𝐴 only when 𝐴 explicitly lists it, as in 𝐴 = {∅, 1}. Subset is about
containment of contents; element is about membership on the roster. {∅} is not empty: it holds 1
item.

Question 7. Compute 𝐴 × 𝐵 for 𝐴 = {1, 2}, 𝐵 = {𝑥, 𝑦, 𝑧}, and state |𝐴 × 𝐵|.

Solution. All orderedpairs: {(1, 𝑥), (1, 𝑦), (1, 𝑧), (2, 𝑥), (2, 𝑦), (2, 𝑧)}, so |𝐴×𝐵| = 2×3 = 6. Ordermatters:
(1, 𝑥) ≠ (𝑥, 1), and 𝐵 × 𝐴 is a different set. Cartesian products build coordinate planes, databases’
joined tables, and relations.

Question8. Three sets now: of 100 students, 50 takemath, 40physics, 30 chemistry; 20 takemath

and physics, 15math and chemistry, 10 physics and chemistry; 5 take all 3. Howmany take at least

1?

Solution. |𝑀 ∪ 𝑃 ∪ 𝐶| = 50 + 40 + 30 − 20 − 15 − 10 + 5 = 80. Singles added, pairwise overlaps
subtracted, the triple overlap added back because the subtractions removed it 3 times after the

additions counted it 3 times. 20 students take none.

Question 9. Classify these sets by cardinality: ℕ, the primes, ℝ, the set of subsets of ℕ.

Solution. ℕ and the primes are countably infinite, the same size, since the primes list as 𝑝1, 𝑝2,…
in order. ℝ is uncountable: Cantor’s diagonal argument shows no list can contain every real. 𝒫(ℕ)
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is also uncountable, matchingℝ in size, by Cantor’s theorem that every set is strictly smaller than
its power set. Infinity comes in sizes.

Question 10. Russell’s paradox: consider 𝑅 = {𝑋 ∶ 𝑋 ∉ 𝑋}, the set of all sets that do not contain
themselves. What goes wrong?

Solution. Ask whether 𝑅 ∈ 𝑅. If yes, then by its own defining condition 𝑅 ∉ 𝑅; if no, then 𝑅
satisfies theconditionand𝑅 ∈ 𝑅. Bothanswers contradict themselves, sonosuchset canexist, and
unrestricted ”any property defines a set” collapses. Modern ZFC set theory restricts set formation

to avoid this, allowing only subsets carved from existing sets.

FrequentlyAskedQuestions

What isthedifferencebetweenasetandasubset?

A set is any well-defined collection of distinct objects, while a subset is a set whose every element

also belongs to another set. If every element of set A is also an element of set B, then A is a subset

of B, written as 𝐴 ⊂ 𝐵 or 𝐴 ⊆ 𝐵. Every set is an improper subset of itself, and the empty set ∅ is a
subset of every set.

What istheemptysetandwhyis it important?

The empty set, denoted by ∅, is the unique set that contains no elements at all. It is important
because it serves as the identity element for the union operation (𝐴 ∪ ∅ = 𝐴) and acts as the anni-
hilator for intersection (𝐴∩∅ = ∅). The empty set is a subset of every set, which is a foundational
axiom in set theory.

What isthedifferencebetweencountableanduncountablesets?

A countable set is one that is either finite or can be put into a one-to-one correspondence with the

natural numbers ℕ. The set of integers ℤ and the set of rational numbers ℚ are both countable.
An uncountable set is an infinite set that cannot be matched one-to-one with ℕ. The set of real
numbersℝ is themost well-known example of an uncountable set, as proved by Cantor’s diagonal
argument.

Whatarethethreepropertiesofanequivalencerelation?

An equivalence relation must satisfy three properties: (1) Reflexive, meaning every element is re-

lated to itself (𝑋𝜌𝑋); (2) Symmetric, meaning if X is related to Y then Y is related to X (𝑋𝜌𝑌 ⟺
𝑌𝜌𝑋); and (3) Transitive, meaning if X is related to Y and Y is related to Z, then X is related to Z
(𝑋𝜌𝑌 ∧ 𝑌𝜌𝑍 ⇒ 𝑋𝜌𝑍). A common real-world example is the relation ”lives in the same city as,”
which satisfies all three properties.
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Howdoyoufindthepowersetofaset?

The power set of a set A, denoted 𝑃(𝐴), is the collection of all possible subsets of A, including the
empty set and A itself. To find it, list every possible combination of elements from the original

set. For a set with n elements, the power set contains 2𝑛 subsets. For example, if 𝐴 = {1, 2}, then
𝑃(𝐴) = {∅, {1}, {2}, {1, 2}}, which has 22 = 4 elements.

What istheCartesianproductoftwosets?

The Cartesian product of two sets A and B, written𝐴×𝐵, is the set of all ordered pairs (𝑎, 𝑏)where a
comes from set A and b comes from set B. If A hasm elements and Bhas n elements, then𝐴×𝐵 has
𝑚×𝑛 elements. An important property to remember is that ordermatters: 𝐴×𝐵 ≠ 𝐵×𝐴 in general.
The Cartesian product is the foundation for defining relations and functions between sets.
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