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Abstract

Thismonograph presents a unified treatment of several foundational topics inmathematical
analysis, progressing from elementary inequalities through convergence theory to the abstract
framework of functional analysis. Webeginwith the triangle inequality—arguably themost fun-
damental inequality in all of mathematics—establishing it rigorously for real numbers, complex
numbers, vectors, and general metric spaces. We then develop the theory of infinite series, cul-
minating in D’Alembert’s ratio test and its relatives, with complete proofs and extensive worked
examples. The discussion of Dirichlet’s theorem and Liouville’s extension connects multiple in-
tegrationwith the Gamma and Beta functions, revealing the elegantmachinery underlyingmul-
tidimensional calculus. Finally, we introduce the key structures of functional analysis—normed
spaces, Banach spaces, inner product spaces, and Hilbert spaces—providing the abstract setting
in which the earlier concrete results find their natural home. Throughout, we emphasize the
interconnections between these topics and include historical context, numerous examples, and
remarks on further developments.

Keywords: Triangle inequality, convergence tests, ratio test, Dirichlet’s theorem, Gamma func-
tion, Beta function, normed spaces, Banach spaces, Hilbert spaces, functional analysis
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1 Introduction to Analysis

1.1 What Is Analysis?

Mathematical analysis is the rigorous study of limits and the processes built upon them: conti-
nuity, differentiation, integration, and infinite series. While calculus provides the computational
techniques, analysis supplies the logical foundations that make those techniques trustworthy. The
transition from calculus to analysis is often described as the transition from doing mathematics to
understandingmathematics.
Remark 1.1. The word “analysis” comes from the Greek analyein, meaning “to break up” or “to
loosen.” The subject breaks complex mathematical structures into simpler components that can be
studied rigorously.

1.2 Historical Development

The foundations of analysis were laid in the nineteenth century by mathematicians who sought to
place calculus on a rigorous footing. The key figures include:

• Augustin-Louis Cauchy (1789–1857): Introduced the modern definition of limit, continuity, and
convergence. His Cours d’Analyse (1821) was a landmark in rigor.

• Karl Weierstrass (1815–1897): Developed the 𝜖-𝛿 definition of limit that is standard today and
constructed the first known continuous, nowhere-differentiable function.

• Bernhard Riemann (1826–1866): Formalized the notion of integrability and extended complex
analysis with profound geometric insight.

• Peter Gustav Lejeune Dirichlet (1805–1859): Made foundational contributions to Fourier series,
number theory, and multiple integrals, including the theorem that bears his name.

• Jean le Rond d’Alembert (1717–1783): Contributed the ratio test for convergence and the wave
equation in mathematical physics.

• Stefan Banach (1892–1945): Founded the modern theory of functional analysis, introducing the
concept of Banach spaces and proving fundamental theorems about linear operators.

• David Hilbert (1862–1943): Developed the theory of Hilbert spaces, integral equations, and the
axiomatic foundations of mathematics.

1.3 The Role of Inequalities

Inequalities are the workhorses of analysis. While equalities give precise information, inequalities
provide the bounds and estimates that drivemost proofs. As the analyst’s proverb goes: “In analysis,
we prove equalities by proving two inequalities.”

The three most important inequalities in analysis are:

1. The triangle inequality: |𝑥 + 𝑦| ≤ |𝑥| + |𝑦|

2. The Cauchy–Schwarz inequality: |⟨𝑥, 𝑦⟩| ≤ ‖𝑥‖ ⋅ ‖𝑦‖

3. The arithmetic–geometric mean inequality: √𝑎𝑏 ≤ 𝑎+𝑏
2

for 𝑎, 𝑏 ≥ 0

These three inequalities, together with their generalizations, form the backbone of virtually
every convergence and estimation argument in analysis.
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1.4 Overview of This Monograph

This work is organized as follows:

• Chapter 2 develops the triangle inequality in full generality, from real numbers through complex
numbers and vectors to abstract metric and normed spaces. The Cauchy–Schwarz inequality is
proved as a fundamental tool.

• Chapter 3 treats the convergence of infinite series, with the central result being D’Alembert’s ratio
test. We also discuss comparison tests, the root test, Raabe’s test, and the integral test.

• Chapter 4 presents Dirichlet’s theorem on multiple integrals and Liouville’s generalization, with
thorough treatment of the Gamma and Beta functions.

• Chapter 5 introduces the essential structures of functional analysis: normed spaces, Banach spaces,
inner product spaces, and Hilbert spaces, along with the key theorems that govern them.

• Chapter 6 explores the connections between these topics and indicates directions for further study.

1.5 Prerequisites and Notation

We assume familiarity with single-variable calculus, basic linear algebra, and elementary set theory.
The following notation is used throughout:

Symbol Meaning

ℕ Natural numbers {1, 2, 3,…}
ℤ Integers
ℚ Rational numbers
ℝ Real numbers
ℂ Complex numbers
|⋅| Absolute value or modulus
‖⋅‖ Norm
⟨⋅, ⋅⟩ Inner product
∑∞

𝑛=1 Infinite series
sup, inf Supremum, infimum
lim sup, lim inf Limit superior, limit inferior

Table 1: Standard notation used in this monograph.

2 The Triangle Inequality
The triangle inequality is one of the most fundamental results in all of mathematics. Geometrically,
it states that no side of a triangle can exceed the sum of the other two sides. Analytically, it is the
essential property that makes distance behave sensibly. In this chapter, we develop the triangle
inequality systematically, progressing from real numbers through complex numbers and vectors to
general normed and metric spaces.
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2.1 The Geometric Idea

Consider a triangle with vertices 𝐴, 𝐵, 𝐶 and side lengths 𝑎 = 𝐵𝐶, 𝑏 = 𝐴𝐶, 𝑐 = 𝐴𝐵. The triangle
inequality asserts:

𝑎 ≤ 𝑏 + 𝑐 (1)
𝑏 ≤ 𝑎 + 𝑐 (2)
𝑐 ≤ 𝑎 + 𝑏 (3)

Remark 2.1. Equality holds if and only if the triangle degenerates into a line segment—that is, one
vertex lies on the segment between the other two. In this degenerate case, the “triangle” has zero
area.

Remark 2.2 (Historical Note). The triangle inequality appears implicitly in Euclid’s Elements (Book
I, Proposition 20), where it is stated: “In any triangle, the sum of two sides is greater than the re-
maining one.” Euclid’s proof proceeds by contradiction and uses the exterior angle theorem.

Triangle Inequality: |a + b| ≤ |a| + |b|

O

a b

a + b

|a|

|b|

|a + b|

|a + b| ≤ |a| + |b|

The direct path (a + b) is never longer than the path through the vertex (a then b).

Figure 1: Geometric interpretation of the triangle inequality: the direct path from 𝐴 to 𝐵 is never
longer than the path through an intermediate point 𝐶, i.e. |𝐴𝐵| ≤ |𝐴𝐶| + |𝐶𝐵|.

2.2 Triangle Inequality for Real Numbers

Theorem 2.1 (Triangle Inequality for ℝ). For any real numbers 𝑥 and 𝑦,

|𝑥 + 𝑦| ≤ |𝑥| + |𝑦| . (4)

We first establish a useful lemma.

Lemma 2.2 (Absolute Value Characterization). For 𝑎 ≥ 0, we have |𝑥| ≤ 𝑎 if and only if−𝑎 ≤ 𝑥 ≤ 𝑎.
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Proof. Forward direction: Suppose |𝑥| ≤ 𝑎. Since − |𝑥| ≤ 𝑥 ≤ |𝑥| always holds (by definition of
absolute value), we have −𝑎 ≤ − |𝑥| ≤ 𝑥 ≤ |𝑥| ≤ 𝑎.

Reverse direction: Suppose −𝑎 ≤ 𝑥 ≤ 𝑎. If 𝑥 ≥ 0, then |𝑥| = 𝑥 ≤ 𝑎. If 𝑥 < 0, then |𝑥| = −𝑥 ≤ 𝑎
(since 𝑥 ≥ −𝑎 implies −𝑥 ≤ 𝑎). In either case, |𝑥| ≤ 𝑎.

Proof of Theorem 2.1. We have − |𝑥| ≤ 𝑥 ≤ |𝑥| and − |𝑦| ≤ 𝑦 ≤ |𝑦|. Adding these inequalities:
−(|𝑥| + |𝑦|) ≤ 𝑥 + 𝑦 ≤ |𝑥| + |𝑦| .

By Lemma 2.2 with 𝑎 = |𝑥| + |𝑦|, we conclude |𝑥 + 𝑦| ≤ |𝑥| + |𝑦|.

Corollary 2.3 (Equality Condition). |𝑥 + 𝑦| = |𝑥| + |𝑦| if and only if 𝑥 and 𝑦 have the same sign (or
at least one is zero).
Proof. If 𝑥, 𝑦 ≥ 0, then |𝑥 + 𝑦| = 𝑥 + 𝑦 = |𝑥| + |𝑦|. Similarly if 𝑥, 𝑦 ≤ 0. Conversely, if 𝑥 > 0 and
𝑦 < 0 (or vice versa), then |𝑥 + 𝑦| < |𝑥|+ |𝑦| (strict inequality), which can be verified by considering
|𝑥 + 𝑦|2 versus (|𝑥| + |𝑦|)2.

Theorem 2.4 (Generalized Triangle Inequality). For any real numbers 𝑥1, 𝑥2,… , 𝑥𝑛,
||||

𝑛
∑
𝑘=1

𝑥𝑘
||||
≤

𝑛
∑
𝑘=1

|𝑥𝑘| . (5)

Proof. By induction on 𝑛. The base case 𝑛 = 1 is trivial. For the inductive step, assume the result
holds for 𝑛 − 1 terms. Then:

||||

𝑛
∑
𝑘=1

𝑥𝑘
||||
=
||||

𝑛−1
∑
𝑘=1

𝑥𝑘 + 𝑥𝑛
||||
≤
||||

𝑛−1
∑
𝑘=1

𝑥𝑘
||||
+ |𝑥𝑛| ≤

𝑛−1
∑
𝑘=1

|𝑥𝑘| + |𝑥𝑛| =
𝑛
∑
𝑘=1

|𝑥𝑘| .

Example 2.1. Let 𝑥 = 3 and 𝑦 = −5. Then |𝑥 + 𝑦| = |−2| = 2, while |𝑥| + |𝑦| = 3 + 5 = 8. Indeed
2 ≤ 8. The inequality is strict because 𝑥 and 𝑦 have opposite signs.
Example 2.2. Let 𝑥 = −7 and 𝑦 = −3. Then |𝑥 + 𝑦| = |−10| = 10, and |𝑥| + |𝑦| = 7 + 3 = 10. Here
equality holds because both numbers are negative.

2.3 The Cauchy–Schwarz Inequality

The Cauchy–Schwarz inequality is the key tool for establishing the triangle inequality in higher-
dimensional settings.
Theorem 2.5 (Cauchy–Schwarz Inequality in ℝ𝑛). For any x = (𝑥1,… , 𝑥𝑛) and y = (𝑦1,… , 𝑦𝑛) in
ℝ𝑛,

||||

𝑛
∑
𝑖=1

𝑥𝑖𝑦𝑖
||||
≤
√√√
√

𝑛
∑
𝑖=1

𝑥2𝑖 ⋅
√√√
√

𝑛
∑
𝑖=1

𝑦2𝑖 , (6)

or in inner product notation: |⟨x, y⟩| ≤ ‖x‖ ⋅ ‖y‖.
Proof. If y = 0, both sides are zero and the result is trivial. Assume y ≠ 0. For any real number 𝑡,
consider:

0 ≤ ‖x − 𝑡y‖2 = ‖x‖2 − 2𝑡⟨x, y⟩ + 𝑡2 ‖y‖2 .
This is a quadratic in 𝑡 that is always non-negative. Its minimum occurs at 𝑡 = ⟨x, y⟩/ ‖y‖2. Substi-
tuting:

0 ≤ ‖x‖2 − ⟨x, y⟩2

‖y‖2
,

which yields ⟨x, y⟩2 ≤ ‖x‖2 ‖y‖2. Taking square roots gives the result.
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Corollary 2.6 (Equality in Cauchy–Schwarz). Equality holds in the Cauchy–Schwarz inequality if
and only if x and y are linearly dependent (i.e., one is a scalar multiple of the other).

Proof. Equality holds iff the quadratic ‖x − 𝑡y‖2 has a zero, i.e., x = 𝑡y for some 𝑡 ∈ ℝ.

Remark 2.3 (Historical Note). This inequality was first stated by Cauchy in 1821 for finite sums,
independently discovered byBunyakovsky in 1859 for integrals, and generalized by Schwarz in 1884.
In the integral form:

||||
∫

𝑏

𝑎
𝑓(𝑥)𝑔(𝑥) 𝑑𝑥

||||

2

≤ ∫
𝑏

𝑎
𝑓(𝑥)2 𝑑𝑥 ⋅ ∫

𝑏

𝑎
𝑔(𝑥)2 𝑑𝑥.

Some authors call it the Cauchy–Bunyakovsky–Schwarz inequality.

2.4 Triangle Inequality for Vectors in ℝ𝑛

Theorem 2.7 (Triangle Inequality in ℝ𝑛). For any x, y ∈ ℝ𝑛,

‖x + y‖ ≤ ‖x‖ + ‖y‖ . (7)

Proof. We compute:

‖x + y‖2 =
𝑛
∑
𝑖=1
(𝑥𝑖 + 𝑦𝑖)2 =

𝑛
∑
𝑖=1

𝑥2𝑖 + 2
𝑛
∑
𝑖=1

𝑥𝑖𝑦𝑖 +
𝑛
∑
𝑖=1

𝑦2𝑖

= ‖x‖2 + 2⟨x, y⟩ + ‖y‖2 . (8)

By the Cauchy–Schwarz inequality (Theorem 2.5):

⟨x, y⟩ ≤ |⟨x, y⟩| ≤ ‖x‖ ⋅ ‖y‖ .

Substituting into (8):

‖x + y‖2 ≤ ‖x‖2 + 2 ‖x‖ ‖y‖ + ‖y‖2 = ( ‖x‖ + ‖y‖ )2.

Since both sides are non-negative, taking square roots yields the result.

Corollary 2.8 (Triangle Inequality for Distance). For any x, y, z ∈ ℝ𝑛,

𝑑(x, y) ≤ 𝑑(x, z) + 𝑑(z, y), (9)

where 𝑑(x, y) = ‖x − y‖.

Proof. Substitute x − z for x and z − y for y in Theorem 2.7:

‖(x − z) + (z − y)‖ ≤ ‖x − z‖ + ‖z − y‖ ,

which is 𝑑(x, y) ≤ 𝑑(x, z) + 𝑑(z, y).

2.5 Triangle Inequality for Complex Numbers

Theorem 2.9 (Triangle Inequality in ℂ). For any complex numbers 𝑧1, 𝑧2 ∈ ℂ,

|𝑧1 + 𝑧2| ≤ |𝑧1| + |𝑧2| . (10)

Proof. Writing 𝑧𝑘 = 𝑎𝑘+𝑖𝑏𝑘 for 𝑘 = 1, 2, we identify 𝑧𝑘 with the vector (𝑎𝑘, 𝑏𝑘) ∈ ℝ2. Themodulus
|𝑧𝑘| = √𝑎2𝑘 + 𝑏2𝑘 corresponds to the Euclidean norm. The result follows directly from Theorem 2.7
with 𝑛 = 2.
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Remark 2.4. An alternative proof uses the identity |𝑧|2 = 𝑧 ̄𝑧:

|𝑧1 + 𝑧2|
2 = (𝑧1 + 𝑧2)(𝑧1 + 𝑧2) = |𝑧1|

2 + 𝑧1 ̄𝑧2 + ̄𝑧1𝑧2 + |𝑧2|
2

= |𝑧1|
2 + 2Re(𝑧1 ̄𝑧2) + |𝑧2|

2

≤ |𝑧1|
2 + 2 |𝑧1| |𝑧2| + |𝑧2|

2 = (|𝑧1| + |𝑧2|)2,

where we used Re(𝑧1 ̄𝑧2) ≤ |𝑧1 ̄𝑧2| = |𝑧1| |𝑧2|.
Corollary 2.10 (Generalized Triangle Inequality in ℂ). For 𝑧1, 𝑧2,… , 𝑧𝑛 ∈ ℂ,

||||

𝑛
∑
𝑘=1

𝑧𝑘
||||
≤

𝑛
∑
𝑘=1

|𝑧𝑘| .

2.6 Triangle Inequality in Metric Spaces

The triangle inequality is one of the defining axioms of a metric space.

Triangle Inequality in a Metric Space

x

y

z

d(x
, y
)

d(y,
 z)

d(x, z)

d(x, z) ≤ d(x, y) + d(y, z)

Direct path Indirect path (via y)

Figure 2: The triangle inequality in an abstract metric space (𝑋, 𝑑): for any three points 𝑥, 𝑦, 𝑧 ∈ 𝑋 ,
the distance 𝑑(𝑥, 𝑦) is bounded above by 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦).

Definition 2.1 (Metric Space). A metric space is a pair (𝑋, 𝑑) where 𝑋 is a set and 𝑑∶ 𝑋 × 𝑋 → ℝ is
a function (called a metric or distance function) satisfying, for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 :

(i) Non-negativity: 𝑑(𝑥, 𝑦) ≥ 0, with 𝑑(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦.

(ii) Symmetry: 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥).

(iii) Triangle inequality: 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦).
Example 2.3 (Discrete Metric). On any set 𝑋 , define 𝑑(𝑥, 𝑦) = 1 if 𝑥 ≠ 𝑦 and 𝑑(𝑥, 𝑥) = 0. The
triangle inequality holds because the left side is at most 1, and the right side is at least 1 whenever
𝑥 ≠ 𝑦 (since at least one of 𝑑(𝑥, 𝑧) or 𝑑(𝑧, 𝑦)must equal 1).

9
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Example 2.4 (𝑝-adic Metric). On ℚ, fix a prime 𝑝 and define 𝑑𝑝(𝑥, 𝑦) = |𝑥 − 𝑦|𝑝 where |⋅|𝑝 is the
𝑝-adic absolute value. This satisfies the ultrametric inequality 𝑑𝑝(𝑥, 𝑦) ≤ max{𝑑𝑝(𝑥, 𝑧), 𝑑𝑝(𝑧, 𝑦)},
which is stronger than the triangle inequality.

Example 2.5 (TaxicabMetric). Onℝ2, define 𝑑1(x, y) = |𝑥1 − 𝑦1|+|𝑥2 − 𝑦2|. This is the “Manhattan
distance”—the distance a taxicab would travel on a grid. The triangle inequality follows from the
triangle inequality for ℝ applied to each coordinate.

2.7 Triangle Inequality in Normed Spaces

Definition 2.2 (Normed Space). A normed space is a pair (𝑋, ‖⋅‖) where 𝑋 is a vector space over ℝ
or ℂ and ‖⋅‖ ∶ 𝑋 → [0,∞) satisfies:

(i) ‖𝑥‖ = 0 if and only if 𝑥 = 0.

(ii) ‖𝛼𝑥‖ = |𝛼| ‖𝑥‖ for all scalars 𝛼.

(iii) ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ + ‖𝑦‖ (triangle inequality).

Remark 2.5. Every normed space is automatically a metric space with 𝑑(𝑥, 𝑦) = ‖𝑥 − 𝑦‖. The trian-
gle inequality for the metric follows from the triangle inequality for the norm, as shown in Corol-
lary 2.8.

2.8 The Integral Form of the Triangle Inequality

Theorem 2.11 (Integral Triangle Inequality). If 𝑓∶ [𝑎, 𝑏] → ℝ is Riemann integrable, then

||||
∫

𝑏

𝑎
𝑓(𝑥) 𝑑𝑥

||||
≤ ∫

𝑏

𝑎
|𝑓(𝑥)| 𝑑𝑥. (11)

Proof. For any partition 𝑃 = {𝑎 = 𝑥0 < 𝑥1 < ⋯ < 𝑥𝑛 = 𝑏} with sample points 𝑐𝑖 ∈ [𝑥𝑖−1, 𝑥𝑖]:

||||

𝑛
∑
𝑖=1

𝑓(𝑐𝑖)Δ𝑥𝑖
||||
≤

𝑛
∑
𝑖=1

|𝑓(𝑐𝑖)| Δ𝑥𝑖

by Theorem 2.4. Taking the limit as ‖𝑃‖ → 0 and using the definition of the Riemann integral, we
obtain the result.

Remark 2.6. In 𝐿𝑝 spaces, the integral triangle inequality becomes Minkowski’s inequality:

(∫
𝑏

𝑎
|𝑓(𝑥) + 𝑔(𝑥)|𝑝 𝑑𝑥)

1/𝑝

≤ (∫
𝑏

𝑎
|𝑓(𝑥)|𝑝 𝑑𝑥)

1/𝑝

+ (∫
𝑏

𝑎
|𝑔(𝑥)|𝑝 𝑑𝑥)

1/𝑝

for 1 ≤ 𝑝 < ∞. This is the triangle inequality for the 𝐿𝑝 norm.

2.9 The Reverse Triangle Inequality

Theorem 2.12 (Reverse Triangle Inequality). For any real numbers 𝑥, 𝑦:

|| |𝑥| − |𝑦| || ≤ |𝑥 − 𝑦| . (12)

More generally, for any elements 𝑥, 𝑦 in a normed space:

|| ‖𝑥‖ − ‖𝑦‖ || ≤ ‖𝑥 − 𝑦‖ . (13)

10
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Proof. By the triangle inequality applied to 𝑥 = (𝑥 − 𝑦) + 𝑦:

‖𝑥‖ = ‖(𝑥 − 𝑦) + 𝑦‖ ≤ ‖𝑥 − 𝑦‖ + ‖𝑦‖ ,

so ‖𝑥‖−‖𝑦‖ ≤ ‖𝑥 − 𝑦‖. By symmetry (swapping𝑥 and 𝑦), ‖𝑦‖−‖𝑥‖ ≤ ‖𝑦 − 𝑥‖ = ‖𝑥 − 𝑦‖. Combining:
|‖𝑥‖ − ‖𝑦‖| ≤ ‖𝑥 − 𝑦‖.

Combined bounds: The triangle inequality and its reverse together give:

|| ‖𝑥‖ − ‖𝑦‖ || ≤ ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ + ‖𝑦‖ .

This is extremely useful: the norm function 𝑥 ↦ ‖𝑥‖ is Lipschitz continuous with constant 1,
and in particular uniformly continuous.

2.10 Applications of the Triangle Inequality

Example 2.6 (Convergence of Sequences). The triangle inequality is essential for proving that limits
are unique. If 𝑥𝑛 → 𝐿 and 𝑥𝑛 → 𝑀, then

0 ≤ |𝐿 −𝑀| = |(𝐿 − 𝑥𝑛) + (𝑥𝑛 −𝑀)| ≤ |𝐿 − 𝑥𝑛| + |𝑥𝑛 −𝑀| → 0,

so 𝐿 = 𝑀.

Example 2.7 (Continuity of Addition). If 𝑥𝑛 → 𝑥 and 𝑦𝑛 → 𝑦 in a normed space, then 𝑥𝑛 + 𝑦𝑛 →
𝑥 + 𝑦:

‖(𝑥𝑛 + 𝑦𝑛) − (𝑥 + 𝑦)‖ = ‖(𝑥𝑛 − 𝑥) + (𝑦𝑛 − 𝑦)‖ ≤ ‖𝑥𝑛 − 𝑥‖ + ‖𝑦𝑛 − 𝑦‖ → 0.

Example 2.8 (Estimating Partial Sums). For a series ∑𝑎𝑛, the triangle inequality gives |𝑆𝑛| ≤
∑𝑛

𝑘=1 |𝑎𝑘|. This is the basis of the comparison between absolute and conditional convergence.

Remark 2.7. The triangle inequality also underpins the theory of approximation: in any normed
space, the “best approximation” problem inf𝑦∈𝑌 ‖𝑥 − 𝑦‖ uses the triangle inequality to establish
existence and uniqueness results for nearest points.

2.11 Summary

Space Form Key Tool

ℝ |𝑥 + 𝑦| ≤ |𝑥| + |𝑦| Properties of absolute value
ℂ |𝑧1 + 𝑧2| ≤ |𝑧1| + |𝑧2| Re(𝑧𝑤̄) ≤ |𝑧| |𝑤|
ℝ𝑛 ‖x + y‖ ≤ ‖x‖ + ‖y‖ Cauchy–Schwarz inequality
Metric space 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦) Axiom
Normed space ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ + ‖𝑦‖ Axiom (or Minkowski)
𝐿𝑝 Minkowski’s inequality Hölder’s inequality

Table 2: Triangle inequality across different mathematical spaces.

3 Convergence of Series and D’Alembert’s Ratio Test
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3.1 Infinite Series: Definitions and Basic Properties

Convergence Tests — When to Use Which

Test Best Used When Form of Series Strength

Ratio Test
D'Alembert

Factorials, exponentials,

recursive definitions
n!, aⁿ, n!/nⁿ

20
99L = lim|a ₊ 20

99₁/a |

Strong

Root Test
Cauchy

nth powers, exponentials

involving n in exponent

20
99a  = [f(n)]n

20
99L = lim |a |^(1/n)

Strong

Comparison
Direct / Limit

Series resembles a known

convergent/divergent series

20
99

20
99

20
99

20
99a  ≤ b  or a /b  → L

Need a known comparator

Flexible

Integral Test
Cauchy–Maclaurin

20
99a  = f(n) where f is positive,

continuous, decreasing
1/n ,p 1/(n ln n)

∫ f(x)dx converges ⟺ 20
99 ∑ a

Precise

Raabe's Test
Second-order

Ratio test gives L = 1;

need finer analysis

20
99n(1 − a ₊ 20

99₁/a ) → R

R>1 conv., R<1 div.

Refined

Quick Decision Guide

Factorials → Ratio | nth powers → Root | Known benchmark → Comparison | Smooth f(n) → Integral | Ratio = 1 → Raabe

Figure 3: Comparison of the major convergence tests for infinite series, showing their relative
strengths and the relationships between them.

Definition 3.1 (Infinite Series). Given a sequence (𝑎𝑛)∞𝑛=1 of real (or complex) numbers, the infinite
series∑∞

𝑛=1 𝑎𝑛 is the sequence of partial sums (𝑆𝑁)∞𝑁=1 defined by

𝑆𝑁 =
𝑁
∑
𝑛=1

𝑎𝑛 = 𝑎1 + 𝑎2 +⋯+ 𝑎𝑁 .

Definition 3.2 (Convergence). The series∑∞
𝑛=1 𝑎𝑛 is convergent if the sequence of partial sums (𝑆𝑁)

converges to a finite limit 𝑆:
𝑆 = lim

𝑁→∞
𝑆𝑁 .

Wewrite∑∞
𝑛=1 𝑎𝑛 = 𝑆 and call 𝑆 the sum of the series. Precisely: for every 𝜖 > 0, there exists𝑁0 ∈ ℕ

such that |𝑆𝑁 − 𝑆| < 𝜖 for all 𝑁 ≥ 𝑁0.

Definition 3.3 (Divergence and Oscillation). If 𝑆𝑁 → ±∞ as 𝑁 → ∞, the series is divergent. If 𝑆𝑁
neither converges to a finite limit nor diverges to ±∞, the series is oscillatory.

Example 3.1. The geometric series ∑∞
𝑛=0 𝑟𝑛 converges to 1

1−𝑟
when |𝑟| < 1, and diverges when

|𝑟| ≥ 1. This is the most fundamental convergent series and serves as the comparison standard for
many convergence tests.

Example 3.2. The harmonic series∑∞
𝑛=1

1
𝑛
diverges, despite its terms approaching zero. This shows

that 𝑎𝑛 → 0 is necessary but not sufficient for convergence.

Definition 3.4 (Absolute and Conditional Convergence). A series∑𝑎𝑛 is absolutely convergent if
∑|𝑎𝑛| converges. It is conditionally convergent if it converges but does not converge absolutely.

12
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Theorem 3.1. Absolute convergence implies convergence.

Proof. If ∑|𝑎𝑛| converges, then for any 𝜖 > 0 there exists 𝑁0 such that ∑𝑀
𝑛=𝑁+1 |𝑎𝑛| < 𝜖 for all

𝑀 > 𝑁 ≥ 𝑁0. By the triangle inequality:

|𝑆𝑀 − 𝑆𝑁 | =
||||

𝑀
∑

𝑛=𝑁+1
𝑎𝑛
||||
≤

𝑀
∑

𝑛=𝑁+1
|𝑎𝑛| < 𝜖.

Thus (𝑆𝑁) is Cauchy, hence convergent (since ℝ is complete).

Remark 3.1. The converse is false: the alternating harmonic series∑∞
𝑛=1

(−1)𝑛+1

𝑛
= ln 2 converges

conditionally but not absolutely.

3.2 Comparison Tests

Theorem 3.2 (Direct Comparison Test). Let∑𝑎𝑛 and∑𝑏𝑛 be series of non-negative terms.

(i) If 0 ≤ 𝑎𝑛 ≤ 𝑏𝑛 for all sufficiently large 𝑛 and∑𝑏𝑛 converges, then∑𝑎𝑛 converges.

(ii) If 𝑎𝑛 ≥ 𝑏𝑛 ≥ 0 for all sufficiently large 𝑛 and∑𝑏𝑛 diverges, then∑𝑎𝑛 diverges.

Theorem 3.3 (Limit Comparison Test). Let∑𝑎𝑛 and∑𝑏𝑛 be series of positive terms. If

lim
𝑛→∞

𝑎𝑛
𝑏𝑛

= 𝐿

where 0 < 𝐿 < ∞, then∑𝑎𝑛 and∑𝑏𝑛 either both converge or both diverge.

Proof. Since 𝑎𝑛/𝑏𝑛 → 𝐿 > 0, there exists 𝑁 such that 𝐿
2
< 𝑎𝑛

𝑏𝑛
< 3𝐿

2
for 𝑛 ≥ 𝑁. Thus 𝐿

2
𝑏𝑛 < 𝑎𝑛 <

3𝐿
2
𝑏𝑛. The result follows from the direct comparison test.

13
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3.3 D’Alembert’s Ratio Test

Ratio Test — Decision Flowchart

Given series Σ aₙ

Compute
L = lim |aₙ₊₁ / aₙ|

Value of L?L < 1Series
Converges

L > 1 Series
Diverges

L = 1

Inconclusive
Try another test

Raabe's Test · Root Test · Comparison · Integral Test

(including L = ∞)(absolutely)

Figure 4: Flowchart for applying D’Alembert’s ratio test: compute the limit 𝑙 = lim |𝑎𝑛+1/𝑎𝑛|, then
conclude convergence (𝑙 < 1), divergence (𝑙 > 1), or inconclusive (𝑙 = 1).

Theorem 3.4 (D’Alembert’s Ratio Test). Let∑∞
𝑛=1 𝑎𝑛 be a series with 𝑎𝑛 ≠ 0 for all 𝑛. Suppose that

the limit
𝑙 = lim

𝑛→∞
|||
𝑎𝑛+1
𝑎𝑛

||| (14)

exists (possibly equal to +∞). Then:

(i) If 𝑙 < 1, the series converges absolutely.

(ii) If 𝑙 > 1 (or 𝑙 = +∞), the series diverges.

(iii) If 𝑙 = 1, the test is inconclusive.

D’Alembert’s Ratio Test is one of the most useful convergence tests in practice. It works by
comparing the given series to a geometric series. When the ratio of consecutive terms ap-
proaches a limit less than 1, the series eventually behaves like a convergent geometric series;
when the ratio exceeds 1, the terms grow and the series diverges.

Proof of the Ratio Test. Case (i): 𝑙 < 1 (Convergence).
Choose 𝜖 > 0 such that 𝑟 ∶= 𝑙 + 𝜖 < 1. Since |𝑎𝑛+1/𝑎𝑛| → 𝑙, there exists 𝑁 ∈ ℕ such that

|||
𝑎𝑛+1
𝑎𝑛

||| < 𝑟 for all 𝑛 ≥ 𝑁.

14
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Therefore, for 𝑛 ≥ 𝑁:

|𝑎𝑁+1| < 𝑟 |𝑎𝑁 | ,
|𝑎𝑁+2| < 𝑟 |𝑎𝑁+1| < 𝑟2 |𝑎𝑁 | ,
|𝑎𝑁+3| < 𝑟 |𝑎𝑁+2| < 𝑟3 |𝑎𝑁 | ,

⋮
|𝑎𝑁+𝑘| < 𝑟𝑘 |𝑎𝑁 | .

Thus
∞
∑
𝑘=1

|𝑎𝑁+𝑘| < |𝑎𝑁 |
∞
∑
𝑘=1

𝑟𝑘 = |𝑎𝑁 | 𝑟
1 − 𝑟 < ∞

since 𝑟 < 1. Hence∑|𝑎𝑛| converges, so∑𝑎𝑛 converges absolutely.

Case (ii): 𝑙 > 1 (Divergence).
Choose 𝜖 > 0 such that 𝑟 ∶= 𝑙 − 𝜖 > 1. There exists 𝑁 such that |𝑎𝑛+1/𝑎𝑛| > 𝑟 > 1 for all 𝑛 ≥ 𝑁.

By induction:
|𝑎𝑁+𝑘| > 𝑟𝑘 |𝑎𝑁 | → ∞ as 𝑘 → ∞.

Therefore 𝑎𝑛↛0, so the series diverges by the divergence test.
Case (iii): 𝑙 = 1 (Inconclusive).
The series∑ 1

𝑛
diverges and∑ 1

𝑛2
converges, but both give 𝑙 = 1:

1/(𝑛 + 1)
1/𝑛 = 𝑛

𝑛 + 1 → 1, 1/(𝑛 + 1)2
1/𝑛2 = 𝑛2

(𝑛 + 1)2 → 1.

Thus the ratio test cannot distinguish between convergence and divergence when 𝑙 = 1.

Remark 3.2 (Alternative Form). The ratio test can also be stated using the reciprocal ratio: ∑𝑢𝑛
converges if lim𝑛→∞

𝑢𝑛
𝑢𝑛+1

> 1 and diverges if lim𝑛→∞
𝑢𝑛
𝑢𝑛+1

< 1. This form is sometimes more
convenient because it avoids nested fractions.

Remark 3.3 (lim sup Version). If the limit does not exist, one can use the more general form with
lim sup: the series converges absolutely if lim sup𝑛→∞ |𝑎𝑛+1/𝑎𝑛| < 1 anddiverges if lim inf𝑛→∞ |𝑎𝑛+1/𝑎𝑛| >
1.

3.4 Worked Examples

Example 3.3. Test the convergence of∑∞
𝑛=1

𝑥𝑛

𝑛(𝑛+1)
for 𝑥 > 0.

Solution. We have 𝑎𝑛 =
𝑥𝑛

𝑛(𝑛+1)
and 𝑎𝑛+1 =

𝑥𝑛+1

(𝑛+1)(𝑛+2)
. Then:

𝑎𝑛+1
𝑎𝑛

= 𝑥𝑛+1
(𝑛 + 1)(𝑛 + 2) ⋅

𝑛(𝑛 + 1)
𝑥𝑛 = 𝑥 ⋅ 𝑛

𝑛 + 2 → 𝑥 as 𝑛 → ∞.

• If 𝑥 < 1: the series converges (by the ratio test).

• If 𝑥 > 1: the series diverges.

• If 𝑥 = 1: the ratio test is inconclusive. But 𝑎𝑛 = 1
𝑛(𝑛+1)

< 1
𝑛2
, and∑ 1

𝑛2
converges (𝑝-series

with 𝑝 = 2 > 1), so by comparison,∑ 1
𝑛(𝑛+1)

converges.
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In fact, when 𝑥 = 1, we can compute the sum exactly using partial fractions:

1
𝑛(𝑛 + 1) =

1
𝑛 −

1
𝑛 + 1,

so 𝑆𝑁 = 1 − 1
𝑁+1

→ 1. The series telescopes!

Example 3.4. Test∑∞
𝑛=0

𝑛!
𝑛𝑛

.
Solution. Using the ratio test:

𝑎𝑛+1
𝑎𝑛

= (𝑛 + 1)!
(𝑛 + 1)𝑛+1 ⋅

𝑛𝑛
𝑛! =

𝑛𝑛
(𝑛 + 1)𝑛 = ( 𝑛

𝑛 + 1)
𝑛
= (1 − 1

𝑛 + 1)
𝑛
→ 1

𝑒 < 1.

Since 𝑙 = 1/𝑒 < 1, the series converges.

Example 3.5. Test∑∞
𝑛=1

2𝑛𝑛!
𝑛𝑛

.
Solution.

𝑎𝑛+1
𝑎𝑛

= 2𝑛+1(𝑛 + 1)!
(𝑛 + 1)𝑛+1 ⋅ 𝑛𝑛

2𝑛𝑛! = 2 ⋅ 𝑛𝑛
(𝑛 + 1)𝑛 = 2 ⋅ ( 𝑛

𝑛 + 1)
𝑛
→ 2

𝑒 < 1.

The series converges since 2/𝑒 ≈ 0.736 < 1.

Example 3.6. Test∑∞
𝑛=1

3𝑛𝑛!
𝑛𝑛

.
Solution.

𝑎𝑛+1
𝑎𝑛

= 3 ⋅ ( 𝑛
𝑛 + 1)

𝑛
→ 3

𝑒 ≈ 1.104 > 1.

The series diverges.

3.5 Cauchy’s Root Test

Theorem 3.5 (Cauchy’s Root Test). Let∑∞
𝑛=1 𝑎𝑛 be a series and suppose

𝑙 = lim sup
𝑛→∞

|𝑎𝑛|
1/𝑛 .

Then:

(i) If 𝑙 < 1, the series converges absolutely.

(ii) If 𝑙 > 1, the series diverges.

(iii) If 𝑙 = 1, the test is inconclusive.

Proof. Case (i): Choose 𝑟with 𝑙 < 𝑟 < 1. By definition of lim sup, there exists𝑁 such that |𝑎𝑛|
1/𝑛 < 𝑟

for all 𝑛 ≥ 𝑁, i.e., |𝑎𝑛| < 𝑟𝑛. Since∑𝑟𝑛 converges (geometric, 𝑟 < 1), so does∑|𝑎𝑛| by comparison.
Case (ii): If 𝑙 > 1, then |𝑎𝑛|

1/𝑛 > 1 for infinitely many 𝑛, so |𝑎𝑛| > 1 infinitely often, hence
𝑎𝑛↛0.

Remark 3.4 (Comparison: Ratio Test vs. Root Test). The root test is at least as strong as the ratio test:
whenever the ratio test gives a conclusion, the root test gives the same conclusion, but the root test
may succeed where the ratio test fails. Specifically, if lim |𝑎𝑛+1/𝑎𝑛| = 𝑙, then lim |𝑎𝑛|

1/𝑛 = 𝑙 as well.
However, the root test uses lim sup and can handle sequences where consecutive ratios oscillate.

Example 3.7. Consider 𝑎𝑛 = 2−𝑛 for odd 𝑛 and 𝑎𝑛 = 3−𝑛 for even 𝑛. The ratio 𝑎𝑛+1/𝑎𝑛 oscillates
and has no limit. But |𝑎𝑛|

1/𝑛 ≤ 2−1 = 1/2 for all 𝑛, so lim sup |𝑎𝑛|
1/𝑛 ≤ 1/2 < 1 and the series

converges by the root test.
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3.6 Raabe’s Test

When the ratio test gives 𝑙 = 1, Raabe’s test provides a refinement.

Theorem 3.6 (Raabe’s Test). Let∑𝑎𝑛 be a series of positive terms. If

lim
𝑛→∞

𝑛 ( 𝑎𝑛
𝑎𝑛+1

− 1) = 𝜌,

then:

(i) If 𝜌 > 1, the series converges.

(ii) If 𝜌 < 1, the series diverges.

(iii) If 𝜌 = 1, the test is inconclusive.

Sketch of Proof. The idea is to compare 𝑎𝑛 with 𝑛−𝜌. If 𝜌 > 1, then for large 𝑛:

𝑎𝑛
𝑎𝑛+1

≥ 1 + 𝜌′
𝑛

for some 𝜌′ > 1. One can show that this forces 𝑎𝑛 = 𝑂(𝑛−𝜌′), and the series converges by compari-
son with∑𝑛−𝜌′ . A symmetric argument handles the divergence case.

Example 3.8. The𝑝-series∑ 1
𝑛𝑝

has ratio 𝑎𝑛
𝑎𝑛+1

= (𝑛+1
𝑛
)
𝑝
= (1 + 1

𝑛
)
𝑝
≈ 1+ 𝑝

𝑛
. Thus𝑛(𝑎𝑛/𝑎𝑛+1−1) →

𝑝, and Raabe’s test correctly predicts convergence for 𝑝 > 1 and divergence for 𝑝 < 1.

3.7 The Integral Test

Theorem 3.7 (Integral Test). Let 𝑓∶ [1,∞) → [0,∞) be a decreasing function with 𝑎𝑛 = 𝑓(𝑛). Then
∑∞

𝑛=1 𝑎𝑛 converges if and only if ∫∞
1 𝑓(𝑥) 𝑑𝑥 converges.

Proof. Since 𝑓 is decreasing, for 𝑛 ≤ 𝑥 ≤ 𝑛 + 1:

𝑓(𝑛 + 1) ≤ 𝑓(𝑥) ≤ 𝑓(𝑛).

Integrating over [𝑛, 𝑛 + 1]: 𝑓(𝑛 + 1) ≤ ∫𝑛+1
𝑛 𝑓(𝑥) 𝑑𝑥 ≤ 𝑓(𝑛). Summing from 𝑛 = 1 to 𝑁:

𝑁+1
∑
𝑛=2

𝑎𝑛 ≤ ∫
𝑁+1

1
𝑓(𝑥) 𝑑𝑥 ≤

𝑁
∑
𝑛=1

𝑎𝑛.

Both sides diverge or converge together.

Example 3.9. For the 𝑝-series∑ 1
𝑛𝑝

with 𝑓(𝑥) = 𝑥−𝑝:

∫
∞

1
𝑥−𝑝 𝑑𝑥 = {

1
𝑝−1

if 𝑝 > 1
∞ if 𝑝 ≤ 1

.

Hence∑ 1
𝑛𝑝

converges if and only if 𝑝 > 1.
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3.8 Summary of Convergence Tests

Test Condition for Convergence Fails When

Divergence Test 𝑎𝑛↛0 ⇒ diverges 𝑎𝑛 → 0 (no conclusion)
Comparison 0 ≤ 𝑎𝑛 ≤ 𝑏𝑛,∑𝑏𝑛 conv. Hard to find 𝑏𝑛
Limit Comparison 𝑎𝑛/𝑏𝑛 → 𝐿 ∈ (0,∞) —
Ratio (D’Alembert) |𝑎𝑛+1/𝑎𝑛| → 𝑙 < 1 𝑙 = 1
Root (Cauchy) |𝑎𝑛|

1/𝑛 → 𝑙 < 1 𝑙 = 1
Raabe 𝑛(𝑎𝑛/𝑎𝑛+1 − 1) → 𝜌 > 1 𝜌 = 1
Integral ∫∞

1 𝑓(𝑥) 𝑑𝑥 < ∞ 𝑓 not decreasing
Alternating 𝑎𝑛 ↓ 0 (Leibniz) Non-alternating series

Table 3: Summary of major convergence tests for infinite series.

4 Dirichlet’s Theorem and Liouville’s Extension

4.1 The Gamma Function

The Gamma function is one of the most important special functions in mathematics, extending the
factorial to non-integer (and even complex) values.

Definition 4.1 (Gamma Function—Euler’s Integral). For 𝑎 > 0, the Gamma function is defined by

Γ(𝑎) = ∫
∞

0
𝑒−𝑡 𝑡𝑎−1 𝑑𝑡. (15)

Remark 4.1. The integral converges for all 𝑎 > 0. At the lower limit 𝑡 = 0, the integrand behaves
like 𝑡𝑎−1, which is integrable on (0, 1) when 𝑎 > 0. At the upper limit, the exponential decay of 𝑒−𝑡
dominates any polynomial growth of 𝑡𝑎−1.
Theorem 4.1 (Fundamental Recursion). For all 𝑎 > 0:

Γ(𝑎 + 1) = 𝑎Γ(𝑎). (16)

In particular, Γ(𝑛) = (𝑛 − 1)! for all positive integers 𝑛.
Proof. Integration by parts with 𝑢 = 𝑡𝑎 and 𝑑𝑣 = 𝑒−𝑡 𝑑𝑡:

Γ(𝑎 + 1) = ∫
∞

0
𝑡𝑎𝑒−𝑡 𝑑𝑡 = [ − 𝑡𝑎𝑒−𝑡]

∞

0
+ 𝑎∫

∞

0
𝑡𝑎−1𝑒−𝑡 𝑑𝑡 = 0 + 𝑎Γ(𝑎).

Since Γ(1) = ∫∞
0 𝑒−𝑡 𝑑𝑡 = 1 and Γ(𝑛 + 1) = 𝑛Γ(𝑛), we get Γ(𝑛) = (𝑛 − 1)! by induction.

Theorem 4.2 (Special Value). Γ(1/2) = √𝜋.
Proof. Substituting 𝑡 = 𝑢2, 𝑑𝑡 = 2𝑢 𝑑𝑢:

Γ(1/2) = ∫
∞

0
𝑡−1/2𝑒−𝑡 𝑑𝑡 = ∫

∞

0
𝑢−1𝑒−𝑢2 ⋅ 2𝑢 𝑑𝑢 = 2∫

∞

0
𝑒−𝑢2 𝑑𝑢 = 2 ⋅ √𝜋2 = √𝜋.

The last step uses the Gaussian integral ∫∞
0 𝑒−𝑢2 𝑑𝑢 = √𝜋

2
.

Corollary 4.3. Γ(3/2) = 1
2
Γ(1/2) = √𝜋

2
, and more generally:

Γ(𝑛 + 1
2) =

(2𝑛)!
4𝑛𝑛! √𝜋 = 1 ⋅ 3 ⋅ 5⋯ (2𝑛 − 1)

2𝑛 √𝜋.
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4.1.1 Euler’s Product Definition

Definition 4.2. For all complex 𝑎 not equal to 0, −1, −2,…:

Γ(𝑎) = lim
𝑚→∞

𝑚!𝑚𝑎

𝑎(𝑎 + 1)(𝑎 + 2)⋯ (𝑎 + 𝑚). (17)

Remark 4.2. This extends Γ to all ℂ except {0, −1, −2,…}, where it has simple poles. The residue at
𝑎 = −𝑛 is (−1)𝑛/𝑛!.

4.1.2 Weierstrass Product Definition

Definition 4.3.
1

Γ(𝑎) = 𝑎 𝑒𝛾𝑎
∞
∏
𝑚=1

(1 + 𝑎
𝑚) 𝑒−𝑎/𝑚, (18)

where 𝛾 = lim𝑛→∞ (∑𝑛
𝑘=1

1
𝑘
− ln𝑛) ≈ 0.5772 is the Euler–Mascheroni constant.

4.1.3 Key Identities of the Gamma Function

Theorem 4.4 (Reflection Formula (Euler)). For 0 < 𝑎 < 1:

Γ(𝑎) Γ(1 − 𝑎) = 𝜋
sin(𝜋𝑎) . (19)

Remark 4.3. Setting 𝑎 = 1/2 recovers Γ(1/2)2 = 𝜋, i.e., Γ(1/2) = √𝜋.

Theorem 4.5 (Duplication Formula (Legendre)). For 𝑎 > 0:

Γ(𝑎) Γ(𝑎 + 1
2) =

√𝜋
22𝑎−1 Γ(2𝑎). (20)

Key values of the Gamma function:

• Γ(1) = 1

• Γ(1/2) = √𝜋 ≈ 1.7725

• Γ(𝑛) = (𝑛 − 1)! for 𝑛 ∈ ℕ

• Γ has simple poles at 0, −1, −2,…

4.2 The Beta Function

Definition 4.4 (Beta Function). For 𝑥, 𝑦 > 0, the Beta function is

𝐵(𝑥, 𝑦) = ∫
1

0
𝑡𝑥−1(1 − 𝑡)𝑦−1 𝑑𝑡. (21)

Theorem 4.6 (Symmetry). 𝐵(𝑥, 𝑦) = 𝐵(𝑦, 𝑥).

Proof. Substitute 𝑡 = 1 − 𝑠, 𝑑𝑡 = −𝑑𝑠:

𝐵(𝑥, 𝑦) = ∫
0

1
(1 − 𝑠)𝑥−1𝑠𝑦−1(−𝑑𝑠) = ∫

1

0
𝑠𝑦−1(1 − 𝑠)𝑥−1 𝑑𝑠 = 𝐵(𝑦, 𝑥).
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Theorem 4.7 (Beta–Gamma Relation). For 𝑥, 𝑦 > 0:

𝐵(𝑥, 𝑦) = Γ(𝑥) Γ(𝑦)
Γ(𝑥 + 𝑦) . (22)

Proof. Using the integral representations:

Γ(𝑥) Γ(𝑦) = ∫
∞

0
∫

∞

0
𝑠𝑥−1𝑡𝑦−1𝑒−(𝑠+𝑡) 𝑑𝑠 𝑑𝑡.

Substitute 𝑠 = 𝑢𝑣 and 𝑡 = 𝑢(1−𝑣)where 𝑢 ∈ (0,∞) and 𝑣 ∈ (0, 1). The Jacobian is 𝑢, and 𝑠+ 𝑡 = 𝑢:

= ∫
∞

0
∫

1

0
(𝑢𝑣)𝑥−1(𝑢(1 − 𝑣))𝑦−1𝑒−𝑢 𝑢𝑑𝑣 𝑑𝑢

= ∫
∞

0
𝑢𝑥+𝑦−1𝑒−𝑢 𝑑𝑢 ⋅ ∫

1

0
𝑣𝑥−1(1 − 𝑣)𝑦−1 𝑑𝑣

= Γ(𝑥 + 𝑦) ⋅ 𝐵(𝑥, 𝑦).
Dividing both sides by Γ(𝑥 + 𝑦) gives the result.

4.2.1 Alternative Forms

Proposition 4.8 (Trigonometric Form).

𝐵(𝑥, 𝑦) = 2∫
𝜋/2

0
sin2𝑥−1 𝜃 cos2𝑦−1 𝜃 𝑑𝜃. (23)

Proof. Substitute 𝑡 = sin2 𝜃, 𝑑𝑡 = 2 sin 𝜃 cos 𝜃 𝑑𝜃:

𝐵(𝑥, 𝑦) = ∫
1

0
𝑡𝑥−1(1 − 𝑡)𝑦−1 𝑑𝑡 = ∫

𝜋/2

0
sin2𝑥−2 𝜃 cos2𝑦−2 𝜃 ⋅ 2 sin 𝜃 cos 𝜃 𝑑𝜃

= 2∫
𝜋/2

0
sin2𝑥−1 𝜃 cos2𝑦−1 𝜃 𝑑𝜃.

Proposition 4.9 (Infinite Integral Form).

𝐵(𝑥, 𝑦) = ∫
∞

0

𝑢𝑥−1
(1 + 𝑢)𝑥+𝑦 𝑑𝑢. (24)

Proof. Substitute 𝑡 = 𝑢/(1 + 𝑢), 𝑑𝑡 = 𝑑𝑢/(1 + 𝑢)2, and 1 − 𝑡 = 1/(1 + 𝑢):

𝐵(𝑥, 𝑦) = ∫
∞

0
( 𝑢
1 + 𝑢)

𝑥−1
( 1
1 + 𝑢)

𝑦−1 𝑑𝑢
(1 + 𝑢)2 = ∫

∞

0

𝑢𝑥−1
(1 + 𝑢)𝑥+𝑦 𝑑𝑢.

Example 4.1. Compute 𝐵(3, 2).
Solution. 𝐵(3, 2) = Γ(3)Γ(2)

Γ(5)
= 2!⋅1!

4!
= 2

24
= 1

12
.

Alternatively, by direct integration:

𝐵(3, 2) = ∫
1

0
𝑡2(1 − 𝑡) 𝑑𝑡 = ∫

1

0
(𝑡2 − 𝑡3) 𝑑𝑡 = 1

3 −
1
4 =

1
12.

Example 4.2. Evaluate ∫𝜋/2
0 sin5 𝜃 cos3 𝜃 𝑑𝜃.

Solution. Using the trigonometric form with 2𝑥 − 1 = 5 and 2𝑦 − 1 = 3, so 𝑥 = 3 and 𝑦 = 2:

∫
𝜋/2

0
sin5 𝜃 cos3 𝜃 𝑑𝜃 = 1

2𝐵(3, 2) =
1
2 ⋅

1
12 =

1
24.
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4.3 Dirichlet’s Theorem

Dirichlet Integral Region
Simplex in first octant: x + y + z ≤ 1, x,y,z ≥ 0

x

y

z

(1,0,0)

(0,1,0)

(0,0,1)

O

x +
 

y +
 

z =
 

1

The integration region is the solid tetrahedron (3-simplex) with vertices at O, (1,0,0), (0,1,0), (0,0,1)

Figure 5: The integration region for Dirichlet’s theorem: the standard 3-simplex defined by 𝑥 ≥ 0,
𝑦 ≥ 0, 𝑧 ≥ 0, and 𝑥 + 𝑦 + 𝑧 ≤ 1.

Theorem 4.10 (Dirichlet’s Theorem on Multiple Integrals). Let 𝑉 be the region in ℝ3 defined by
𝑥 ≥ 0, 𝑦 ≥ 0, 𝑧 ≥ 0, and 𝑥 + 𝑦 + 𝑧 ≤ 1. For 𝑙, 𝑚, 𝑛 > 0:

∭
𝑉
𝑥𝑙−1𝑦𝑚−1𝑧𝑛−1 𝑑𝑥 𝑑𝑦 𝑑𝑧 = Γ(𝑙) Γ(𝑚) Γ(𝑛)

Γ(𝑙 + 𝑚 + 𝑛 + 1) . (25)

Dirichlet’s Theorem connects the Gamma function tomultidimensional integration. It allows
one to evaluate triple integrals over the standard simplex using only values of the Gamma
function, dramatically simplifying many calculations in physics and probability.

Proof. The region 𝑉 is the standard 3-simplex. We evaluate by iterated integration:

𝐼 = ∫
1

0
∫

1−𝑥

0
∫

1−𝑥−𝑦

0
𝑥𝑙−1𝑦𝑚−1𝑧𝑛−1 𝑑𝑧 𝑑𝑦 𝑑𝑥.

Step 1: Integrate over 𝑧.

∫
1−𝑥−𝑦

0
𝑧𝑛−1 𝑑𝑧 = (1 − 𝑥 − 𝑦)𝑛

𝑛 .
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Step 2: Integrate over 𝑦. We need:

1
𝑛 ∫

1−𝑥

0
𝑦𝑚−1(1 − 𝑥 − 𝑦)𝑛 𝑑𝑦.

Substitute 𝑦 = (1 − 𝑥)𝑡, 𝑑𝑦 = (1 − 𝑥) 𝑑𝑡:

= 1
𝑛 ∫

1

0
(1 − 𝑥)𝑚−1𝑡𝑚−1(1 − 𝑥)𝑛(1 − 𝑡)𝑛(1 − 𝑥) 𝑑𝑡

= (1 − 𝑥)𝑚+𝑛

𝑛 ∫
1

0
𝑡𝑚−1(1 − 𝑡)𝑛 𝑑𝑡 = (1 − 𝑥)𝑚+𝑛

𝑛 𝐵(𝑚, 𝑛 + 1).

Step 3: Integrate over 𝑥.

𝐼 = 𝐵(𝑚, 𝑛 + 1)
𝑛 ∫

1

0
𝑥𝑙−1(1 − 𝑥)𝑚+𝑛 𝑑𝑥 = 𝐵(𝑚, 𝑛 + 1)

𝑛 𝐵(𝑙,𝑚 + 𝑛 + 1).

Step 4: Convert to Gamma functions. Using 𝐵(𝑝, 𝑞) = Γ(𝑝)Γ(𝑞)
Γ(𝑝+𝑞)

:

𝐼 = 1
𝑛 ⋅

Γ(𝑚)Γ(𝑛 + 1)
Γ(𝑚 + 𝑛 + 1) ⋅

Γ(𝑙)Γ(𝑚 + 𝑛 + 1)
Γ(𝑙 + 𝑚 + 𝑛 + 1)

= Γ(𝑙)Γ(𝑚)Γ(𝑛 + 1)
𝑛 Γ(𝑙 + 𝑚 + 𝑛 + 1) .

Since Γ(𝑛 + 1) = 𝑛Γ(𝑛), the factor of 𝑛 cancels:

𝐼 = Γ(𝑙)Γ(𝑚)Γ(𝑛)
Γ(𝑙 + 𝑚 + 𝑛 + 1) .

Remark 4.4 (Generalization to 𝑘 Dimensions). Dirichlet’s theorem generalizes to any number of
variables. If 𝑉 𝑘 is the region 𝑥1,… , 𝑥𝑘 ≥ 0 with 𝑥1 +⋯+ 𝑥𝑘 ≤ 1, then:

∫
𝑉𝑘
𝑥𝑎1−11 ⋯𝑥𝑎𝑘−1𝑘 𝑑𝑥1⋯𝑑𝑥𝑘 =

Γ(𝑎1)⋯Γ(𝑎𝑘)
Γ(𝑎1 +⋯+ 𝑎𝑘 + 1) .

The proof proceeds by induction on 𝑘, using the same substitution technique.

Example 4.3. Compute the volume of the region 𝑥 ≥ 0, 𝑦 ≥ 0, 𝑧 ≥ 0, 𝑥 + 𝑦 + 𝑧 ≤ 1.
Solution. Set 𝑙 = 𝑚 = 𝑛 = 1 in Dirichlet’s theorem:

𝑉 = Γ(1)Γ(1)Γ(1)
Γ(4) = 1 ⋅ 1 ⋅ 1

3! = 1
6.

This is the well-known volume of the standard tetrahedron.

Example 4.4. Evaluate∭𝑉 √𝑥𝑦𝑧 𝑑𝑥 𝑑𝑦 𝑑𝑧 over 𝑥, 𝑦, 𝑧 ≥ 0, 𝑥 + 𝑦 + 𝑧 ≤ 1.
Solution. We have√𝑥𝑦𝑧 = 𝑥1/2𝑦1/2𝑧1/2, so 𝑙 = 𝑚 = 𝑛 = 3/2:

𝐼 = Γ(3/2)3
Γ(11/2) =

(√𝜋/2)3
Γ(11/2) .

Now Γ(11/2) = 9
2
⋅ 7
2
⋅ 5
2
⋅ 3
2
⋅ 1
2
⋅ √𝜋 = 945

32
√𝜋.

Therefore 𝐼 = 𝜋3/2/8
945√𝜋/32

= 𝜋
8
⋅ 32
945

= 4𝜋
945

.
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4.4 Liouville’s Extension of Dirichlet’s Theorem

Theorem 4.11 (Liouville’s Extension). Let 𝑥, 𝑦, 𝑧 > 0 and ℎ1 ≤ 𝑥 + 𝑦 + 𝑧 ≤ ℎ2. If 𝐹 is a continuous
function on [ℎ1, ℎ2], then:

∭𝑥𝑙−1𝑦𝑚−1𝑧𝑛−1𝐹(𝑥 + 𝑦 + 𝑧) 𝑑𝑥 𝑑𝑦 𝑑𝑧 = Γ(𝑙)Γ(𝑚)Γ(𝑛)
Γ(𝑙 + 𝑚 + 𝑛) ∫

ℎ2

ℎ1
𝐹(ℎ) ℎ𝑙+𝑚+𝑛−1 𝑑ℎ. (26)

Liouville’s Extension is remarkably powerful: it reduces a triple integral involving 𝐹(𝑥 + 𝑦 +
𝑧) to a single integral. The entire geometric complexity of the three-dimensional domain is
absorbed into the Gamma function ratio Γ(𝑙)Γ(𝑚)Γ(𝑛)/Γ(𝑙 + 𝑚 + 𝑛).

Remark 4.5. When 𝐹 ≡ 1, ℎ1 = 0, and ℎ2 = 1, Liouville’s extension gives:

Γ(𝑙)Γ(𝑚)Γ(𝑛)
Γ(𝑙 + 𝑚 + 𝑛) ∫

1

0
ℎ𝑙+𝑚+𝑛−1 𝑑ℎ = Γ(𝑙)Γ(𝑚)Γ(𝑛)

Γ(𝑙 + 𝑚 + 𝑛) ⋅
1

𝑙 + 𝑚 + 𝑛 = Γ(𝑙)Γ(𝑚)Γ(𝑛)
Γ(𝑙 + 𝑚 + 𝑛 + 1) ,

recovering Dirichlet’s theorem (since Γ(𝑠 + 1) = 𝑠 Γ(𝑠)).

Example 4.5. Evaluate∭𝑥𝑙−1𝑦𝑚−1𝑧𝑛−1𝑒−(𝑥+𝑦+𝑧) 𝑑𝑥 𝑑𝑦 𝑑𝑧 over 𝑥, 𝑦, 𝑧 > 0.
Solution. Here 𝐹(ℎ) = 𝑒−ℎ, ℎ1 = 0, ℎ2 = ∞:

𝐼 = Γ(𝑙)Γ(𝑚)Γ(𝑛)
Γ(𝑙 + 𝑚 + 𝑛) ∫

∞

0
𝑒−ℎℎ𝑙+𝑚+𝑛−1 𝑑ℎ = Γ(𝑙)Γ(𝑚)Γ(𝑛)

Γ(𝑙 + 𝑚 + 𝑛) ⋅ Γ(𝑙 + 𝑚 + 𝑛) = Γ(𝑙)Γ(𝑚)Γ(𝑛).

This elegant result shows that the integral factors completely.

Example 4.6. Evaluate∭𝑥𝑙−1𝑦𝑚−1𝑧𝑛−1(𝑥 + 𝑦 + 𝑧)𝑝 𝑑𝑥 𝑑𝑦 𝑑𝑧 over 𝑥, 𝑦, 𝑧 > 0, 𝑥 + 𝑦 + 𝑧 ≤ 1.
Solution. Here 𝐹(ℎ) = ℎ𝑝, ℎ1 = 0, ℎ2 = 1:

𝐼 = Γ(𝑙)Γ(𝑚)Γ(𝑛)
Γ(𝑙 + 𝑚 + 𝑛) ∫

1

0
ℎ𝑙+𝑚+𝑛+𝑝−1 𝑑ℎ = Γ(𝑙)Γ(𝑚)Γ(𝑛)

Γ(𝑙 + 𝑚 + 𝑛) ⋅
1

𝑙 + 𝑚 + 𝑛 + 𝑝.

Using Γ(𝑙 + 𝑚 + 𝑛 + 𝑝 + 1) = (𝑙 + 𝑚 + 𝑛 + 𝑝)Γ(𝑙 + 𝑚 + 𝑛 + 𝑝):

𝐼 = Γ(𝑙)Γ(𝑚)Γ(𝑛) Γ(𝑙 + 𝑚 + 𝑛 + 𝑝)
Γ(𝑙 + 𝑚 + 𝑛) Γ(𝑙 + 𝑚 + 𝑛 + 𝑝 + 1) ⋅ Γ(𝑙 + 𝑚 + 𝑛 + 𝑝).

This simplifies in specific cases using properties of the Gamma function.

4.5 The Dirichlet Distribution

Remark 4.6 (Connection to Probability). Dirichlet’s theorem is intimately connected to the Dirich-
let distribution in Bayesian statistics. The Dirichlet distribution with parameters (𝛼1,… , 𝛼𝑘) has
probability density

𝑓(𝑥1,… , 𝑥𝑘−1) =
Γ(𝛼1 +⋯+ 𝛼𝑘)
Γ(𝛼1)⋯Γ(𝛼𝑘)

𝑘
∏
𝑖=1

𝑥𝛼𝑖−1𝑖

on the simplex 𝑥𝑖 ≥ 0, ∑𝑥𝑖 = 1 (with 𝑥𝑘 = 1 − 𝑥1 − ⋯ − 𝑥𝑘−1). The normalizing constant is
precisely the reciprocal of the integral in Dirichlet’s theorem!
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4.6 Applications

Example 4.7 (Volume of the 𝑛-Ball). The volume of the unit ball in ℝ𝑛 can be derived using the
Gamma function:

𝑉𝑛 =
𝜋𝑛/2

Γ(𝑛/2 + 1) .

For 𝑛 = 2: 𝑉2 =
𝜋

Γ(2)
= 𝜋 (area of the unit disk). For 𝑛 = 3: 𝑉3 =

𝜋3/2

Γ(5/2)
= 𝜋3/2

3√𝜋/4
= 4𝜋

3
(volume of

the unit sphere).

Example 4.8 (Feynman Integrals). In quantum field theory, the Beta function appears in the eval-
uation of Feynman integrals. The Veneziano amplitude in string theory is:

𝐴(𝑠, 𝑡) = Γ(−𝛼(𝑠))Γ(−𝛼(𝑡))
Γ(−𝛼(𝑠) − 𝛼(𝑡)) = 𝐵(−𝛼(𝑠), −𝛼(𝑡)),

where 𝛼(𝑠) = 𝛼0 + 𝛼′𝑠 is the Regge trajectory.

5 Introduction to Functional Analysis
Functional analysis is the study of vector spaces endowed with topological or geometric structure,
together with the continuous linear maps between them. It provides the abstract framework for
quantum mechanics, signal processing, partial differential equations, and optimization theory. In
this chapter, we introduce the essential definitions and illustrate them with key examples.

5.1 Vector Spaces

Definition 5.1 (Vector Space). A vector space (or linear space) over a field 𝐾 (typically 𝐾 = ℝ or
𝐾 = ℂ) is a set 𝑋 equipped with two operations:

• Vector addition: + ∶ 𝑋 × 𝑋 → 𝑋

• Scalar multiplication: ⋅ ∶ 𝐾 × 𝑋 → 𝑋
satisfying the following eight axioms for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 and 𝑘, 𝑙 ∈ 𝐾:

(i) 𝑥 + 𝑦 = 𝑦 + 𝑥 (commutativity)

(ii) 𝑥 + (𝑦 + 𝑧) = (𝑥 + 𝑦) + 𝑧 (associativity of addition)

(iii) There exists 0 ∈ 𝑋 such that 𝑥 + 0 = 𝑥 (additive identity)

(iv) For each 𝑥, there exists −𝑥 such that 𝑥 + (−𝑥) = 0 (additive inverse)

(v) 𝑘(𝑥 + 𝑦) = 𝑘𝑥 + 𝑘𝑦 (distributivity over vectors)

(vi) (𝑘 + 𝑙)𝑥 = 𝑘𝑥 + 𝑙𝑥 (distributivity over scalars)

(vii) (𝑘𝑙)𝑥 = 𝑘(𝑙𝑥) (compatibility of scalar multiplication)

(viii) 1 ⋅ 𝑥 = 𝑥 (scalar identity)

Example 5.1. The space ℝ𝑛 of 𝑛-tuples of real numbers with componentwise operations is the pro-
totypical finite-dimensional vector space.

Example 5.2. The space 𝐶[𝑎, 𝑏] of continuous real-valued functions on [𝑎, 𝑏] with pointwise addi-
tion and scalar multiplication is an infinite-dimensional vector space.

Example 5.3. The space of all polynomials 𝑃[𝑥] with real coefficients is an infinite-dimensional
vector space over ℝ.
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5.2 Subspaces, Span, and Bases

Definition 5.2 (Subspace). A non-empty subset 𝑌 ⊆ 𝑋 is a subspace if 𝑘1𝑥+𝑘2𝑦 ∈ 𝑌 for all 𝑥, 𝑦 ∈ 𝑌
and 𝑘1, 𝑘2 ∈ 𝐾. Equivalently, 𝑌 is closed under addition and scalar multiplication.

Definition 5.3 (Span). The span of a non-empty subset 𝐸 ⊆ 𝑋 is:

span(𝐸) = {
𝑛
∑
𝑖=1

𝑘𝑖𝑥𝑖 ∶ 𝑥𝑖 ∈ 𝐸, 𝑘𝑖 ∈ 𝐾, 𝑛 ∈ ℕ} ,

the set of all finite linear combinations of elements of 𝐸.

Definition 5.4 (Hamel Basis). A set 𝐸 is a Hamel basis (or algebraic basis) of 𝑋 if 𝐸 is linearly inde-
pendent and span(𝐸) = 𝑋 .

Remark 5.1. Every vector space has a Hamel basis (by Zorn’s Lemma). In infinite-dimensional
spaces, Hamel bases are typically uncountable and non-constructive. For practical purposes, one
uses Schauder bases, where infinite convergent sums are permitted.

5.3 Convex Sets

Definition 5.5 (Convex Set). A subset 𝐸 of a vector space𝑋 is convex if for all 𝑥, 𝑦 ∈ 𝐸 and 0 < 𝑟 < 1:

𝑟𝑥 + (1 − 𝑟)𝑦 ∈ 𝐸.

Definition 5.6 (Convex Hull). The convex hull of 𝐸, denoted co(𝐸), is the smallest convex set con-
taining 𝐸:

co(𝐸) = {
𝑛
∑
𝑖=1

𝑟𝑖𝑥𝑖 ∶ 𝑥𝑖 ∈ 𝐸, 𝑟𝑖 ≥ 0,
𝑛
∑
𝑖=1

𝑟𝑖 = 1} .

Remark 5.2. Convexity plays a central role in optimization (convex optimization problems have no
local minima other than global minima) and in the theory of Banach spaces (the Hahn–Banach
theorem can be stated in terms of separating convex sets).

5.4 Linear Operators

Definition 5.7 (Linear Map). A function 𝑇 ∶ 𝑋 → 𝑌 between vector spaces is linear if

𝑇(𝑘1𝑥1 + 𝑘2𝑥2) = 𝑘1 𝑇(𝑥1) + 𝑘2 𝑇(𝑥2)

for all 𝑥1, 𝑥2 ∈ 𝑋 and 𝑘1, 𝑘2 ∈ 𝐾.

Definition 5.8 (Kernel and Range). For a linear map 𝑇 ∶ 𝑋 → 𝑌 :

• The kernel is ker(𝑇) = {𝑥 ∈ 𝑋 ∶ 𝑇(𝑥) = 0}.

• The range (or image) is ran(𝑇) = {𝑇(𝑥) ∶ 𝑥 ∈ 𝑋}.

Both are subspaces of 𝑋 and 𝑌 , respectively.

Theorem 5.1 (Rank–Nullity Theorem). If 𝑋 is finite-dimensional, then:

dim(𝑋) = dim(ker(𝑇)) + dim(ran(𝑇)).

Proposition 5.2. A linear map 𝑇 is injective if and only if ker(𝑇) = {0}.

Proof. If ker(𝑇) = {0} and 𝑇(𝑥1) = 𝑇(𝑥2), then 𝑇(𝑥1 − 𝑥2) = 0, so 𝑥1 − 𝑥2 = 0, hence 𝑥1 = 𝑥2.
Conversely, if 𝑇 is injective and 𝑇(𝑥) = 0 = 𝑇(0), then 𝑥 = 0.
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5.5 Normed Spaces

Definition 5.9 (Norm). A norm on a vector space 𝑋 over 𝐾 is a function ‖⋅‖ ∶ 𝑋 → [0,∞) satisfying:

(i) Positive definiteness: ‖𝑥‖ = 0 ⟺ 𝑥 = 0.

(ii) Absolute homogeneity: ‖𝛼𝑥‖ = |𝛼| ‖𝑥‖ for all 𝛼 ∈ 𝐾.

(iii) Triangle inequality: ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ + ‖𝑦‖.

A vector space with a norm is a normed space, denoted (𝑋, ‖⋅‖).

Example 5.4 (The ℓ𝑝 Spaces). For 1 ≤ 𝑝 < ∞, the space ℓ𝑝 consists of all sequences 𝑥 = (𝑥𝑛) with
∑|𝑥𝑛|

𝑝 < ∞, equipped with the norm:

‖𝑥‖𝑝 = (
∞
∑
𝑛=1

|𝑥𝑛|
𝑝)

1/𝑝

.

The triangle inequality for ‖⋅‖𝑝 isMinkowski’s inequality, which in turn relies onHölder’s inequality.

Example 5.5 (The ℓ∞ Space). ℓ∞ is the space of all bounded sequences with the supremum norm:

‖𝑥‖∞ = sup
𝑛≥1

|𝑥𝑛| .

Example 5.6 (The 𝐶[𝑎, 𝑏] Space). The space of continuous functions on [𝑎, 𝑏] with the supremum
norm:

‖𝑓‖∞ = max
𝑥∈[𝑎,𝑏]

|𝑓(𝑥)| .

This is a normed space (and in fact a Banach space, as we shall see).

Example 5.7 (The 𝐿𝑝 Spaces). For 1 ≤ 𝑝 < ∞, 𝐿𝑝(𝑎, 𝑏) consists of (equivalence classes of) measur-
able functions with:

‖𝑓‖𝑝 = (∫
𝑏

𝑎
|𝑓(𝑥)|𝑝 𝑑𝑥)

1/𝑝

< ∞.

Remark 5.3. Every normed space is a metric space via 𝑑(𝑥, 𝑦) = ‖𝑥 − 𝑦‖. The converse is false—not
every metric comes from a norm (the discrete metric, for instance, does not satisfy homogeneity).
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5.6 Banach Spaces

Hierarchy of Spaces in Functional Analysis

Vector Spaces
Linear structure: addition + scalar multiplication

Normed Spaces
+ Norm ‖·‖ inducing a metric d(x,y) = ‖x − y‖

Banach Spaces
+ Complete (every Cauchy sequence converges)

Inner Product Spaces
+ Inner product ⟨·,·⟩ with ‖x‖ = √⟨x,x⟩

Hilbert Spaces
Complete inner product space

ℓ², L²[a,b], ℝⁿ

Orthogonality, Riesz representation, spectral theory

e.g., all polynomials

e.g., (C[0,1], ‖·‖₁) incomplete

e.g., ℓ^p, Lᵖ
(p ≠ 2)

Figure 6: Hierarchy of spaces in functional analysis: vector spaces ⊃ normed spaces ⊃ Banach
spaces ⊃ Hilbert spaces, with key examples at each level.

Definition 5.10 (Cauchy Sequence). A sequence (𝑥𝑛) in a normed space (𝑋, ‖⋅‖) is Cauchy if for
every 𝜖 > 0, there exists 𝑁 such that ‖𝑥𝑚 − 𝑥𝑛‖ < 𝜖 for all𝑚, 𝑛 ≥ 𝑁.

Definition 5.11 (Banach Space). A normed space (𝑋, ‖⋅‖) is a Banach space if it is complete: every
Cauchy sequence in 𝑋 converges to an element of 𝑋 .

Completeness is the property that distinguishes Banach spaces from general normed spaces.
It guarantees that “limits exist” within the space, which is essential for the major theorems of
functional analysis.

Theorem 5.3. The following are Banach spaces:

(i) ℝ𝑛 and ℂ𝑛 with any norm (all norms on finite-dimensional spaces are equivalent).

(ii) ℓ𝑝 for 1 ≤ 𝑝 ≤ ∞.

(iii) 𝑐 (convergent sequences) and 𝑐0 (sequences converging to 0) with ‖⋅‖∞.

(iv) 𝐶[𝑎, 𝑏] with ‖⋅‖∞.

(v) 𝐿𝑝 for 1 ≤ 𝑝 ≤ ∞.

Remark 5.4. The space 𝑐00 of eventually zero sequences with ‖⋅‖∞ is not complete (hence not a
Banach space). For example, 𝑥(𝑘) = (1, 1/2, 1/3,… , 1/𝑘, 0, 0,…) is Cauchy in 𝑐00 but converges to
(1, 1/2, 1/3,…) ∈ 𝑐0 ∖ 𝑐00.
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Theorem 5.4 (Norm Equivalence in Finite Dimensions). On a finite-dimensional vector space, all
norms are equivalent: for any two norms ‖⋅‖𝑎 and ‖⋅‖𝑏, there exist constants 0 < 𝑐 ≤ 𝐶 < ∞ such
that

𝑐 ‖𝑥‖𝑎 ≤ ‖𝑥‖𝑏 ≤ 𝐶 ‖𝑥‖𝑎 for all 𝑥.
In particular, every finite-dimensional normed space is a Banach space.

Remark 5.5. This theorem fails in infinite dimensions. The norms ‖⋅‖1 and ‖⋅‖2 on ℓ1 ∩ ℓ2 are not
equivalent.

5.7 Inner Product Spaces

Definition 5.12 (Inner Product). An inner product on a vector space𝑋 over𝐾 is a function ⟨⋅, ⋅⟩∶ 𝑋×
𝑋 → 𝐾 satisfying:

(i) Linearity in the first argument: ⟨𝑎𝑥 + 𝑏𝑦, 𝑧⟩ = 𝑎⟨𝑥, 𝑧⟩ + 𝑏⟨𝑦, 𝑧⟩.

(ii) Conjugate symmetry: ⟨𝑥, 𝑦⟩ = ⟨𝑦, 𝑥⟩.

(iii) Positive definiteness: ⟨𝑥, 𝑥⟩ ≥ 0, with ⟨𝑥, 𝑥⟩ = 0 ⟺ 𝑥 = 0.

Remark 5.6. From (i) and (ii), the inner product is conjugate-linear in the second argument:

⟨𝑧, 𝑎𝑥 + 𝑏𝑦⟩ = ̄𝑎⟨𝑧, 𝑥⟩ + ̄𝑏⟨𝑧, 𝑦⟩.

Over ℝ, conjugate symmetry reduces to symmetry: ⟨𝑥, 𝑦⟩ = ⟨𝑦, 𝑥⟩.

Theorem 5.5 (Cauchy–Schwarz Inequality for Inner Product Spaces). In any inner product space:

|⟨𝑥, 𝑦⟩| ≤ √⟨𝑥, 𝑥⟩ ⋅ √⟨𝑦, 𝑦⟩ = ‖𝑥‖ ‖𝑦‖ . (27)

Proof. Same technique as Theorem 2.5: for any 𝑡 ∈ 𝐾, expand 0 ≤ ⟨𝑥 − 𝑡𝑦, 𝑥 − 𝑡𝑦⟩ and minimize
over 𝑡.

Corollary 5.6. Every inner product induces a norm via ‖𝑥‖ = √⟨𝑥, 𝑥⟩. The triangle inequality for
this norm follows from the Cauchy–Schwarz inequality.

Theorem 5.7 (Parallelogram Law). A norm ‖⋅‖ on a vector space comes from an inner product if and
only if it satisfies the parallelogram law:

‖𝑥 + 𝑦‖2 + ‖𝑥 − 𝑦‖2 = 2(‖𝑥‖2 + ‖𝑦‖2). (28)

Remark 5.7. Geometrically, this says that the sum of the squares of the diagonals of a parallelo-
gram equals the sum of the squares of its four sides. The ℓ𝑝 norm for 𝑝 ≠ 2 does not satisfy the
parallelogram law, which is why ℓ𝑝 (𝑝 ≠ 2) has no inner product structure.

Theorem 5.8 (Polarization Identity). If the parallelogram law holds, the inner product is recovered
from the norm by:

⟨𝑥, 𝑦⟩ = 1
4( ‖𝑥 + 𝑦‖2 − ‖𝑥 − 𝑦‖2 ) (real case),

⟨𝑥, 𝑦⟩ = 1
4( ‖𝑥 + 𝑦‖2 − ‖𝑥 − 𝑦‖2 + 𝑖 ‖𝑥 + 𝑖𝑦‖2 − 𝑖 ‖𝑥 − 𝑖𝑦‖2 ) (complex case).
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5.8 Hilbert Spaces

Definition 5.13 (Hilbert Space). A complete inner product space is called a Hilbert space.

The Hierarchy of Spaces:

Vector Space
add norm−−−−−−→ Normed Space

completeness−−−−−−−−→ Banach Space

Vector Space
add inner product−−−−−−−−−−→ Inner Product Space

completeness−−−−−−−−→ Hilbert Space

Every Hilbert space is a Banach space (since every inner product induces a norm), but not
every Banach space is a Hilbert space (only those whose norm satisfies the parallelogram
law).

Example 5.8. ℓ2 is a Hilbert space with the inner product ⟨𝑥, 𝑦⟩ = ∑∞
𝑛=1 𝑥𝑛𝑦𝑛.

Example 5.9. 𝐿2(𝑎, 𝑏) is a Hilbert space with ⟨𝑓, 𝑔⟩ = ∫𝑏
𝑎 𝑓(𝑥)𝑔(𝑥) 𝑑𝑥.

Example 5.10. ℓ𝑝 for 𝑝 ≠ 2 is a Banach space but not a Hilbert space.

5.9 Orthogonality and Projections

One of the main advantages of Hilbert spaces over general Banach spaces is the rich geometry pro-
vided by the inner product.

Definition 5.14 (Orthogonality). Two elements 𝑥, 𝑦 in an inner product space are orthogonal if
⟨𝑥, 𝑦⟩ = 0, written 𝑥 ⟂ 𝑦.

Theorem 5.9 (Pythagorean Theorem). If 𝑥 ⟂ 𝑦, then ‖𝑥 + 𝑦‖2 = ‖𝑥‖2 + ‖𝑦‖2.

Proof. ‖𝑥 + 𝑦‖2 = ⟨𝑥 + 𝑦, 𝑥 + 𝑦⟩ = ‖𝑥‖2 + ⟨𝑥, 𝑦⟩ + ⟨𝑦, 𝑥⟩ + ‖𝑦‖2 = ‖𝑥‖2 + ‖𝑦‖2.

Theorem 5.10 (Orthogonal Projection). Let𝐻 be a Hilbert space and𝑀 ⊆ 𝐻 a closed subspace. For
every 𝑥 ∈ 𝐻, there exists a unique𝑚0 ∈ 𝑀 such that

‖𝑥 − 𝑚0‖ = inf
𝑚∈𝑀

‖𝑥 − 𝑚‖ .

Moreover, the “best approximation”𝑚0 is characterized by 𝑥 − 𝑚0 ⟂ 𝑀.

Remark 5.8. This theorem fails in general Banach spaces: existence may hold (in reflexive Banach
spaces), but uniqueness can fail, and the orthogonality characterization has nomeaning without an
inner product.

Definition 5.15 (Orthogonal Complement). For a subset𝑀 of a Hilbert space 𝐻:

𝑀⟂ = {𝑥 ∈ 𝐻 ∶ ⟨𝑥,𝑚⟩ = 0 for all𝑚 ∈ 𝑀}.

Theorem 5.11 (Orthogonal Decomposition). If 𝑀 is a closed subspace of a Hilbert space 𝐻, then
𝐻 = 𝑀 ⊕𝑀⟂: every 𝑥 ∈ 𝐻 can be written uniquely as 𝑥 = 𝑚 +𝑚′ with𝑚 ∈ 𝑀 and𝑚′ ∈ 𝑀⟂.
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5.10 Bounded Linear Operators

Definition 5.16 (Bounded Operator). A linear operator 𝑇 ∶ 𝑋 → 𝑌 between normed spaces is
bounded if there exists 𝐶 ≥ 0 such that ‖𝑇(𝑥)‖𝑌 ≤ 𝐶 ‖𝑥‖𝑋 for all 𝑥 ∈ 𝑋 . The smallest such 𝐶
is the operator norm:

‖𝑇‖ = sup
𝑥≠0

‖𝑇(𝑥)‖𝑌
‖𝑥‖𝑋

= sup
‖𝑥‖=1

‖𝑇(𝑥)‖𝑌 .

Theorem 5.12. A linear operator between normed spaces is bounded if and only if it is continuous.

Proof. Bounded⇒ continuous: If 𝑥𝑛 → 𝑥, then ‖𝑇(𝑥𝑛) − 𝑇(𝑥)‖ = ‖𝑇(𝑥𝑛 − 𝑥)‖ ≤ ‖𝑇‖ ‖𝑥𝑛 − 𝑥‖ → 0.
Continuous⇒ bounded: Suppose 𝑇 is continuous but unbounded. Then for each 𝑛, there exists

𝑥𝑛 with ‖𝑥𝑛‖ = 1 and ‖𝑇(𝑥𝑛)‖ > 𝑛. Set 𝑦𝑛 = 𝑥𝑛/𝑛. Then 𝑦𝑛 → 0 but ‖𝑇(𝑦𝑛)‖ = ‖𝑇(𝑥𝑛)‖ /𝑛 > 1,
contradicting 𝑇(𝑦𝑛) → 𝑇(0) = 0.

Remark 5.9. The space ℬ(𝑋, 𝑌) of all bounded linear operators from 𝑋 to 𝑌 , equipped with the
operator norm, is itself a normed space. If 𝑌 is a Banach space, thenℬ(𝑋, 𝑌) is also a Banach space.

5.11 Fundamental Theorems

We conclude with brief statements of the pillars of functional analysis, all of which require the
completeness that Banach or Hilbert spaces provide.

Theorem 5.13 (Hahn–Banach Theorem). Let 𝑋 be a normed space and 𝑀 ⊆ 𝑋 a subspace. Every
bounded linear functional on𝑀 can be extended to a bounded linear functional on all of 𝑋 with the
same norm.

Theorem 5.14 (Open Mapping Theorem (Banach)). If 𝑇 ∶ 𝑋 → 𝑌 is a surjective bounded linear
operator between Banach spaces, then 𝑇 maps open sets to open sets.

Theorem 5.15 (Closed Graph Theorem). A linear operator 𝑇 ∶ 𝑋 → 𝑌 between Banach spaces is
bounded if and only if its graph {(𝑥, 𝑇𝑥) ∶ 𝑥 ∈ 𝑋} is closed in 𝑋 × 𝑌 .

Theorem 5.16 (Uniform Boundedness Principle (Banach–Steinhaus)). Let {𝑇𝛼}𝛼∈𝐴 be a family of
bounded linear operators from a Banach space 𝑋 to a normed space 𝑌 . If sup𝛼 ‖𝑇𝛼(𝑥)‖ < ∞ for
every 𝑥 ∈ 𝑋 , then sup𝛼 ‖𝑇𝛼‖ < ∞.

Theorem 5.17 (Riesz Representation Theorem). Let𝐻 be a Hilbert space. For every bounded linear
functional 𝜑∶ 𝐻 → 𝐾, there exists a unique 𝑦 ∈ 𝐻 such that 𝜑(𝑥) = ⟨𝑥, 𝑦⟩ for all 𝑥 ∈ 𝐻, with
‖𝜑‖ = ‖𝑦‖.

Remark 5.10. The Riesz Representation Theorem is unique to Hilbert spaces and fails in general
Banach spaces. It is the reason that Hilbert spaces are “self-dual”: the dual space𝐻∗ is isometrically
isomorphic to 𝐻 itself.

6 Connections and Further Directions

6.1 The Triangle Inequality as a Unifying Thread

The triangle inequality appears in every chapter of this monograph, often in different guises:

• In Chapter 2, we proved it directly for real numbers, vectors, and metric spaces.

• In Chapter 3, the triangle inequality was used to prove that absolute convergence implies conver-
gence: |𝑆𝑀 − 𝑆𝑁 | ≤ ∑𝑀

𝑛=𝑁+1 |𝑎𝑛|.
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• In Chapter 4, the non-negativity of the integrand in the Gamma function integral relies on the
absolute value, and the convergence of multiple integrals uses norm-based estimates.

• In Chapter 5, the triangle inequality is an axiom of normed spaces and the starting point for the
entire theory of Banach and Hilbert spaces.
This progression—from a concrete inequality to a fundamental axiom—illustrates how analysis

proceeds from the specific to the general.

6.2 From Series Convergence to Completeness

The convergence tests of Chapter 3 assume that ℝ (or ℂ) is complete—that Cauchy sequences con-
verge. This is exactly the property that defines Banach spaces (Chapter 5). The theory of series in a
Banach space uses the same convergence tests, replacing absolute values with norms:
Theorem 6.1 (Absolute Convergence in Banach Spaces). In a Banach space 𝑋 , if∑∞

𝑛=1 ‖𝑥𝑛‖ < ∞,
then∑∞

𝑛=1 𝑥𝑛 converges in 𝑋 .

Proof. The partial sums 𝑆𝑁 = ∑𝑁
𝑛=1 𝑥𝑛 form a Cauchy sequence:

‖𝑆𝑀 − 𝑆𝑁‖ =
‖
‖‖‖

𝑀
∑

𝑛=𝑁+1
𝑥𝑛
‖
‖‖‖
≤

𝑀
∑

𝑛=𝑁+1
‖𝑥𝑛‖ → 0.

By completeness, (𝑆𝑁) converges.

Remark 6.1. In fact, a normed space is a Banach space if and only if every absolutely convergent
series converges. This provides a characterization of completeness in terms of series convergence.

6.3 FromMultiple Integrals to 𝐿𝑝 Spaces
The Dirichlet and Liouville theorems of Chapter 4 evaluate integrals of functions over domains in
ℝ𝑛. The 𝐿𝑝 spaces of Chapter 5 provide the abstract setting for integration theory: 𝐿𝑝(Ω) consists of
(equivalence classes of) measurable functions 𝑓∶ Ω → ℝ with ∫Ω |𝑓|

𝑝 < ∞.
The Gamma and Beta functions reappear in functional analysis:

• The volume of the 𝑛-ball involves Γ(𝑛/2 + 1).
• Interpolation of 𝐿𝑝 spaces uses the Beta function.
• The Gamma function is the Mellin transform of 𝑒−𝑡, connecting it to the spectral theory of oper-
ators.

6.4 Inner Products, Orthogonality, and Fourier Analysis

The inner product structure of Hilbert spaces (Chapter 5) gives rise to Fourier analysis, one of the
most powerful tools in mathematics and physics. The basic idea: in 𝐿2[−𝜋, 𝜋], the functions {𝑒𝑖𝑛𝑥 ∶
𝑛 ∈ ℤ} form an orthonormal basis. Any 𝑓 ∈ 𝐿2[−𝜋, 𝜋] can be expanded as

𝑓(𝑥) =
∞
∑

𝑛=−∞
𝑐𝑛𝑒𝑖𝑛𝑥, 𝑐𝑛 =

1
2𝜋 ∫

𝜋

−𝜋
𝑓(𝑥)𝑒−𝑖𝑛𝑥 𝑑𝑥.

The convergence of this series uses the completeness of 𝐿2 (it converges in the 𝐿2 norm). Parseval’s
identity connects the 𝐿2 norm of 𝑓 to its Fourier coefficients:

1
2𝜋 ∫

𝜋

−𝜋
|𝑓(𝑥)|2 𝑑𝑥 =

∞
∑

𝑛=−∞
|𝑐𝑛|

2 .

This is an infinite-dimensional version of the Pythagorean theorem—tying back to the triangle in-
equality and the Cauchy–Schwarz inequality.
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6.5 Directions for Further Study

This monograph has introduced the foundations. The major directions for further study include:

1. Measure Theory and Lebesgue Integration: The proper foundation for 𝐿𝑝 spaces requires the
Lebesgue integral, which extends the Riemann integral to a much larger class of functions.

2. Spectral Theory: The study of eigenvalues and eigenvectors of operators on Hilbert spaces, with
applications to quantummechanics anddifferential equations. The spectral theorem for compact
self-adjoint operators generalizes matrix diagonalization.

3. Distribution Theory: Generalized functions (distributions) extend classical functions and pro-
vide rigorous meaning to objects like the Dirac delta function. The theory lives in topological
vector spaces.

4. Operator Algebras: 𝐶∗-algebras and von Neumann algebras provide the mathematical frame-
work for quantum mechanics and quantum field theory.

5. Nonlinear Functional Analysis: Fixed-point theorems (Brouwer, Schauder, Banach contraction
mapping) and their applications to existence and uniqueness of solutions to differential equa-
tions.

6. Approximation Theory: Best approximation in normed and inner product spaces, spline theory,
wavelets, and their applications in numerical analysis and signal processing.

7. Partial Differential Equations: Sobolev spaces (which are Hilbert spaces of functions with weak
derivatives) provide the natural setting for the modern theory of PDEs.

The common thread running through all of these areas is the interplay between algebraic
structure (vector spaces, linear operators), topological structure (norms, completeness, con-
vergence), and geometric structure (inner products, orthogonality, projections). Mastering
the foundations presented in this monograph—the triangle inequality, convergence of series,
special functions, and the hierarchy of normed/Banach/Hilbert spaces—provides the essen-
tial toolkit for all of modern analysis.
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